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ABSTRACT

The straight skeleton is a geometric structure that is similar to generalized Voronoi diagrams.
Straight skeletons were introduced to the field of computational geometry one and a half
decades ago. Since then many industrial and academical applications emerged, such as
the computation of mitered offset curves, automatic roof construction, solving fold-and-cut
problems and the reconstruction of surfaces, to name the most prominent ones. However,
there is a significant gap between the most efficient straight-skeleton algorithms and imple-
mentations, on one hand, and the best known lower runtime bounds on the other hand. The
primary goal of this thesis is the development of an algorithm that is suitable for implemen-
tation and efficient in terms of time and space in order to make the advantages of straight
skeletons available to real-world applications.

We start with investigations concerning upper and lower bounds on the number of so-
called flip events that occur in the triangulation-based straight-skeleton algorithm by Aich-
holzer and Aurenhammer. In particular, we prove the existence of Steiner triangulations
that are free of flip events. This result motivates a novel straight-skeleton algorithm for
non-degenerate simple polygons that is based on the so-called motorcycle graph. In order
to extend this algorithm to arbitrary planar straight-line graphs, we carefully generalize the
motorcycle graph. This generalization leads to practical and theoretical applications: Firstly,
we obtain an extension of the alternative characterization of straight skeletons by Cheng
and Vigneron to planar straight-line graphs. Secondly, this characterization motivates a
straight-skeleton algorithm that is based on 3D graphics hardware. Thirdly, the general-
ized motorcycle graph leads to a wavefront-type straight-skeleton algorithm for arbitrary
planar straight-line graphs. Our algorithm is easy to implement, has a theoretical worst-
case time complexity of O(n?logn) and operates in O(n) space. Extensive runtime tests
with our implementation BonEe exhibit an actual runtime of O(nlogn) on a database con-
taining more than 13 500 datasets of different characteristics. In practice, this constitutes an
improvement of a linear factor in time and space compared to the current state-of-the-art
straight-skeleton code, which is shipped with the CGAL library. In particular, BonE per-
forms up to 100 times faster than the current CGAL code on datasets with a few thousand
vertices, requires significant less memory and accepts more general input.

Our straight-skeleton algorithm motivates the investigation of motorcycle graphs and
their practical computation. We start with stochastic considerations of the average length of
a motorcycles trace. The results obtained motivate a simple yet fast algorithm that employs
geometric hashing. Runtime tests with our implementation Moca exhibit an O(nlogn)
runtime on the vast majority of our datasets. Finally, we revisit the geometric relation of
straight skeletons and motorcycle graph. We present an algorithm that constructs planar
straight-line graphs whose straight skeleton approximates any given motorcycle graph to
an arbitrary precision. This algorithm finally leads to a P-completeness proof for straight
skeletons of polygons with holes that is based on the P-completeness of motorcycle graphs.
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INTRODUCTION

Assume we are given a simple! polygon in the plane which constitutes the outer walls of
a house in a ground plan. How can we automatically build a roof such that all faces of
the roof have equal slope and no rain drop gets caught in a sink? Assume we are given a
polygon with holes? which is to be milled out with a numerically controlled machine (NC
machine). How do we compute so-called offset curves of the input such that sharp vertices
of the input remain sharp for the offset curve?®> Assume we are given a simple polygon
drawn on a paper. How can we determine a series of complete folds of the paper and a
subsequent single cut through the folded paper such that one of the resulting paper pieces
has the shape of the polygon? These three problems share a common feature: they can be
solved using the straight skeleton.

Roughly speaking, the straight skeleton of a simple polygon P is a tree-like skeleton struc-
ture that is similar to Voronoi diagrams of polygons, but consists of straight-line segments
only. The definition of the straight skeleton is based on the so-called wavefront propaga-
tion process. In a nutshell, the straight skeleton of P consists of the set of points that are
traced out by the vertices of P when the edges of P shrink inwards in a self-parallel manner
and with constant speed. During this propagation process, some edges may vanish and the
polygon may successively disintegrate into multiple parts, see Figure 1. Straight skeletons
of simple polygons were introduced by Aichholzer et al. [AAAG95] and were subsequently
generalized to planar straight-line graphs* by Aichholzer and Aurenhammer [AA96] about
one and a half decades ago. Similar to Voronoi diagrams, straight skeletons possess a het-
erogeneous plenitude of applications and many of them appeared just in the past decade.
The list of applications includes

e the computation of mitered offset curves and motion planning in computer-aided de-
sign and computer-aided manufacturing (CAD/CAM) [PCO03];

e computing the quickest walking paths in a Manhattan-style city with a fast public
transit by means of the city Voronoi diagram; computing critical areas in VLSI circuit
models [AAP04, Pap98];

e automatic roof generation, terrain modeling and area collapsing within maps in geo-
graphical information systems (GIS) [AAAG95, AA96, LD03, MWH * 06, KW11, Hav05,
HS08];

1 A polygon is called simple if it is not self-overlapping. That is, each vertex is incident to exactly two segments and
two segments may only intersect at their endpoints.

2 A polygon with holes is a simple polygon P, from which a finite number of simple polygons is removed.

3 A robust, easy and well-known way to compute offset curves is based on Voronoi diagrams. However, Voronoi-
based offset curves contain circular arcs around vertices that point inside the polygon.

4 A planar straight-line graph consists of a finite set of vertices in the plane which are connected by straight-line
edges such that two edges may only intersect in their endpoints.



2

| INTRODUCTION

e solving fold-and-cut problems, computing hinged dissections of polyhedra and re-
lated problems in the field of mathematical origami [DO07, DDL98, DDMO00, DDLS05];

e shape reconstruction and interpolation of contour lines in three-dimensional space
[OPC96, BGLSS04];

¢ and polygon decompositions [TV04b].

Some of these applications are genuine to straight skeletons, like fold-and-cut problems
or automatic roof construction. Other applications are inherited from generalizations of
Voronoi diagrams, like many problems in the fields of CAD/CAM, VLSI and GIS.

In contrast to the large number of applications, we perceive a gap between available al-
gorithms and implementations on the one hand and the best known lower time bound on
the other hand. At the moment, the best known lower time bound for the computation
of straight skeletons is (}(n) for an n-vertex polygon and Q)(nlogn) for an n-vertex planar
straight line graph. However, the currently fastest algorithm for arbitrary polygons and
planar straight-line graphs is due to Eppstein and Erickson [EE99] and has a theoretical
worst-case time complexity of O(n'”/11+¢), where € > 0 is an arbitrary small number. The
only straight-skeleton implementation available is shipped with the CGAL library [CGA]
and was implemented by Cacciola [Cac04]. However, our experiments revealed that the
underlying algorithm needs O(n?log 1) time and O(n?) space for practical input data.

This thesis deals with theoretical properties and the practical computation of straight
skeletons and motorcycle graphs. The goal is to develop a practice-minded straight-skeleton
algorithm, which accepts arbitrary planar straight-line graphs as input, is efficient in time
and space and easy to implement.

1.1 ORGANIZATION

In this chapter, we start with the definition of straight skeletons, the terrain model and the
motorcycle graph in Section 1.2. We continue with a presentation of several applications of
straight skeletons in Section 1.3. In Section 1.4, we review known algorithms and implemen-
tations of straight skeletons and motorcycle graphs and in Section 1.5, we discuss different
approaches by which straight skeletons were generalized.

Chapter 2 is devoted to the computation of straight skeletons. In Section 2.1, we collect
known geometric properties of the straight skeleton and present them along with their
proofs in a unified formalism based on the definitions in Section 1.2. In Section 2.2, we
analyze the triangulation-based algorithm by Aichholzer and Aurenhammer [AA98]. We
prove a few results concerning the lower and upper bounds for the number of the so-called
flip events and show that Steiner triangulations exist where no flip events occur.

This insight motivates a novel straight-skeleton algorithm for simple non-degenerate®
polygons that is based on the motorcycle graph in Section 2.3. In order to extend this ap-
proach to arbitrary planar straight-line graphs, we carefully generalize the motorcycle graph
in Section 2.4. Further, we prove two essential geometric properties for this generalization
that are important for our algorithmic approach: (i) the input graph and the motorcycle

5 See Section 1.2.4 for the definition of the non-degeneracy assumption by Cheng and Vigneron.
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graph tessellate the plane into convex faces and (ii) the generalized motorcycle graph cov-
ers the reflex arcs of the straight skeleton.

In addition, the generalized motorcycle graph permits an extension of Cheng and Vi-
gneron’s alternative characterization of straight skeletons to arbitrary planar straight-line
graphs. Furthermore, this characterization motivates a straight-skeleton algorithm that em-
ploys 3D graphics hardware to approximately compute the straight skeleton.

In Section 2.5, we present a wavefront-type straight-skeleton algorithm for arbitrary pla-
nar straight-line graphs. Our implementation Bone runs in O(n?logn) time in the worst-
case and uses O(n) space. Experiments exhibit an actual O(nlogn) runtime on real-world
input. This constitutes a speed-up by a linear factor in time and space compared to the
current state-of-the-art straight-skeleton code that is shipped with the CGAL library.

In Chapter 3 we have a closer look on the motorcycle graph. Our straight-skeleton imple-
mentation BonE requires a fast motorcycle graph implementation for practical input. We
start our investigations with stochastic considerations of the average trace length in a mo-
torcycle graph in Section 3.2. Motivated by the results we obtained, we present a simple
motorcycle graph algorithm, which uses geometric hashing to speed up the computation,
see Section 3.3. Runtime tests show an actual runtime of O(nlogn) on practical input for
our implementation Moca.

In Section 3.4, we further investigate the geometric relation between the straight skele-
ton and the motorcycle graph. We first show how to construct a planar straight-line graph
whose straight skeleton approximates the motorcycle graph up to any given precision. Fur-
ther, we present a simple algorithm that computes the motorcycle graph using the straight
skeleton. This algorithm finally leads to a LOGSPACE-reduction of the motorcycle graph
problem to the straight skeleton problem, which proves the P-completeness of straight skele-
tons of polygons with holes based on the P-completeness of the motorcycle graph.

1.2 PRELIMINARIES AND DEFINITIONS

1.2.1  The straight skeleton of a simple polygon

Aichholzer et al. [AAAGY5] introduced the straight skeleton of simple polygons P by con-
sidering a so-called wavefront-propagation process. Each edge ¢ of P sends out a wavefront
which moves inwards at unit speed and is parallel to e. The wavefront of P can be thought
to shrink in a self-parallel manner such that sharp corners at reflex® vertices of P remain
sharp, see Figure 1. During this propagation process topological changes, so-called events,
will occur: Edges collapse to zero length and the wavefront may be split into multiple parts.
Each wavefront vertex moves along the bisector of two edges of P and, while it moves, it
traces out a straight-line segment.

Definition 1.1 (straight skeleton, arcs, nodes, faces). The straight skeleton S(P) of the poly-
gon P comprises the straight-line segments that are traced out by the wavefront vertices.

6 A vertex v of a polygon is called reflex if the angle at v at the polygon side is at least 180°. In computational
geometry one rather speaks of “reflex” vertices than of “concave” vertices.

3
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These straight-line segments and are called the arcs of S(P). The loci of the topological
changes of the wavefront are called nodes. To each edge e of P belongs a face f(e), which
consists of all points that are swept by the wavefront edge that is sent out by e.

We illustrate the straight skeleton S(P) of a simple polygon P in Figure 1. Each node is
incident to multiple arcs. The boundary of a face consists of arcs and the vertices of a face
are nodes.

Lemma 1.2 ([AAAG95]). The straight skeleton S(P) of a simple polygon P with n vertices is a tree.
It consists n — 2 nodes and 2n — 3 arcs and tessellates P into n faces.

For the proof of this lemma we create a single node for each topological change, even if the
resulting nodes coincide geometrically. In particular, we assume that each node has degree
three.” For example, if P is a regular n-gon then S(P) has a star form, i. e. all arcs meet in
the center point of P and multiple nodes with degree three are geometrically coincident.

Proof. The number of faces is #, since P comprises n edges. Next, we note that the face
f(e) of an edge e is connected because it is given by the set of points which are swept by a
continuously moving wavefront edge. On the other hand, each point within P is reached
by the wavefront after some time. Hence, P is tessellated by the faces of S(P) and S(P)
consists of the boundaries of the faces. From that it follows that S(P) does not contain a
cycle and is therefore a tree. The inner nodes of this tree are of degree 3 and the tree has n
leaves. It follows that S(P) has n — 2 nodes and 2n — 3 arcs. O

Definition 1.3 (reflex/convex wavefront vertex). A wavefront vertex v is reflex if the angle
on the side where v propagates to is at least 180°. Likewise, we define a convex wavefront
vertex.

Let us discuss the different types of topological events that occur for the wavefront in
more detail. We follow Aichholzer et al. [AAAG95], who distinguish two types of events,
namely edge events and split events.

e Edge event: An edge event occurs when two neighboring convex vertices u and v of
the wavefront meet. This event causes the wavefront edge ¢, which connects # and v,
to collapse to zero length. The wavefront edge ¢ is removed and the vertices u and v
are merged into a new convex vertex with its own velocity, see Figure 2 (a).

e Split event: A split event occurs when a reflex vertex u of the wavefront meets an
edge e of the wavefront. The vertex u splits the entire wavefront into polygonal parts.
Each part keeps on propagating for its own, see Figure 2 (b).

Split events can occur in interesting variations. In Figure 2 (c), a split event for the
reflex vertex u and the edge e occurs, while at the same time the edge between u and
v collapses to zero length. Note that in this case only one wavefront part remains
after the split event. However, the question arises whether we would like to call this
event an edge event as well. For subfigure (a) we observe that a local disk around the

7 Strictly speaking, we also have to assume that multi split events — i. e. multiple reflex arcs meeting in a point, see

below — do not occur either. If we take multi split events into account then we get at most 7 — 2 nodes and at most
2n — 3 arcs.
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Figure 1: The straight skeleton S(P) (blue) of a simple polygon P (bold) is defined by a wavefront
propagation process where the edges of P move inwards in a self-parallel manner. Five
wavefronts at equally spaced points in time are shown in gray. The blue straight-line seg-
ments are called the arcs of S(P) and the common endpoints of arcs are called the nodes of
S(P). We shade the face f(e) of one edge e in light gray.

&/ T
A

u e v
(a) (b)
P P
e
v
(c) (d)

Figure 2: Two types of events occur during the wavefront propagation: edge and split events. (a)
illustrates an edge event, (b) a simple split event, (c) a split event with an edge collapse
combined, (d) a split event with two reflex vertices 1 and u; involved. The arcs are depicted
in blue and the wavefronts in gray.
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point p, where the event happened, is tessellated into convex slices by the arcs of the
straight skeleton. It is easy to see that this holds in general if u and v are convex. On
the other hand, in subfigures (b) and (c), a tessellation of a local disk around p also
contains a reflex slice. We would like to use this property as an indicator that a split
event happened at p. For this reason, we call the event illustrated by subfigure (c)
a split event.® As a consequence, edge events describe edge collapses between two
convex vertices. Furthermore, if the straight-skeleton face of an edge — interpreted as
a polygon — contains a reflex vertex, it has been generated by a split event.

In subfigures (b) and (c) only one reflex vertex u was involved in the split event. How-
ever, it could happen that two or more reflex wavefront vertices uy, . . ., u; meet each
other in a common point p at the same time, see Figure 2 (d). Such situations occur
easily for rectilinear’ polygons. As a consequence the wavefront is split into k parts.
Note that it is possible that a new reflex vertex emerges, as illustrated in Figure 2 (d).
We will call events, where two or more reflex vertices meet simultaneously in a point
a multi split event. Multi split events that cause a new reflex vertex to emerge are called
vertex events.'0

We want to remark that the taxonomy of the different classes of events is in flux within the
literature of straight skeletons. For example, Tdnase [TA09] pursues a different approach by
considering three sub-classes of edge events and three sub-classes of split events. Following
this taxonomy, the situation in Figure 2 (c) would be called reflex edge annihilation.

Using the taxonomy we presented above, the propagation of a wavefront always proceeds
as follows: Every edge event reduces the number of wavefront edges by one. A split event
splits the wavefront into polygonal parts and implies a hierarchy of nested polygons. Fur-
ther, a split event reduces the number of reflex vertices at least by one. Even if a vertex event
happens, at least two reflex vertices must have been involved in this event. Eventually, all
nested parts in the hierarchy become convex polygons. The convex polygons are reduced
by a series of edge events. Finally, a polygon vanishes by collapsing either to a point or to a
straight-line segment. As an example for the first case one could imagine P to be a triangle,
and for the second case a non-equilateral rectangle.

1.2.2 The straight skeleton of a planar straight-line graph

Aichholzer and Aurenhammer [AA96] generalized the concept of straight skeletons to pla-
nar straight-line graphs.!! Assume we are given a planar straight-line graph G with no iso-
lated!? vertices. The basic idea to define the straight skeleton S(G) of G remains the same:
Every edge e of G sends out two wavefront edges — one at each side of e — which travel
at unit speed and stay parallel to the original edge e. However, the terminal'® vertices of G
play an interesting role, since it is a-priori unclear how the wavefront is expected to behave

8 Note that Eppstein and Erickson [EE99] call this event an edge event. Vyatkina [Vya09b] introduced the new name
sticking event. Aichholzer et al. [AAAG95] did not discuss this case.
9 A polygon is rectilinear if its edges are axis-parallel.

10 This term was introduced by Eppstein and Erickson [EE99].

11 A later version of this paper was published in [AA98].

12 A vertex is called isolated if there are no edges incident to the vertex.

13 A terminal vertex, or “terminal” for short, is a vertex for which the number of incident edges of 1.
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at such vertices. Aichholzer and Aurenhammer [AA96] decided that each terminal vertex
v sends out a wavefront for it own, which is perpendicular to the single incident edge of v.
As a result, the wavefront in the neighborhood of a terminal vertex v forms a rectangular
cap around v, see Figure 3.

The terminology of arcs and nodes remains the same in this general setting. We still have
the two types of events — edge events and split events — which occur during the propagation
of the wavefronts and we define S(G) as the set of points that are traced out by the vertices
of the wavefront. Note that a vertex v of G with degree k > 2 causes k wavefront vertices to
emanate from v. Furthermore, every terminal vertex v causes two reflex wavefront vertices
to emanate, see Figure 3.

Definition 1.4 (wavefront). We denote by W(G, t) the wavefront of a planar straight-line
graph G at some time t > 0.

We interpret W(G, t) for a fixed t as a 2-regular graph. A topological event happens
when the planarity of W(G, t) is violated, including the case that two wavefront vertices
meet. We interpret W(G, 0) as the wavefront at time zero. While W(G, 0) is geometrically
overlapping with G, we assume that YW(G,0) has — as a graph — the same topology as
W(G, €) for a small € > 0. We observe that S(G) and G tessellate the plane into faces and
that every face f(e) belongs to an wavefront edge e: The face consists of all points in the
plane which are swept by ¢, see Figure 3.

UNBOUNDED FACES AND INFINITE ARCS  Note that certain faces will be unbounded since
every point in the plane is eventually reached by the wavefront. By interpreting S(G) as
a graph, it is reasonable to demand that each face corresponds to a cycle in S(G). Let us
consider the last topological event that happened to the wavefront. After this event, the
wavefront is a cycle that circumscribes G and all bounded faces of S(G). The vertices of this
cycle trace the infinite arcs of S(G). Topologically, we add this cycle to S(G) and add the
corresponding “infinite” arc to each “infinite” vertex of the cycle. Each “infinite” vertex has
degree three. This interpretation of S(G) has practical advantages, e. g., when computing
offset curves based on the straight skeleton, see Section 1.3.1.

I1SOLATED VERTICES  The definition of S(G) presented above assumes that G does not con-
tain an isolated vertex. Aichholzer and Aurenhammer [AA96] mentioned that an isolated
vertex could be approximated by a small straight-line segment. This must be done with
some caution since S(G) does not continuously depend on G. For example, when multiple
reflex arcs are incident to a point then a small perturbation of G would lead to a dramatically
different straight skeleton S(G). See more on this issue in Section 2.5.3. However, one could
simply define that an isolated vertex v emanates a wavefront which forms an axis-aligned
square or any other polygon that has the property that its edges have an orthogonal distance
of € at time €. That is, the supporting lines of the wavefront edges at time € are tangential
to the disk centered at v with radius €. In fact, Demaine and O’Rourke [DO07] define the
wavefronts emanated by an isolated vertex as an axis-aligned square in order to apply the
straight skeleton for their fold-and-cut problems, see Section 1.3.3.

7
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TERMINAL VERTICES In the same manner we could also alter the wavefront shape around
terminal vertices. Consider a terminal vertex v and the two wavefront edges that emanate
from the single incident edge e. Then we could basically place an arbitrary polygonal cap
around v which connects the two wavefront edges from e. We only require that the segments
of the cap have orthogonal distance € at time €. Nevertheless, using a rectangular cap — as
introduced by Aichholzer and Aurenhammer — appears to be the most natural approach.

1.2.3  Roof and terrain model

Aichholzer et al. [AAAG95] presented an interpretation for the straight skeleton of simple
polygons, which was extended to planar straight-line graphs by Aichholzer and Aurenham-
mer [AA96]. It turns out that this interpretation is a versatile tool in proofs of geometric
properties of the straight skeleton. Further, it leads to one of the prominent applications
of straight skeletons: roof construction and terrain modeling, see Section 1.3.2. The basic
idea is to embed the wavefront propagation process in R? in the following sense: the first
two dimensions represent the plane spatial dimensions and the third dimension reflects the
temporal dimension. The wavefront propagation now defines the so-called terrain 7 (G) of
G as follows.

Definition 1.5 (terrain). The terrain T (G) of G is defined by

T(G):= |JWI(G,t) x {t}. (1.1)

t>0

Figure 4 illustrates the terrain 7 (G) of the graph G that is illustrated in Figure 3. Aich-
holzer et al. [AAAG95] used the term roof resp. island to indicate that 7 (P) of a simple
polygon P has the following two interpretations. Firstly, 7 (P) can be interpreted as a par-
ticular roof of a house for which P models the footprint of the outer walls. Secondly, one
can interpret P as the coastline of an island that has the shape of 7 (P). If the surrounding
sea floods the island then the rising coastline has the shape of the rising wavefront in IR>.
In the case of planar straight-line graphs G Aichholzer and Aurenhammer [AA96] use the
term terrain for T (G).

The terrain 7 (G) consists of plane facets that have a slope identical to the inverse of the
propagation speed of the wavefront edges, which is 1. An edge of 7 (G) can either be convex
or reflex. In the ordinary sense, we call an edge ¢ of 7 (G) convex if the intersection of a small
disk at any point in the relative interior of e with the points below 7 (G) is always convex.
A reflex edge e of 7 (G) is defined likewise.

Definition 1.6 (reflex/convex arc, valley, ridge). We call the arcs of S(G) which are traced
out by reflex (convex) wavefront vertices reflex arcs (convex arcs). We call a reflex edge of
T (G) a valley and a convex edge of T (G) a ridge.

Observation 1.7 ([AAAG95, AA98]). The straight skeleton S(G) is the projection of the valleys
and ridges of T (G) onto the plane R? x {0}. Moreover, the valleys correspond to the reflex arcs and
the ridges correspond to the convex arcs.
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Figure 3: The straight skeleton S(G) (blue) of the planar straight-line graph G (bold). The wavefronts
at three points in time are depicted in gray.

Figure 4: The terrain 7 (G) of the graph G which is illustrated in Figure 3. The ridges and valleys are
in blue.
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Following the notation of Cheng and Vigneron [CV07], we denote by 4 the edge of 7 (G)
that corresponds to the arc a in S(G). Analogously, we denote by f(e) the facet of T (G)
which corresponds to the face f(e) of S(G).

ROOFS OF PoLYGONS Aichholzer et al. [AAAG95] discussed the roof model of simple
polygons P in more detail. They investigated more general roofs R on P which fulfill the
property that each facet lies on a plane that contains an edge of P and has slope 1. The
question arises whether such an R is equal to 7 (P). It turns out that this is not necessarily
the case. However, R and 7 (P) are equal if all valleys of R are incident to P, or alternatively,
if for any point x € R the path of the steepest descent leads to P. In other words, Aichholzer
et al. [AAAGI5] showed that among all roofs, 7 (P) has the peculiar property that it does
not accumulate water when it is raining.

1.2.4 The motorcycle graph

A straight-forward approach to computing the straight skeleton is through the simulation
of the propagating wavefront. While edge events can be handled in a relatively efficient
way the opposite holds for split events, see Section 1.4.2.1. It turns out to be non-trivial to
efficiently determine which reflex wavefront vertex crashes into which wavefront edge. Let
us consider for a moment only the simultaneous movement of the reflex wavefront vertices.
In order to compute the straight skeleton it is important to know which reflex wavefront
vertex is cutting off the trajectory of an other reflex vertex by reaching the common crossing
point of their trajectories earlier. In order to extract this sub problem of computing straight
skeletons, Eppstein and Erickson [EE99] introduced the so-called motorcycle graph.

A motorcycle is a point moving with constant speed on a straight line. Let us consider n
motorcycles my, ..., my,, where each motorcycle m; has its own constant velocity v; € R2
and a start point p; € R?, with 1 < i < n. The trajectory {p; + t-v; : t > 0} is called the
track of m;. While a motorcycle moves it leaves a trace behind. When a motorcycle reaches
the trace of another motorcycle then it stops driving — it crashes —, but its trace remains.
Note that it is possible that motorcycles never crash. Following the terminology of Eppstein
and Erickson [EE99] such motorcycles are said to have escaped. It is easy to see that there can
be up to () intersections among the motorcycle tracks. However, no two motorcycle traces
intersect in both interiors, which leads to at most # intersections among the traces.

Definition 1.8 (motorcycle graph). ) The motorcycle graph M (my, . .., my) of the motorcycles
my, ..., my is defined by the arrangement of the motorcycles traces.

In Figure 5 (a) we illustrate the motorcycle graph M (my,...,mig) of ten motorcycles.
Cheng and Vigneron [CV07] presented a straight-skeleton algorithm for simple polygons P,
which is based on the motorcycle graph, see Section 1.4.2.4. They first define a motorcycle
graph induced by a polygon. The idea is that every reflex vertex v of P defines a motorcycle
which starts at v and has the same velocity as the wavefront vertex which corresponds to v.

NON-DEGENERACY ASSUMPTION  Cheng and Vigneron [CV07] explicitly exclude the case
that vertex events appear for the wavefront of P. The authors call this the non-degeneracy
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(@) (b)

Figure 5: Left: The motorcycle graph M (my,...,myg) of ten motorcycles. The velocities are repre-
sented by red arrows. Right: The motorcycle graph M (P), shown in red, induced by a
simple polygon P (bold). Each reflex vertex of P emanates a motorcycle.

assumption. Eppstein and Erickson [EE99] remarked that perturbation techniques cannot
be applied to transform these “degeneracies” to general cases. A small perturbation would
change the straight skeleton drastically, see Section 2.5.3. On the other hand, such situa-
tions are very likely to occur, in particular if P contains collinear edges. Figure 1 shows a
typical example. (We will be present a generalization of the motorcycle graph to arbitrary
planar straight-line graphs in Section 2.5.) For the matter of simplicity we refer by the non-
degeneracy assumption to the slightly more general assumption that no two motorcycles crash
simultaneously into each other.!*

In order to guarantee the correctness of the algorithm of Cheng and Vigneron [CV07], it
is necessary to assume that the motorcycles run out of fuel when they reach an edge of P.
We cover this circumstance by introducing the alternative concept of walls. We assume that
the plane contains straight-line segments which model rigid walls. If a motorcycle reaches a
wall then it crashes and its trace remains. Following our terminology, we define a motorcycle
graph induced by a polygon by specifying the motorcycles and the walls.

Definition 1.9 (motorcycle graph induced by a simple polygon). Let P denote a simple non-
degenerate polygon. Each reflex vertex v emanates a motorcycle with the start point v and
the same velocity as the corresponding wavefront vertex of v. Further, we consider the
edges of P as walls. We denote by M (P) the resulting motorcycle graph and call M (P) the
motorcycle graph induced by P.

Definition 1.10 (arm of a motorcycle). Let m denote a motorcycle of M (P) that emanates
from the vertex v. We call the two wavefront edges that are incident to the reflex wavefront
vertex emanated from v, the arms of m. The one arm that is left of the track of m is called left
arm of m and the other arm is called right arm of m.

We illustrate the motorcycle graph M (P) of a sample polygon P in Figure 5 (b). Cheng
and Vigneron [CV07] also presented an extension of their algorithm to polygons with holes.

To be precise, Cheng and Vigneron assumed that no two valleys meet in a common point. Note that his assumption
is slightly more general than the assumption that no vertex event happens: it can happen that two reflex wavefront
vertices cause a multi split event such that no reflex vertex is emanated.

I
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The motorcycle graph has to be extended accordingly: One has to introduce additional
motorcycles at the convex vertices of the holes — which emanate reflex wavefront vertices
within P — and one has to add the edges of the holes as walls, too.

1.3 APPLICATIONS

In the following section, we present several applications that appeared since the introduc-
tion of straight skeletons. The application of shape reconstruction by Oliva et al. [OPC96]
even appeared at roughly the same time as straight skeletons and, in fact, the authors re-
ferred to the straight skeleton by a different name, namely angular bisector networks (ABN).
In general, straight skeletons inherit many applications from Voronoi diagrams. Two typical
applications — computing offset curves and terrain modeling — are immediately connected
to the original definition of straight skeletons by Aichholzer et al. [AAAG95] and Aichholzer
and Aurenhammer [AA96].

1.3.1  Mitered offset curves and NC-machining

Computational geometry has numerous applications in NC-machining. Computing offset
curves is certainly one of the most important operations. Besides NC-machining, offset
curves have a lot of further applications, like insetting / outsetting!® paths in vector graphics
editors and CAD software, computing tolerance domains around polygons or polygonal
chains (e. g. for approximations within given bounds), computing curves parallel to a given
curve (e. g. territorial domains on the sea defined by some fixed distance from a coastline),
and so on.

First, we introduce some technical terms related to NC-machining. A workpiece that
should be milled by an NC-machine is represented by a simple polygon P, possibly with
holes. The tool in operation has the shape of a disk D, with radius r and the origin as center.
In the domain of NC-milling such a polygon P is often called pocket and the tool is called
cutter. If we would move the center of the cutter along the boundary of P, we obviously
remove too much material, see Figure 6 (a). The idea is to “shrink” the polygon P and
then move the tool along the new boundary such that we obtain the desired workpiece,
see Figure 6 (b). In mathematical terms, we want to determine a shape P’ such that the
Minkowski sum P’ + D, := {x+y : x € P/,y € D,} equals P (except for certain portions,
e.g., at the convex corners of P). The boundary of P’ is called an offset curve of P with
offset distance r. Note that there is only one continuous offset curve in Figure 6 (b) for that
particular offset radius. If the tool did not leave the gap empty at the bottom of P then the
bottom vertex of the hole would be cut off in this example.

At least two main questions related to computational geometry arise from the task of
pocket machining: (i) how does one compute offset curves and (ii) how does one compute
tool paths in order to remove the material in the interior of P? Held [Hel91] elaborated the
computational problems related to pocket machining. He employs the Voronoi diagram of

15 Inkscape [Ink], a GPL-licensed vector graphics application, uses this terminology.
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P in order to compute offset curves, where the offset curves are defined by the Minkowski
difference P — D,. Once the Voronoi diagram is available, this technique leads to a remark-
ably simple, efficient and robust method to compute offset curves, see [Hel91, HLA94]. Held
[Hel91] also presented algorithms for two basic strategies in order to compute proper tool
paths: contour parallel tool paths and direction parallel tool paths. Computing sophisticated
tool paths is still a vital research area in these days. For example, Held and Spielberger
[HS09] recently presented an algorithm that produces spiral tool paths which are suitable
for high-speed machining. Computing an offset curve belongs to the first steps in their
algorithm.

Voronoi-based offset curves consist of straight-line segments and circular arcs at the reflex
vertices of P, see Figure 7 (a). Park and Chung [PC03] pointed out that such offset curves are
undesirable if a high machining precision is required. The problem is that while the tool
moves around a reflex vertex on a circular arc, it is permanently in touch with the reflex
vertex, see Figure 7 (a). Oscillations of the workpiece or the tool during this time period
lead to erosions of reflex vertices. Hence, they propose the so-called mitered offset curves,
which are based on the straight skeleton instead of the Voronoi diagram. The basic idea is
that sharp vertices of the polygon P should remain sharp in the offset curves, see Figure 7 (b).
(Park and Chung [PC03] also mention that the offset curve based on the straight skeleton
leads to long tool paths at sharp reflex vertices of the input. Hence, at reflex vertices with
an interior angle of at least 1.577 the offset curves are trimmed by an additional line segment
in order to shorten the tool path.)

The Voronoi diagram of simple polygons with holes — or more generally, of a planar
straight-line graph — can be computed reliably in practice and implementations with an
expected O(nlogn) runtime exist, e. g., the Voronoi package Vroni by Held [Hel01]. In fact,
Vronr also solves standard tasks for pocket machining, like computing offset curves, finding
the maximum inscribed circle, or determining the medial axis!®. Recently, Held and Huber
[HHO09a] extended the algorithms and the implementation behind Vroni to circular arcs. A
nice byproduct of this extension is that the offset curves of straight-line polygons that are
produced by Vront, can serve as input to Vront again.!” As mentioned in the introduction
of this chapter, the situation for the straight skeleton is clearly different. The only implemen-
tation available is the code by Cacciola [Cac04] within the CGAL library [CGA]. It accepts
simple polygons with holes as input and exhibits a close-to quadratic runtime performance
and memory footprint.

Park and Chung [PCO03] circumvented the lack of efficient straight-skeleton algorithms by
computing the mitered offset curves directly. Note that the mitered offset curve with offset
distance t is equal to W(P, t). If no split event occurred until time f then one could simply
compute the Voronoi diagram of P. After that one replaces the circular arcs of the offset
curve by straight-line caps in order to obtain the mitered offset, without running into self-
intersections of the offset curves. However, self intersections occur if the offset distance ¢ is
large enough such that a split event occurred until time ¢. Park and Chung [PC03] presented
a relatively complex algorithm based on the concept of the so-called pairwise interference
detection. Their algorithm basically puts offset segments parallel to the input edges and
removes invalid portions of the offset curves afterwards.

16 The medial axis is a certain subset of the Voronoi diagram.
17 The former version of VronI was able to handle circular arcs by approximating using straight-line segments.
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Figure 6: Milling a simple polygon P with a hole (bold). Left: Simply tracing the boundary of P with a
tool removes too much material (shaded). Right: Tracing the offset curve (dashed) removes
the correct amount of material, except for some remaining material at convex corners.

(a) (b)

Figure 7: Two different approaches to obtain offset curves (thin) of the input (bold). Left: The ap-
proach based on the Voronoi diagram (dashed). The tool is shown in gray for several posi-
tions around are reflex vertex. Note that the tool remains in contact with the reflex vertex.
Right: The approach based on the straight skeleton (dashed). The order, in which we tra-
verse the straight skeleton to compute the offset curve, is sketched in gray.



1.3 APPLICATIONS |

Obviously, if the straight skeleton is available, the mitered offset curves are computed in
an almost trivial way by simply traversing the straight skeleton in the very same fashion
as it is done for Voronoi-based offset curves. In Figure 7 (b) we sketch the order in which
the straight skeleton is traversed for a particular offset distance. After we start from an
arbitrary input vertex, we basically follow the boundary of one incident straight-skeleton
face after the other and stop at each time when we reach the desired offset distance on a
straight-skeleton arc.

1.3.2 Building roofs and generating terrains

Automatic roof generation is an important task in 3D modeling, e. g., as part of an automatic
city generator in a 3D modeling software. Let us consider a simple polygon P that represents
the footprint of a building. How can we generate a realistic roof on top of the outer walls? A
simple method to obtain a proper roof is to compute the roof model 7 (P) based on straight
skeletons, see Section 1.2.3.

Laycock and Day [LDO03] picked up this method and developed heuristic approaches in
order to generate a larger variety of differently looking roofs. The original approach by in-
terpreting the terrain 7 (P) above a simple polygon P as a roof results in the so-called hip
roof. See Figure 8 for an example. Laycock and Day also describe how they obtain so-called
gable roofs, mansard roofs, gambrel roofs, and Dutch roofs. For example, in order to generate a
mansard roof, they consider the offset t until the first edge or split event happens and deter-
mine the offset at 0.85- f, which is W(P,0.85-t). The mansard roof consists of the original
facets of 7 (P) which are restricted up to an height of 0.85-t and a top facet parallel to the
ground plane. Straight skeletons became a general tool in order to generate sophisticated
and realistically looking roofs, see [MWH 06, KW11, Hav05] for further examples.

The automatic generation of mountain terrains in the neighborhood of waters is very
similar to roof construction. Assume we are given the shape of a river or a lake and we want
to model the surrounding terrain. If the boundary of this shape is given by a planar straight-
line graph G then the terrain 7 (G) gives a realistic model for the surrounding terrain. In
Figure 9 we show the generated terrain that illustrates the an part of the river Danube called
“Schldgener Schlinge” in Austria. The generated terrain gives indeed a good approximation
of the actual real-world scene.

The 3D models of Figure 8 and Figure 9 were generated by our straight-skeleton imple-
mentation BoNE, see Section 2.5.3. Our implementation can be used to export the terrain
T (G) of a planar straight-line graph G in a file, which is further processed by the free 3D
modeling software Blender [Ble].

1.3.3 Mathematical origami and the fold-and-cut problem

Straight skeletons possess an interesting application in the field of mathematical origami:
the fold-and-cut problem. Let us consider a simple polygon P drawn on a sheet of paper. (The
polygon P could illustrate a flower or an animal.) We are allowed to apply a sequence of
folds of the paper along straight lines. Finally, we take a scissor and cut the folded paper
along a straight line into pieces. Which sequence of folds and which line for the final cut

15
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Figure 8: A hip roof generated by our straight-skeleton implementation BonE from the polygon that
forms the footprint of the walls. Every facet of this roof has an identical slope.

Figure 9: A terrain generated from the boundary of the blue river by our straight-skeleton implemen-
tation Bone. The figure illustrates the “Schlégener Schlinge', which is a part of the river
Danube in Austria (48°26” 10” N 13°51" 50” E). The boundary of the river is based on data
obtained from OpenStreetMap [OSM].
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do we have to apply in order to obtain a piece of paper that has the shape P? This problem,
among others, is discussed in the book by Demaine and O’Rourke [DO07] in an illustra-
tive and detailed fashion. They summarize the fold-and-cut problem as follows: (i) which
shapes can be produced by such a fold-and-cut sequence and (ii) how can we compute a
corresponding fold-and-cut sequence if the shape is given?

As described in [DO07], Chapter 17, the basic idea is to align the edges of P along straight
lines by folding according to a so-called crease pattern. More precisely, the question whether
a given polygon can be produced by a fold-and-cut sequence is equivalent to the question
whether a crease pattern exists such that the edges of P can be arranged on a straight line
and that any other point of the paper does not lie on this straight line. A cut through this
line cuts exactly at the edges of P. The universality result states that every planar straight-line
graph G can be cut by an appropriate fold-and-cut sequence [DDL98].

Demaine et al. [DDL98] presented an algorithm to compute crease patterns based on the
straight skeleton. The input to their algorithm is a planar straight-line graph G. The mo-
tivation to use straight skeletons is that folding a paper at the bisector of two edges aligns
both edges on a common straight line. Note that the arcs of the straight skeleton lie, by
definition, on the bisectors of the defining pair of edges of G. The basic idea is that the
straight skeleton almost poses an appropriate crease pattern (depending whether an arc is
reflex or convex, the paper is folded in one or the other direction). As elaborated in [DO07],
additional creases, so-called perpendicular creases, need to be introduced to obtain the final
crease pattern for a given input graph G. Demaine et al. [DDL98] proved that a certain class
of planar straight-line graphs can be obtained with a single cut using their crease-pattern
algorithm based on straight skeletons. Crease patterns for arbitrary planar straight-line
graphs can be computed using an algorithm based on disk packings. However, the crease
patterns based on straight skeletons tend to be simpler [DOO07].

Straight skeletons have also been applied to further problems in the field of mathematical
origami and also to polyhedral wrapping problems, see [DDMO00] for example.

1.3.4 Shape reconstruction and contour interpolation

Oliva et al. [OPC96] introduced an alternative version of the medial axis, which they called
angular bisector network (ABN) and which turns out to be exactly the straight skeleton. Their
motivation for this skeleton structure originates from the problem of 3D-surface reconstruc-
tion, for which they need to have a skeleton comprising straight-line segments only. They
consider a sequence of cross-sections of a 3D-surface that lie on parallel planes. Each cross
section consists of nested non-intersecting polygons defining so-called material and non-
material domains. The problem is to compute a reconstruction of the original 3D-surface
based on the set of cross sections. This is a typical problem in medical imaging.

The problem mentioned above is considered to be difficult in the presence of complex
branches of the surface. Oliva et al. [OPC96] interpret the problem as an interpolation task
between two consecutive sections. In the first step the polygonal shapes on two consecutive
sections are projected on a parallel plane. Then they consider the symmetric difference of
both shapes. This difference consists of nested polygons and each polygon comprises edges
of both cross sections. In the next step they compute the straight skeleton of the difference
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shape and build a triangulation of the straight-skeleton faces. This triangulation is lifted to
3D in order to pose a patch of the 3D-surface between the two cross sections. The nodes of
the straight skeleton lie on an intermediate layer between the two cross sections.

Barequet et al. [BGLSS04] presented a very similar approach. In contrast to [OPC96],
they consider a different triangulation scheme and assign different heights to the vertices
between the cross sections.

1.3.5 Polygon decomposition

Tanase and Veltkamp [TV04b] proposed an approach to polygon decompositions based on
straight skeletons, where the split events define how the polygon is decomposed into sub
polygons. They consider a reflex wavefront vertex v that led to a split event by crashing
into the wavefront edge e. Then the polygon is decomposed by (i) the arc a that is traced
out by v and (ii) the projection line of the endpoint of a that is orthogonal to e, until the
boundary of f(e) is hit. These two paths can be interpreted in the terrain model as two
possible paths of a raindrop that starts at the endpoint of the lifted arc 4, see Section 1.2.3.
Decompositions of this type form the first phase of their algorithm. In the second phase,
further local simplifications of the decomposition are applied.

The decomposition steps of the first phase are similar to the randomized partitioning
used by Cheng and Vigneron [CV07]. However, Cheng and Vigneron [CV07] do not inves-
tigate polygon decomposition schemes per se, but used their partition in order to devise a
randomized straight-skeleton algorithm, see Section 1.4.2.4.

1.3.6  Area collapsing in geographic maps and centerlines of roads

In geographic information systems a common task is the simplification of maps by collaps-
ing certain areas. Assume we are given a map of a landscape, including rivers, streets and
municipalities. The rivers and streets are given as polygonal areas. The problem of area
collapsing asks for a method to collapse a certain polygonal area A (e. g., a river or a street)
to a one-dimensional structure by dividing A among its neighboring areas.

Haunert and Sester [HS08] introduced a method based on the straight skeleton S(A) of
the polygon A. Each straight-skeleton face f(e) is merged with the neighboring area that
shares the edge e with A. In order to assign larger portions of A to larger neighboring
areas, they employ the weighted straight skeleton, cf. Section 1.5.2. The weighted straight
skeleton allows them to adjust the sizes of the straight-skeleton faces in A accordingly. Their
method respects certain topological constraints, e. g., it maintains connectivity. For instance,
if a river joins a lake then it is desirable that the collapsed river is still connected to the lake.

Haunert and Sester [HS08] also discuss the problem of computing the centerlines of roads.
They consider a road network of a city, where each road is given by the polygonal area
it occupies. How can one obtain a one-dimensional representation such that each road
is represented by a polygonal chain? Haunert and Sester [HS08] compute the so-called
centerline of a road by, roughly speaking, considering those straight-skeleton arcs which
are not defined by two adjacent boundary edges of the road area. Special care is taken in the
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Figure 10: Sorting natural numbers can be reduced to the computation of the straight skeletons (blue)
of a polygon with holes (bold). The nodes that are depicted by small disks correspond to
the input numbers {1, 3,7,8,10}.

presence of road junctions. If three or more roads meet in a junction it is rather unlikely that
the four centerlines meet in a common straight-skeleton node. Haunert and Sester [HS08]
presented a heuristic approach to detect such junctions and to connect the centerlines of the
joining roads with a common junction node.

1.4 PRIOR WORK

1.4.1  Runtime bounds for the straight skeleton

To the best of our knowledge, the currently best known lower bound to compute the straight
skeleton of a simple polygon with n vertices is ()(n). In the convex case a simulation of
the propagating wavefront gives us an almost optimal algorithm using O(nlog n) time, see
Section 1.4.2.1. For the more general case of monotone polygons, Das et al. [DMN*10]
presented an O(nlogn) algorithm. However, for arbitrary simple polygons, no algorithm
that is even reasonably close to linear is known. Currently, the fastest algorithm is due to
Eppstein and Erickson [EE99] with a worst-case runtime of O(n'”/1+¢). This poses a high
contrast to the situation for Voronoi diagrams, for which Chin and Snoeyink [CSW99] pre-
sented an optimal linear-time algorithm. Note that in the convex case the Voronoi diagram
and the straight skeleton are coinciding and the algorithm by Chin and Snoeyink solves
the straight-skeleton problem in optimal time as well. However, for convex polygons also a
simpler Voronoi algorithm is known due to Aggarwal et al. [AGSSS87].

For planar straight-line graphs and for polygons with holes, the best known lower bound
is Q(nlogn). This is easy to see, since we can simply reduce the sorting problem to straight
skeletons. Assume n distinct natural numbers ay, . . ., a, are given, which have to be sorted.
For any ay, we place a small equilateral triangle that is hinged with its top vertex at the
coordinates (ax,0). The length of the edges of the triangles are considered to be less than
1, say 0.9. Then we put a box around the triangles such that the top vertices of the box
have small y-coordinates, say 0.1. The box and the triangles form a simple polygon P with
holes with 3n + 4 vertices and can be constructed in O(n) time. After computing S(P) we
consider the face f(e) of the top edge e of P that is within P. It is easy to see that the nodes
that appear as reflex vertices of f(e) correspond to the input ay, ..., a, and occur in sorted
order along the x-axis, see Figure 10. A simple traverse of f(e) gives us the sorted sequence
in linear time.
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1.4.2 Algorithms for computing straight skeletons and motorcycle graphs

1.4.2.1  Aichholzer et al., 1995

When Aichholzer et al. [AAAG95] introduced straight skeletons of simple polygons P, they
also presented an algorithm, which simulates the propagation of the wavefront in a discrete
manner. Their algorithm maintains a priority queue Q which contains all potential edge
events for each wavefront edge of P, prioritized by their occurrence time. Assume for a
moment that P is convex, which means that only edge events occur. The algorithm fetches
the earliest event from Q and processes it accordingly. That is, the incident vertices of the
affected edge e are merged to a single vertex v. Note that the velocity of v is given by the
two incident wavefront edges. Hence, the collapsing times of the two incident edges of v got
invalid and one has to (i) re-compute them and (ii) update the priority queue accordingly.
A single edge event affects only a constant number of entries within Q and can therefore
be handled in O(logn) time. For convex polygons P this algorithm computes the straight
skeleton in O(nlogn) time.

In the presence of split events the situation gets more complicated. Efficiently determin-
ing the first split turns out to be non-trivial. Let v denote a reflex vertex of P. The problem is
to determine in which wavefront edge the corresponding reflex wavefront vertex will crash.
Simple ray-shooting does not solve the problem. The wavefront edge e, which is hit by the
ray, could move off the ray during the wavefront propagation. Maintaining the wavefront
edge that is hit by the ray does not solve the problem either: another reflex wavefront vertex
from aside could cross the ray at any position. However, detecting such incidents seems to
be costly.

The idea of Aichholzer et al. [AAAG95] is the following: Consider two consecutive edge
events at time ' and t > ' and assume that the wavefront is free of self-intersections until
time t'. The wavefront becomes self-intersecting until ¢ if and only if one or more split
events happened in the time interval ¢/, t]. More importantly, Aichholzer et al. [AAAG95]
were able to show that these split events can be determined from the wavefront W(P, t). In
particular, they showed that the corresponding split events can be found and processed in
O(nlogn) time.

Testing whether a self-intersection is present at the k-th edge event is done in linear time
using the triangulation algorithm by Chazelle [Cha91]. Applying exponential searching, the
first split event can be determined at the costs of O(log k) intersection tests, i. e., in O(n log k)
time, where the first split event happened just before the k-th edge event. Applying this
algorithm recursively on each sub-polygon of W(P, t) after the first split event leads to a
total runtime of O(n?logn). Denoting by r € O(n) the number of reflex vertices, one can
further refine the runtime analysis to O(nrlogn).

1.4.2.2 Aichholzer and Aurenhammer, 1996

Aichholzer and Aurenhammer [AA96, AA98] presented an algorithm for planar straight-
line graphs which is based on a kinetic triangulation. Their algorithm accepts a planar
straight-line graph G with n vertices as input. The basic idea is again to simulate the prop-
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(a) edge event (b) split event (c) flip event

Figure 11: The three types of topological changes during the propagation of the triangulation.

agating wavefront, but to exploit the topological changes in a kinetic triangulation in order
to determine the edge and split events.

The algorithm starts with an initial triangulation of G and keeps the area Uy~; W(G, ')
triangulated for all times t > 0. Aichholzer and Aurenhammer [AA96] also include in-
finite triangles to the triangulation such that the entire plane is triangulated at time zero.
During the propagation of the wavefront, the triangulation keeps the area Uy ~; W(G, t)
triangulated and at certain points in time the triangulation may change its topology: tri-
angles collapse to a point or to a line. Whenever such an event occurs local modifications
have to be applied in order to maintain a proper triangulation. The essential observation is
that edge and split events of the wavefront correspond to a collapse of a triangle. Unfortu-
nately, not every triangle collapse corresponds to an event of the wavefront. Aichholzer and
Aurenhammer [AA96] distinguish the following types of events, as illustrated in Figure 11.

o Edge event: A triangle collapsed due to an edge event of the wavefront. The corre-
sponding edge e collapsed to zero length and the one triangle having e as an edge
collapsed with it.

e Split event: A triangle collapsed because a split event in the wavefront happened. In
the simple case a reflex wavefront vertex moves into a wavefront edge e and the one
triangle having e as an edge collapses thereby. In case of a multi split event two or
more reflex wavefront vertices meet in a point and again certain triangles collapse.

o Flip event: A triangle collapsed because a wavefront vertex crosses an inner triangu-
lation diagonal. The affected diagonal has to be flipped!® in the triangulation in order
to maintain a valid triangulation. This event does not immediately correspond to a
topological change of the wavefront.

The algorithm of Aichholzer and Aurenhammer computes S(G) by keeping track of the
topological changes within the triangulation. This again involves a priority queue Q con-
taining the events. The runtime complexity depends on the number of events that occurred.
The number of edge and split events corresponds to the number of nodes of S(G). Accord-
ing to Lemma 2.4, this number!? is in O(n). Each edge and split event involves the adaption
of a certain number of wavefront vertices and, as a consequence, the re-calculation of the
collapsing times of up to O(n) triangles that are incident to these vertices. Summarizing, all
edge and split events can be handled in O(n?logn) time.

If we remove the considered edge just before the flip event happens then we get a convex quadrilateral which can
be triangulated in two ways. By an edge flip we mean that we triangulate the quadrilateral the other way.
Actually, in order to prove this Lemma, Aichholzer and Aurenhammer count the number of triangles in the trian-
gulations, see the proof of Lemma 2.4.
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However, finding a sophisticated upper bound for the number of flip events appears to
be harder. First of all, a single flip event is handled in O(logn) time since it only involves
the two triangles that share the affected triangulation diagonal. The upper bound of O(n%)
for the number of flip events is relatively easy to see. Each wavefront vertex moves along a
straight-line with constant speed. Consider the vertices p, g, r of a triangle A and denote by
p(t),q(t),r(t) their positions at time ¢, respectively. We denote by 1, v, w € R? the velocities
of p,q,r. The triangle A collapses if and only if the points p, q, r get collinear. That is

px(t) qx(t) rx(t) px(0) +t-uy g(0)+t-vx 74(0)+t-wy
pyl() qyl(t) ryl(t) py(O);—t-uy qy(O);—t-Uy ry(O)—li—t‘wy =0, (1.2)

t
t

where the x- and y-coordinates are denoted by subscriptions. This quadratic equation in ¢
is fulfilled for exactly zero, one, two or all values of t. As a consequence, a single triangle
with vertices p, g, r collapses at most twice. Since we have (%) possible triples of vertices the
number of flip events is bounded by O(n%). Summarizing, the runtime complexity of the
algorithm is in O((n? + k) log n), where k € O(n3) denotes the number of flip events.

Interestingly, to the best of our knowledge, no input is known that exceeds a quadratic
number of flip events. We will revisit the open question concerning this gap of a linear factor
in Section 2.2. For some typical input data Aichholzer and Aurenhammer [AA96] observe
an actual runtime close to O(nlog n). However, no published runtime statistics are known.

1.4.2.3 Eppstein and Erickson, 1999

Eppstein and Erickson [EE99] presented a straight-skeleton algorithm for simple polygons,
which is applicable to planar straight-line graphs and which can even be extended to com-
pute the weighted straight skeleton, cf. Section 1.5.2. Let us recall the discussion in Sec-
tion 1.4.2.1 concerning the determination of the split events. As elaborated by Aichholzer
et al. [AAAG95], a simple ray-shooting from reflex vertices does not solve the problem of
finding the next split event. However, one could consider for every propagating wavefront
edge e the triangle (possibly infinite in size) that is bound by e at time zero and the tra-
jectories of its incident wavefront vertices. The idea is to keep track of those pairs of reflex
vertices v and wavefront edges ¢, where the potential split event of v and e takes place within
the corresponding triangle of e. The next split event is given by closest pair in terms of the
earliest split-event time.

Eppstein and Erickson [EE99] pursued this approach by employing very powerful closest-
pair data structures. First of all, Eppstein and Erickson lift the problem to R® in the same
fashion as it is done for the terrain model 7 (G). Every reflex vertex v of W(G,0) defines
a ray in IR® starting at v and supports the corresponding ridge in 7(G). At every initial
wavefront edge e a corresponding (lifted) triangle, which supports f (e), is considered. The
two other edges of the triangle are given by the supporting rays of the lifted trajectories
of the incident wavefront vertices, see Figure 12. Note that if we consider the unweighted
straight skeleton then the triangles have slope 1, whereas the rays have a slope of at most 1.

Eppstein and Erickson [EE99] consider a sweep plane, which sweeps IR® along the z-axis.
Whenever the sweep plane reaches the top of a triangle, an edge event happens. When
the intersection of a ray with a triangle is reached a split happened, including multi split
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Figure 12: The triangle of an edge e and a ray of the reflex vertices v, as considered by the algorithm
by Eppstein and Erickson [EE99]. The lowest intersection of a ray with a triangle gives the
next split event.

events. For every edge and split event a constant number of triangles and rays is removed
and added. Every multi split event involving k reflex wavefront vertices leads to the deletion
and insertion of O(k) triangles and rays. Eppstein and Erickson [EE99] maintain the trian-
gles in a priority queue Q, prioritized by the height of their top vertex. The total costs for
maintaining Q is in O(nlogn). The essential part of the algorithm consists of determining
the ray-triangle intersections.

Central aspects in the algorithm by Eppstein and Erickson [EE99] are range searching
techniques that allow the application of time-space trade-offs. Assume we are in posses-
sion of a data structure that supports fast queries but has a high space consumption and,
conversely, a data structure that has high query times but low space bounds. The idea is to
mix those two data structure in a hierarchical fashion in order to obtain characteristics for
query time and space consumption between the two original data structures. A survey by
Agarwal and Erickson [AE99] discusses these techniques in detail.

Eppstein and Erickson [EE99] denote by s the space required by a data structure and
express the time complexity as a function in s. One step towards their straight-skeleton
algorithm is a data structure which itself is based on several other data structures and allows
lowest intersection queries among 7 rays and triangles within O(n!*€/s"/*) time, for any
€ > 0. Another main ingredient is a data structure by Agarwal and Matousek [AM94]
in order to answer ray shooting queries, again in O(n!*¢/s*) time. By balancing time
and space complexities, Eppstein and Erickson finally obtain a straight-skeleton algorithm
which uses O(n¥/5+¢) time and space. They further note that this algorithm is also applicable
in order to compute the weighted straight skeleton.

For the unweighted case, Eppstein and Erickson [EE99] prove Theorem 2.7 in order to
devise a slightly faster algorithm, see Section 2.1. In this case, all triangles of the algorithm
have identical slope 1. This fact and the theorem mentioned above can be exploited in order
to use more efficient data structures for intersection queries between rays and triangles. Us-
ing these refinements the algorithm by Eppstein and Erickson [EE99] has a theoretical worst-
case time and space complexity of O(n+€ + n*/11+¢7%/11+€) for the unweighted straight skele-
ton of planar straight-line graphs, where 7 denotes the number of reflex vertices.

Eppstein and Erickson also present an approach that uses a simpler data structure by
Eppstein [Epp00] in order to maintain the closest-pair between a ray and a triangle. This
data structure uses a quadtree structure on the matrix of the pairwise distances. Using this
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data structure, the weighted straight skeleton can be computed in O(n log n + nr) time and
O(nr) space and the unweighted straight skeleton can be computed in O(nlogn + nr) time
and O(n + r?) space. However, no implementations of these algorithms are known and, in
particular, no runtime statistics have been published.

Similar techniques as sketched above are also used by Eppstein and Erickson [EE99] in
order to compute the motorcycle graph of n motorcycles my, . . ., m;,. The motorcycle graph
was introduced in their paper in order to describe the essential sub problem of computing
straight skeletons, see Section 1.2.4. The idea is that each motorcycle m; defines a tilted ray
in R? and a vertical curtain above the ray. The intersection of a ray of the motorcycle m;
with a curtain of a motorcycle m; corresponds to a crash of m; into the trace of m;. Their

algorithm runs in O(n'”/11+¢) time and space.

1.4.2.4 Cheng and Vigneron, 2002

Cheng and Vigneron [CV02, CV07] were the first to exploit the relationship between motor-
cycle graphs and straight skeletons in order to compute the straight skeleton. Their straight-
skeleton algorithm accepts non-degenerate polygons P with holes as input.

First of all, Cheng and Vigneron compute the motorcycle graph M (P) induced by P. Let
my, ..., my, denote n motorcycles. Further, we denote by p; the start point and by v; the veloc-
ity of the motorcycle m;. They observed that the tracks, on which the n motorcycles drive,
can have @(n?) pairwise intersections, but only O(n) among them actually correspond a
crash. The challenge is to geometrically separate motorcycles that do not interact. At the
first sight this appears to be difficult, since a single motorcycle can be very fast and cross the
tracks of many motorcycles. The central idea of Cheng and Vigneron is to employ so-called
e-cuttings.

Chazelle [Cha04] explains e-cuttings as follows. Let H denote a set of 12 hyperplanes in IR¥.
An e-cutting is a tessellation of R? into non-overlapping simplices such that each simplex
intersects at most en hyperplanes of H. Chazelle [Cha93] presented an algorithm that runs
in optimal time O(ne'~) and constructs a cutting of optimal size O(e~%).

Cheng and Vigneron [CV07] use 1/ /#-cuttings in R? on the supporting lines of the mo-
torcycle tracks. Hence, every triangle of the cutting intersects at most /1 motorcycle tracks.
The cutting of O(n) size can be computed in O(ny/n) time by Chazelle’s algorithm [Cha93].
Once the cutting is computed, Cheng and Vigneron [CV07] simulate the movement of the
motorcycles within the cutting. They distinguish two types of events:

e Switch event: A motorcycle reaches the boundary of a cutting-triangle and migrates
to a neighboring triangle.

o Crash? event: A motorcycle crashes into the trace of another motorcycle.

The motorcycle graph can be computed independently within each cell. A priority queue
Q contains each event and the events are processed in chronological order. First, they com-
pute all potential switch events in advance and insert them all into the priority queue Q in
O(ny/nlogn) time. Note that a single motorcycle may indeed cross w(+/n) simplices, but
the total number of switch events among all motorcycles is in O(11/7).2! In order to man-

20 The original phrasing of Cheng and Vigneron was “impact event”.
21 By w(f(n)) we denote the set Q(f(n)) \ ©(f(n)) following the notation of o(f (1)) versus O(f(n)).
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age the potential crash events, Cheng and Vigneron maintain for each cutting-triangle an
arrangement on the tracks of each motorcycle that is or has been visiting the triangle. Ini-
tially, each arrangement in a cutting triangle C is built for the motorcycles that start within
C. Using a standard plane-sweep algorithm — e. g., Bentley-Ottmann [BO79] — this can be
achieved in O(n+/nlogn) time.

When a switch event occurs for the motorcycle m; they first check whether m; has already
crashed. If it is still driving they insert the track of m; into the arrangement of the new tri-
angle C. Cheng and Vigneron use a binary tree structure on each cell in each arrangement,
which enables them to insert the track of m; in O(klogn) time, where k denotes the num-
ber of new arrangement vertices introduced. For each such arrangement vertex they add a
potential crash event into Q, depending on which of both motorcycles involved reaches the
vertex earlier. Cheng and Vigneron argue that the total number of arrangement vertices is
bounded by O(n1/n). In the triangle C, they consider an arrangement vertex v on the inter-
section of the tracks of m; and m;. Either m; or m; started or crashed within C. Cheng and
Vigneron charge m; with v, if m; started or crashed within C and likewise for m;. In order to
bound the total number of arrangement vertices they count for each motorcycle 1y, the num-
ber of vertices for which m; has been charged. In order to do so they only have to consider
the cutting triangles where m;, started resp. crashes. We get at most 2+/n vertices for each
motorcycle and O(n1/n) in total. Hence, all switch events can be handled in O(n+/nlogn)
time.

When a crash event is processed for m;, Cheng and Vigneron check whether m; has not
crashed already. If it is still driving, the motorcycle m; definitely crashed at the arrangement
vertex for which the current crash event has been created. The total number of potential
crash events is bounded by the total number of arrangement vertices, which is O(n1/n), as
elaborated above. A single crash event is easily handled in O(log 1) time and hence the total
costs for all crash events is in O(n+/nlogn).

The space complexity for all arrangements is bounded by O(n1/n). Summarizing, Cheng
and Vigneron compute the motorcycle graph of #n motorcycles in O(ny/nlogn) time and
O(n+/n) space??. This is a slight improvement compared to the algorithm by Eppstein and
Erickson [EE99].

Strictly speaking, the discussed algorithm computes M (my, ..., m,) but does not con-
sider the edges of P as walls, i.e., they do not compute M (P) as defined in Section 1.2.4.
However, Cheng and Vigneron note that their algorithm can handle motorcycles that run
out of fuel when they reach the boundary of P. In order to bound the length of the motor-
cycle traces accordingly, one could apply the ray-shooting algorithm within a polygon by
Chazelle et al. [CEG91], which supports a single ray shooting in O(log n) time.

Cheng and Vigneron [CV07] also mention a randomized and simpler version of their
algorithm, where the supporting lines of the traces of y/n randomly chosen motorcycles
could be used instead of an 1//n-cutting. Furthermore, they mention a simpler cutting
algorithm in the plane by Har-Peled [HP00]. Nevertheless, no implementations or runtime
statistics are known for their motorcycle graph algorithm.

In order to compute the straight skeleton of a simple non-degenerate polygon P with
n vertices, Cheng and Vigneron [CV07] exploit Theorem 2.11. The fact that M(P) covers

22 Cheng and Vigneron did not discuss space consumption in their work.
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the reflex arcs of S(P) allows them to devise a randomized algorithm for the computation
of S(P). In a nutshell, the algorithm chooses random sites on the straight skeleton which
induce a partition of P. The idea is to compute S(P) on each part of the partition in a divide-
and-conquer fashion, as described in the following.

They first choose a point p on a convex arc of S(P) and project p vertically onto the ter-
rain 7 (P). The projection point p lies on a ridge of 7 (P) and defines two or three paths on
T (P) that follow the steepest descent and correspond to the raindrop traces in Section 1.2.3.
Cheng and Vigneron consider a set E of such ridge points and consider the vertical projec-
tions of the corresponding raindrop paths onto the plane. These projected paths induce a
partition of P, which Cheng and Vigneron call canonical partition of P induced by E. (Note
that these paths do not cross, but may merge in a valley of 7 (P).) Cheng and Vigneron ob-
served that the canonical partition of P induced by E can be computed recursively. Consider
a polygon that is partition by E; and a cell C of that partition that is further partitioned by
E,. They proved that the resulting partition is equal to the partition of P induced by Eq U E;.

Cheng and Vigneron presented a method to compute the intersection points L N S(P), for
a line L parallel to the y-axis, by computing a vertical slice of 7 (P) above L. The resulting
points E are used in order to subdivide P according to the partition scheme described above.
Cheng and Vigneron keep on subdividing cells of the partition scheme using this method.
Once the cells have reached a certain size, they compute the straight skeleton on this cell by
a brute force method. The way how Cheng and Vigneron select the vertical line L involves
randomness. Finally, Cheng and Vigneron are able to compute the straight skeleton of a
simple non-degenerate polygon P in expected O(nlog®n) time if the motorcycle graph is
already given. Since the motorcycle graph M (P) can be computed in O(r/rlogr) time
they obtain a straight-skeleton algorithm that runs in O(nlog? n + ry/rlog r) time.

Cheng and Vigneron [CV(7] extended their algorithm to non-degenerate polygons with
holes. If i denotes the number of holes their algorithm computes the straight skeleton in
O(nvhlog? n + ry/rlogr) expected time.

1.4.2.5 Felkel and ObdrZdlek, 1999

Felkel and ObdrZzélek [FO99] briefly presented a wavefront-type straight-skeleton algorithm
for simple polygons that is based on the algorithm of Aichholzer et al. [AAAG95]. As dis-
cussed in Section 1.4.2.1, the simulation of the edge events is simple, but handling split
events is the challenge for a wavefront-type straight-skeleton algorithm.

They again maintain a priority queue of edge events and split events. Felkel and Ob-
drzalek [FO99] propose the following procedure in order to determine the split event for a
reflex vertex v of P. For each edge e they determine a point p, on the bisector ray emanated
from v which has equal orthogonal distance to e and the incident edges of v. The edge e
defines a triangle A, (possibly infinite) that is bounded by e and the bisector rays emanated
from the incident vertices of e. If p, does not lie in A, then they ignore p,. Among all edges
e of P, with p, lying in A,, they select the one point p. whose distance from v is smallest.
They add a split event for v at this point into our priority queue.

This algorithm takes O (nr + nlog n) time in order to compute the straight skeleton. Unfor-
tunately, the procedure which computes the next split event does not necessarily determine
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3— bisector of e and ¢;

e

Figure 13: The point p. does not mark the split event of the reflex vertex v. The vertex v actually
causes a crash with the edge ¢/, which happens after v passed pe.

the correct split event. In Figure 13 we give an example where the split event of a vertex
v is not computed correctly. Different issues concerning the correctness are mentioned in
Yakersberg [Yak04].

1.4.3 Implementations

To the best of our knowledge the only published runtime statistics are due to Felkel and Ob-
drzélek [FO99], who published the runtime consumption of their code for seven datasets.
Beside the implementation of Felkel and Obdrzélek, the only implementation available is
the straight-skeleton code by Cacciola [Cac04] that is shipped with CGAL [CGA]. The al-
gorithm behind the CGAL implementation was originally based on the algorithm by Felkel
and Obdrzélek [FO99]. However, Cacciola has significantly adapted the original algorithm
in order to get it to work correctly.?> The current version, CGAL 3.8, can compute the straight
skeleton of polygons with holes. Unfortunately, no details on the implemented algorithm
are published. In Section 2.5.4, we present experimental results that yield an O(n?logn)
runtime performance and an O(n?) memory footprint for the CGAL implementation.

1.4.4 Summary

The best known lower bounds for the straight skeleton of simple polygons is Q(n) resp.
Q(nlogn) for simple polygons with holes and planar straight-line graphs. This poses a
significant gap to the fastest algorithms known so far, see Table 1. The fastest algorithm
is due to Eppstein and Erickson [EE99] with a runtime of O(n!*€ + n*11+€,%/11+€) for pla-

23 Based on personal e-mail correspondence with the author in 2010.
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Algorithm Time Space PSLG Impl.

[AAAG9I5] O(nrlogn) O(n) No Yes
[AA96] O(n®logn) O(n) Yes Yes
[EE99] O(nlJre + 1’18/11+€7’9/11+€) O(n1+€ + n8/11+er9/11+e) Yes No
[CV02]  exp. O(nlog?n 4+ ry/rlogr) No No

Table 1: Summary of known straight-skeleton algorithms and their time and space complexities. The
input contains n vertices and r denotes the number of reflex wavefront vertices. The column
“PSLG” denotes whether the algorithm accepts a planar straight-line graph as input. The col-
umn “Impl.” denotes whether the algorithm is suitable for implementation from a practical
point of view.

Algorithm Time Space Impl.

[EE99] O(n'”/1+€)  O(n"/1+€)  No
[CV02]  O(ny/mlogn)  O(nyn)  No

Table 2: Summary of known motorcycle-graph algorithms and their time and space complexities for
n motorcycles. The column “Impl.” denotes whether the algorithm is suitable for implemen-
tation from a practical point of view.

nar straight-line graphs. For simple non-degenerate polygons Cheng and Vigneron [CV07]
presented an algorithm with a slightly better expected runtime of O(n log2 n-+ry/rlogr).

On the implementation side there is the straight-skeleton code by CGAL which accepts
polygons with holes as input. It is a wavefront-type algorithm which is roughly based on
the algorithms due to [AAAG95, FO99]. The only straight-skeleton algorithm which is suit-
able for implementation and accepts planar straight-line graphs as input was presented by
Aichholzer and Aurenhammer [AA98]. However, no implementation is available and no
runtime statistics have been published.

1.5 GENERALIZATIONS AND RELATED PROBLEMS

1.5.1  Linear axis

The linear axis is a variation of the straight skeleton for simple polygons P introduced by Ta-
nase and Veltkamp [TV04a]. The difference between the linear axis and the straight skeleton
is a more general definition of the initial wavefront at reflex vertices of P.

The idea is that a reflex vertex v of P does not emanate a single reflex wavefront vertex
but k reflex wavefront vertices vy, ..., vy, with 1 < k. The wavefront edges connecting two
consecutive vertices v;, v;1 1 propagate with unit speed and for each v; the two incident edges
span identical angles, see Figure 14. The skeleton structure which results from this initial
wavefront and the ordinary straight-skeleton wavefront propagation is called linear axis. For
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Figure 14: The wavefront (gray) of the linear axis at a reflex vertex v of the input polygon (bold) for
different numbers k of emanated wavefront vertices v, ..., vy, with k = 1,2, 3. The angles
between consecutive wavefront edges are equal.

k = 1 the linear axis is identical to the straight skeleton. Denoting by « € [, 277) the interior
angle at the vertex v of P, the speeds of the reflex wavefront vertices are given by

1

a—7"

S (1.3)
COS I3

Note that this expression tends towards 1 for large k. In particular, the speeds are bounded
by /2 for k > 2, whereas for k = 1 the reflex wavefront vertices can get arbitrarily fast when
« gets close to 27t. The larger k gets, the better the wavefront approximates a circular arc.
Téanase and Veltkamp [TV04a] proved that the linear axis converges to the medial axis as
k grows for all reflex vertices. The concept of the linear axis has later been generalized to
planar straight-line graphs by Vyatkina [Vya(09a].

Since the linear axis follows the same wavefront propagation process as the straight skele-
ton, one can basically apply the algorithms known for straight skeletons in order to compute
the linear axis. For k € O(1) at all reflex vertices, we obtain the same time and space com-
plexities. However, Tanase and Veltkamp showed that if k is chosen large enough such that
the medial axis and the linear axis differ in a sufficiently small amount then the linear axis
can be obtained from the medial axis in linear time.

Of course, we can further generalize the linear axis by not requiring that consecutive
wavefront edges in Figure 14 have identical angles. Basically, we can emanate any polygonal
chain as wavefront as long as the wavefront edges have orthogonal distance to v that is equal
to the time elapsed so far. We also refer to the discussion in Section 1.2.2 on various types of
wavefront polygons emanated at isolated vertices and terminal vertices of the input graph.

The advantages of the linear axis compared to the straight skeleton are all, more or less,
related to a reduced speed of the reflex vertices. From a practical point of view, we expect
that the linear axis is easier to compute in terms of numerical stability. Tdnase and Veltkamp
[TV04a] mention that the polygon decomposition application from Section 1.3.5 would also
benefit if the speed of the reflex wavefront vertices is limited. Finally, we want to review
the mitered offset application for NC-machining, see Section 1.3.1. A tool path based on the
straight skeleton can lead to long paths at very sharp reflex vertices. The offset curve based
on the linear axis would give us a shorter path while still avoiding a continuous contact of
the tool with reflex vertices, as it would be the case for the medial axis.
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1.5.2 Weighted straight skeleton

Eppstein and Erickson [EE99] were the first to mention the weighted straight skeleton, where
the wavefront edges are allowed to propagate at different speeds. The geometry of the
weighted straight skeleton has not yet been systematically investigated and, in particular, its
relation to the motorcycle graph is unclear. However, one can observe that basic properties
of the unweighted straight skeleton do not carry over to the weighted case. For example, in
the unweighted case every straight-skeleton face is monotone w. . t. its defining wavefront
edge, cf. Lemma 2.3 in Section 2.1. As Figure 15 (a) illustrates, this is not necessarily the
case for the weighted straight skeleton. Moreover, important theorems concerning alterna-
tive characterizations of the straight skeleton do not hold for the weighted case. Eppstein
and Erickson [EE99] presented a simple polygon for which Theorem 2.7 does not hold in
the weighted case, see Figure 16. The same figure also serves as a counter-example to The-
orem 2.11.

Beside the fact that certain properties do not carry over from the unweighted straight
skeleton, we observe that the definition of the weighted straight skeleton is tricky in the
presence of parallel input segments. Figure 15 shows two wavefront edges e1, e, that propa-
gate with unit speed and e3 that propagates with speed 2. Let us rotate the edge e; around
its right endpoint such that e; and e3 become parallel in both subfigures. In the limit we
obtain two identical inputs in both subfigures, but in subfigure (a) the straight-skeleton
arc between e; and ez is pointing to the left, whereas in subfigure (b) this arc is pointing
to the right. This example poses a singularity in the naive wavefront-based definition of
the weighted straight skeleton. Also note that in subfigure (a) the arc between e; and e3
is convex, but the arc encloses an angle greater than 7/2 with e3. Analogously for subfig-
ure (b), where this arc is reflex but e3 and the arc encloses an angle less than 77/2. For the
unweighted straight skeleton, however, we could characterize reflex and convex arcs by the
angle enclosed with its defining wavefront edges.

Lemma 1.11. Let v denote a wavefront vertex incident to two edges e, and e, where e, propagates
with speed a > 0 and ey, propagates with speed b > 0. Further assume that e, and ey, span an angle
of « € (0,27) at the side where the wavefront propagates to. Then the trajectory of v encloses with

ey an angle oy, and the wavefront vertex v has a speed of ﬁ, where
7 cosa +
&, = — — arctan ———. 14
T2 sin« (14)
Proof. Let us consider Figure 17. Simple trigonometry leads to x = —a- sina, y = a- cosa,
z= tané%rx) and finally to &, = 7/2 + arctan £, O

In the unweighted case, i.e. @ = b, we obtain a;, = «/2 as expected. If we consider 4/b
fixed but less than 1 we observe the following behavior of a}, at &« = 7.

li = li =0. 15

Jmay =7 lim e, (1.5)

Both equations correspond to the two cases illustrated in Figure 15, with v denoting the

wavefront vertex on the arc between e; and e3 and e;, = e3. The left equation is related to
Figure 15 (a) while the right equation describes the situation in Figure 15 (b).
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Figure 15: The weighted straight skeleton of three input edges. The edges e; and e, propagate at unit
speed, but e3 propagates with speed 2. If we rotate e; such that e; and e3 become parallel,
we obtain two different straight skeletons in the limit for the two subfigures.

Figure 16: Assume all edges propagate with unit speed, but e has speed 4. Then the edge slab of ¢
cuts off the shaded area from the terrain, i. e. the edge slab reaches below 7 (P) at point p.
(This figure is based on Figure 6 in [EE99].)

Figure 17: The speed and direction (gray arrow) of a vertex v which is incident to two edges e, and
ep. The edge ¢, is propagating with speed a and ¢, is propagating with speed b.
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As mentioned in Section 1.4.2.3, Eppstein and Erickson [EE99] presented an algorithm
for the weighted straight skeleton of planar straight-line graphs with n vertices which uses
O(n¥°*€) time and space.

1.5.3 Straight skeleton of polyhedra in R3

Straight skeletons of three-dimensional polyhedra have first been mentioned by Demaine et
al. [DDLS05], who investigated so-called hinged dissections of polyhedra. A dissection of two
polyhedra is a tessellation of the first polyhedron into polyhedral pieces such that the second
polyhedron can be built by the pieces of the first one. Demaine et al. [DDLS05] discuss
so-called hinged dissections which are special dissections where the polyhedral pieces are
hinged together at points or edges. It is an open question whether there exists a hinged
dissection for every pair of polyhedra. However, the straight skeleton of polyhedra is used
by Demaine et al. in order to compute hinged dissections for a certain class of polyhedra.

The straight skeleton S(P) of a three-dimensional polyhedron P is defined by a wavefront
propagation process, where the faces of P move inwards with unit speed in a self-parallel
fashion. The set of points which are traced by the intersections of two adjacent faces is
called the straight skeleton. Demaine et al. mention that S(P) gives a decomposition of P
into cells such that one cell belongs to exactly one face of P. Further, Demaine et al. cite a
personal communication with J. Erickson, in which it is mentioned that the straight skeleton
in IR? is no longer uniquely defined, because at certain points in time one can make multiple
decisions to continue the offset propagation.

Barequet et al. [BEGV08] were the first to investigate algorithms for the straight skeleton
of polyhedra P of certain types. Firstly, they mention a lower bound of Q(n?) for the size of
S(P) of polyhedra with n vertices. Note that the medial axis and the straight skeleton are
identical for a convex polyhedron and the lower bound of Q(n?) due to Held [Hel94] can
be applied. Secondly, Barequet et al. mention O(1n3*€) as the best known upper bound due
to Sharir [Sha94].

Furthermore, Barequet et al. [BEGV08] presented a straight-skeleton algorithm for a cer-
tain class of polyhedra. First, they start with polyhedra made of voxels, i.e. axis-parallel
cubes of identical size. Second, an extension to polyhedra with axis-parallel edges is pre-
sented. In the latter case the complexity of the straight skeleton can be bound to O(n?).
Barequet et al. [BEGVO08] present two algorithms for n-vertex polyhedra with axis-parallel
edges. The first runs in O(n? log 1) time, the second in O(k logo(l) n) time, where k denotes
the size of the straight skeleton. Putting both algorithms together results in a runtime of
O(min{n2logn, klog®® n}).

An interesting result of Barequet et al. [BEGV08] is that general simple n-vertex polyhedra
exist, where the complexity of the straight skeleton is super-quadratic, namely Q(n?a?(n)),
where «(.) denotes the extremely slowly growing inverse Ackermann function. Further-

more, Barequet et al. shed more light on the ambiguity issue of straight skeletons of polyhe-
dra.
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1.5.4 City Voronoi diagrams

The straight skeleton was used by Aichholzer et al. [AAP04] in order to compute the so-
called city Voronoi diagram which is presented as follows. Let C denote a planar straight-
line graph with c vertices and edges that are axis-parallel. The graph C models a public
transit system like the subway. The problem is to find the shortest path between two vertices
x andy in the plane, where the distance measure on IR? \ C is given by the Manhattan metric.
Furthermore, one may enter and leave the public transit at any point of C with zero delay.
The public transit is assumed to move on the edges of C with speed v > 1.

Aichholzer et al. [AAP04] define by Q¢ (x, y) the temporal distance according to the quick-
est path from x to y. This distance measure Q¢ induces a Voronoi diagram on a set S of n
vertices, which is called the city Voronoi diagram Vc(S) of S w. r.t. C. Aichholzer et al. show
that V¢ (S) is a subset of the additively and multiplicatively weighted?* straight skeleton
of an input which is based on S and C. This enables Aichholzer et al. [AAP04] to compute
the city Voronoi diagram by using straight-skeleton algorithms. Interestingly, Aichholzer et
al. were able to show that the input to the straight-skeleton algorithm has sulfficiently nice
properties such that the framework of abstract Voronoi diagrams of Klein [Kle89] can be
applied. Note that for general input it is not possible to interpret the straight skeleton as
abstract Voronoi diagram, see Section 2.1. This observation finally leads to an algorithm
which uses O(nlogn + c?log ¢) time and O(n + ¢) optimal space.

24 We use the term “multiplicatively weighted” if the wavefront edges propagate at different speeds. We use the term
“additively weighted” if the some wavefront edges are allowed to start propagating after some time.
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In order to make straight skeletons applicable in practice we seek an algorithm which is (i)
easy to implement and (ii) exhibits an actual runtime that is relatively close to linear in the
input size. Fortune started his introduction [For00] to the 27" volume of Algorithmica with
the following words:

It is notoriously difficult to obtain a practical implementation of an abstractly
described geometric algorithm. This difficulty arises in part from the concep-
tual complexity of many geometric algorithms, which often use sophisticated
data structures or require other complex algorithms as subroutines. The diffi-
culty also arises because many algorithms are designed and described to achieve
good asymptotic behavior in the worst case, ignoring behavior in more realistic
situations.

In this chapter we present a novel straight-skeleton algorithm which is (i) easy to imple-
ment, (ii) exhibits a runtime that is close to linear in practice, (iii) accepts planar straight-line
graphs as input, and (iv) has a lower worst-case runtime complexity than the triangulation-
based algorithm by Aichholzer and Aurenhammer [AA98].

We start with an investigation of the number of flip events that occur for the algorithm by
Aichholzer and Aurenhammer [AA98] in Section 2.2. We first show a few results regarding
the gap between Q)(n?) and O(n?) for the worst-case number of flip events and prove that
we can exploit Steiner triangulations in order to completely avoid all flip events. This insight
motivates an algorithm for straight skeletons of non-degenerate polygons that is based on
motorcycle graphs, see Section 2.3. In order to generalize this algorithm to arbitrary planar
straight-line graphs we introduce a generalization of the motorcycle graph in Section 2.4 and
present an extension of our straight-skeleton algorithm in Section 2.5. Extensive runtime
experiments in Section 2.5.4 reveal that our straight-skeleton implementation BonE exhibits
an actual runtime consumption of O(nlog n) in practice. Most results in the Sections 2.2 to
2.5 have been presented in the following publications:

e [HH10b] S. Huber and M. Held. Straight Skeletons and their Relation to Triangula-
tions. In Proc. 26th Europ. Workshop Comput. Geom., pages 189-192, Dortmund, Ger-
many, Mar 2010

e [HH10a] S. Huber and M. Held. Computing Straight Skeletons of Planar Straight-Line
Graphs Based on Motorcycle Graphs. In Proc. 22nd Canad. Conf. Comput. Geom. (CCCG
2010), pages 187-190, Winnipeg, Canada, Aug 2010

e [HH11c]S. Huber and M. Held. Theoretical and Practical Results on Straight Skeletons
of Planar Straight-Line Graphs. In Proc. 27th Annu. ACM Sympos. Comput. Geom., Paris,
France, to be published 2011
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21 GEOMETRIC PROPERTIES OF THE STRAIGHT SKELETON

In this section we build a collection of geometric properties of straight skeletons and their
relation to motorcycle graphs. Most of the following geometric properties were presented in
[AAAGY5, AA98, EE99, CV07]. Throughout this section, we denote by G a planar straight-
line graph. It turns out that the terrain 7 (G) is often useful to prove various properties of
the straight skeleton and its relation to motorcycle graphs. In many cases the proofs become
much easier when the scene considered is lifted to R®. The following lemma is a simple but
useful tool for proofs of this kind.

Lemma 2.1. Consider two distinct points p,q on T (G). Then the straight line through p and q has
a slope of at most 1.

Proof. We project p and g onto the plane R? x {0} and denote the results by p’ and q’. The
intersection of 7 (G) with a vertical curtain above [p’ ¢'] results in a plane polygonal chain
that starts at p and ends at 4. All segments of this chain have a slope of at most 1, because
each segment results from the intersection of the vertical curtain with a facet of 7(G) and
all facets have exactly slope 1. As a consequence, the supporting line pg through p and g4
has also a slope of at most 1. O

Definition 2.2. We denote by e(t) the set of points that are occupied by the wavefront edge

e at time  and by e(t) we denote the supporting line of e(t). If e is emanated by a terminal

vertex or an isolated vertex v of G then we define ¢(0) := limpy g e(f).

Note that the propagating wavefront edge e can be split at certain points in time. That
is, e(t) can be expressed as the union of straight-line segments. Furthermore, we get that

f(e) = Usspe(t). For a terminal vertex v we obtain that e(0) is equal to the supporting line
of v that is perpendicular to the single incident edge of v.

Aichholzer et al. [AAAG95] proved the following lemma for general bisector graphs of
simple polygons instead of straight skeletons. These graphs correspond to generalized roofs
as discussed in Section 1.2.3. Aichholzer and Aurenhammer [AA96] presented this lemma
for planar straight-line graphs G. We rephrase their original proof using Lemma 2.1.

Lemma 2.3 ([AA96]). Let e be a wavefront edge of G. The face f(e) is monotone w.r.t. e(0).

Proof. It has to be shown that an intersection of f(e) with a line perpendicular to e(0) is

connected. Assume that this is not the case for a line [ that is perpendicular to ¢(0). One
can find two points x and y on the boundary of f(e) such that the open segment (x, ) is not
contained in f(e). We lift the problem to R3 and put a vertical curtain on [xy], intersect it
with 7 (G) and obtain a polygonal chain L. Let us denote its endpoints with £ and §, which
are contained in f(e). The supporting line of £, has a slope of exactly 1, but note that L is
not contained in f(e) by assumption. Hence, L contains at least one segment which has a
slope that is greater than 1. But this is a contradiction to Lemma 2.1. O

Lemma 2.4 ([AA96]). The straight skeleton S(G) has exactly 2n + t — 2 number of nodes, where
t denotes the number of terminals in G.
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Similar to Lemma 1.2, the lemma holds if the degree of all nodes is three. In the pres-
ence of multi split events the degree of the resulting nodes have to be taken into account
accordingly.

The proof of Aichholzer and Aurenhammer is based on the analysis of their algorithm,
see Section 1.4.2.2. Recall that their algorithm computes a constrained triangulation of G
and then simulates the wavefront by maintaining the triangulation. A topological event
of the wavefront corresponds to a decrease of the number of triangles by one. Note that
the so-called flip events leave the number of triangles invariant. Therefore, the number of
events happening to the wavefront corresponds to the number of triangles collapsed. The
number of triangles that remain after the last event happened corresponds to the number
of unbounded arcs resp. infinite nodes of S(G). Aichholzer and Aurenhammer [AA96]
argue that the number of initial triangles equals the number of nodes, including the infinite
nodes.

Proof. One observes that the initial triangulation tessellates the plane into 21 — 2 triang]les.
Let us consider an embedding of G onto the three-dimensional sphere, in a local neighbor-
hood of the north pole. We identify the north pole with the origin of the plane and we
consider the south pole as an additional vertex which models the locus at infinity. Then
an induction-type argument easily shows that any triangulation of n > 3 vertices plus the
infinite vertex comprises 2n — 2 triangles. Finally, each terminal vertex gives rise to an ad-
ditional triangle in order to take the additional wavefront edges at terminal vertices into
account. Summarizing, the initial triangulation comprises 2n — 2 + t triangles. O

THE STRAIGHT SKELETON AS A VORONOI DIAGRAM An obvious yet essential question is
whether the straight skeleton can be interpreted as a generalized or abstract Voronoi dia-
gram. The benefit of such a connection is obvious: Voronoi diagrams have been extensively
studied in the past decades and there are efficient algorithms for a wide variety of general-
izations of Voronoi diagrams [Kle89, KMM?93, Yap87, AS95]. Aichholzer and Aurenhammer
[AA96] considered the abstract Voronoi framework by Klein [Kle89] in order to investigate
this question. The idea of Klein is that one does not consider a distance function in order to
define the Voronoi region of each input site, but to define mutual bisector curves between
each pair of input sites. Klein [Kle89] gave a set of axioms that need be fulfilled by this
set of bisectors, in order to define an abstract Voronoi diagram. The generalized Voronoi
diagrams of points, straight-line segments and circular arcs are covered by this framework
as well. In addition, generalizations to other distance functions can be represented within
this framework. Recently, Klein et al. [KLN09] revisited this framework and presented a
conciser set of axioms for the bisector system.

Unfortunately, Aichholzer and Aurenhammer [AA96] pointed out that the framework of
Klein cannot be applied to define straight skeletons. Let us consider a bisector between
two input sites a,b motivated by the straight skeleton. That is, the bisector is the set of
points that are reached at the same time by the wavefronts of a2 and b. The claim is that the
resulting bisector system does not fulfill the axioms of [KLN09]. Following the notation of
[KLN09] we denote by J(a, b) the bisector between the site 2 and b. The bisector tessellates
the plane into two halves. The half which belongs to a is denoted by D(a,b) and the other
by D(b,a). The Voronoi region V(a) of a is defined by the intersection .., D(a,s) among
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Voronoi region of e;

€1

i\p J(e1, )

€2

J(e1,e3)

Figure 18: An attempt to define S(G) using abstract Voronoi diagrams. The bisectors J(e1,e;) and
J(e1, e3) are depicted in blue. The attempt fails because e3 influences the Voronoi region of
e1. In particular, the point p is not contained in the Voronoi region of e;.

all input sites s. See Figure 18 for an example. We observe that the Voronoi region of ¢;
is influenced by the presence of e3. However, the straight-skeleton wavefronts of e; are
blocked by e,. Note that if we would remove e, then J(e, e3) would pose a correct part of
the resulting straight skeleton. The basic reason for this strange behavior is that the bisectors
motivated by straight skeletons do not fulfill the axioms of Klein et alii. In particular, their
axioms include that D(ej,ep) N D(ez,e3) C D(eq,e3), which is clearly not the case in our
example: The point p is contained in the set at the left-hand side but not in the right-hand
side. Moreover, p is not contained in any Voronoi region at all.

The concept of abstract Voronoi diagrams by Klein et al. [Kle89, KLN09] distills the very
essence of Voronoi diagrams from an abstract point of view. Having this interpretation in
mind, straight skeletons are essentially different to Voronoi diagrams, even though they
share common properties at the first sight. Nevertheless, Aichholzer and Aurenhammer
[AA98] mentioned that for special case of rectilinear polygons P, the Voronoi diagram of P
in the L*-space and the straight skeleton of P coincide.

THE TERRAIN MODEL AND PIECEWISE-LINEAR FUNCTIONS Aichholzer et al. [AAAG95]
investigated whether partially defined linear distance functions could be used in order to
obtain an alternative, non-procedural way of defining the straight skeleton S(G). More
precisely, the idea is to define for each wavefront edge e a real-valued linear function d,(.)
on a subset of R? such that the lower envelope of the graphs of these functions forms the
terrain 7 (G). For a point p € R?, the value d,(p) would indicate the time when p is hit by
the wavefront edge e. Aichholzer et al. already showed that the domain of d. cannot only
depend on e: In Figure 18, the domain of d., must somehow take care for the presence of e.
We can summarize this insight as follows:
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slab on e

lower chain

of f(¢)

Figure 19: The slabs in R? are bounded from below by the lower chain of f(e).

Observation 2.5 ([AAAGO5]). If one attempts to define a partially linear function for each wave-
front edge e of G such that the lower envelope of their graphs is identical to T (G) then the domain of
each function d, cannot only depend on the defining wavefront edge e.

Let us consider the face f(e) of a wavefront edge e of G. By Lemma 2.3, the boundary of
f(e) consists of two monotonic chains with respect to e(0).

Definition 2.6 (lower/upper chain of a face). The lower chain and the upper chain of f (e) are
the two monotonic chains w.r. t. e(0) that constitute the boundary of f(e). The lower chain
contains e(0).

For the lower chain C of a face f(e), we denote by C the projection of C onto T(G). For
each wavefront edge e we define an infinite slab that lies on the supporting plane of f (¢) and
is bounded from below by C and by two rays at both endpoints of C that are perpendicular

to ¢(0), see Figure 19. Eppstein and Erickson [EE99] proved the following theorem.

Theorem 2.7 ([EE99]). The lower envelope of all slabs of the wavefront edges of G is identical to
T(G).

Proof. We first note that for any wavefront edge e of G, the lifted face f(e) is contained in
the slab that we defined for e. Hence, it remains to show that the terrain 7 (G) is not above
the lower envelope of the slabs at any point.

Assume that p is a point on 7 (G) that indeed lies above the lower envelope. Hence, we
can project p vertically onto the lower envelope and obtain a point p’. Then we can project
p’ along the steepest descent of the slab, where p’ lies on, until we hit a point g. Clearly, g
and p are on 7 (G). Note that gp’ has slope 1 and, thereby, 7p must have slope greater than
1. This is a contradiction to Lemma 2.1. O

In the original work by Eppstein and Erickson [EE99] the theorem above is presented for
polygonal input, but it is claimed that it also extends to planar straight-line graphs. Further,
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they actually used the following set of slabs: For every edge e they defined an edge slab,
which is bounded from below by e and by two perpendicular rays at each endpoint of e. For
every reflex vertex v of G they defined two reflex slabs each of which is bounded from below
by the valley incident to v and, for each, two rays that are perpendicular to the two incident
edges of v. Strictly speaking, in their original phrasing they did not consider that vertex
events could happen, i. e, that a valley of 7 (G) is not incident to a vertex of G. Nevertheless,
the basic idea of their proof also works in the general case, which is based on a careful
consideration of the relative positions of the moving wavefront edges. We presented a proof
that is based on Lemma 2.1 instead. Our proof appears to be simpler and immediately
applies to arbitrary planar straight-line graphs G.

As Eppstein and Erickson [EE99] mentioned, Theorem 2.7 leads to a nice alternative in-
terpretation of the straight skeleton S(G), based on a partially defined linear functions. The
following corollary formulates this interpretation, where d denotes the infimum distance,
thatis d(A, B) := infyc 4 yep d(x, y) for two point sets A, B C R2.

Corollary 2.8. Let e and e’ denote two wavefront edges. For any point p € f(e), whose orthogonal
projection line onto ¢’ (0) intersects the lower chain of f(e"), holds d(p,e(0)) < d(p,€'(0)).

This result enables us to define a point set that is similar to the cone of influence in the
theory of Voronoi diagrams, cf. [Hel91]. That is, for each wavefront edge e we define a set
CI(e) by the projection of the slab of e onto the plane. Next, we define a distance function
d. between a wavefront edge e and a point p by

d(e(0),p) ifpeCI(e
4(p) ::{ (e(0)p) ifp € CI(e) 2
S otherwise.
Using these distance functions d,, we can rephrase the previous corollary to
fley=N{peR® : de(p) < du(p)}, (22)

e'cE

where E denotes the set of wavefront edges. At the first sight, this result seems to be an al-
ternative characterization of S(G). However, we want to remark that the sets CZ(e) depend
on the length of the reflex arcs of S(G). In other words, the representation of the faces via
(2.2) does not serve as an alternative characterization of straight skeletons.

Eppstein and Erickson [EE99] remarked that Corollary 2.8 does not pose a contradiction
to Observation 2.5: The domain of the distance function d, depends on the length of certain
reflex arcs and, therefore, does not only depend on the wavefront edge e.

Lemma 2.9. The lower chain of the face f(e) of a wavefront edge e is convex.

Proof. The lemma asserts that the interior angle at each vertex of the lower chain C of f(e)
is at most 180°. The segment e(0) encloses with its incident arcs an angle less than 180°,
because these arcs lie on the bisectors of ¢ and adjacent edges of e. Hence, it suffices to show
that the interior angle at any straight skeleton node on C is at most 180°. We assume the
contrary: Suppose that there is a node v on C whose interior angle is reflex. Without loss of
generality, we may assume that v is (i) closest to e(0) and (ii) on the left part of C w.r.t. ¢(0),
see Figure 20.
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Figure 20: The vertex v on the lower chain of f(e) cannot be reflex.

We denote by a; and a; the arcs on C that are incident to v such that the sub-chain from
a1 to e(0) is convex. Further, we denote by e1 and e, the other two wavefront edges whose
faces contain the arcs a; and ay, respectively. The supporting line of a, intersects ¢(0) at a
point g. There exists a supporting line ! of g such that a; lies on the bisector of  and e. Hence,
the edge e; lies on [, by construction. Further, we note that e,(0) lies behind ¢(0) and also
behind 1 (0) w.r.t. the corresponding propagation direction.

Since e, reaches v after some time, the lower chain of f(e;) contains a polygonal chain 7
that connects e, (0) and v. We note that vy is monotone w.r. t. ¢, by Lemma 2.3. Furthermore,
7 is monotone w.r.t. the propagation direction of e, because the points on <y are swept by
the propagating edge ¢,. The curve <y contains a point p that can be projected orthogonally
onto e;(0). Corollary 2.8 implies that d(p,e2(0)) < d(p,e1(0)) because p € f(e2). Let us
denote by I’ the bisector between e; and ;. That is, I’ consists of all points e; (t) N ey (t), with
t > 0, and all points left to I’ are first reached e;. However, since p is left to I’ it follows that

d(p,e1(0)) < d(p,e2(0)), which is a contradiction. O

Lemma 2.10. The lower chain of a face f(e) consists of e(0) and reflex straight-skeleton arcs.

The following theorem was proved by Cheng and Vigneron [CV07]. It establishes an
essential connection between the motorcycle graph and the straight skeleton.

Theorem 2.11 ([CVO07]). Let P denote a simple non-degenerate polygon P. The reflex arcs of S(P)
are covered by M(P).

Proof. We slightly rephrase the proof in [CV07] in order to fit our setting. First, we declare
that S(P) and M (P) are restricted to the interior of the polygon P rather than being defined
on the whole plane.
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Figure 21: Reflex arcs are covered by motorcycle traces. The set T turns out to be convex which leads
to a contradiction concerning the height of 7 (P) above p.

Cheng and Vigneron lift the problem to R? by means of the terrain model. Let my, ..., m;,
denote the motorcycles from M (P), where r denotes the number of reflex vertices of P.
Further, let s; denote the trace of the motorcycle m; and let 3; denote the lifted trace of ; by
interpreting the third spatial dimension as the time. Recall that each motorcycle m; starts
at a reflex wavefront vertex v of WW(P,0) and m; and v have the same velocity. Hence, the
valley 4 that belongs to v has the same inclination as the lifted motorcycle trace 1;.

Now assume that the statement is false and there is indeed a reflex arc a of S(P) that is
only partially covered by the motorcycle trace s;. Since a continues on the track of m;, the
motorcycle m; crashed into another motorcycle, say m;. Let p denote the intersection point
of s; and s; and let t* denote the height of 7 (P) above p. Among all reflex arcs that are only
partially covered, a is chosen such that t* is lowest. Hence, up to the height t*, all valleys of
T (P) are covered by tilted motorcycle traces.

The trace s; starts at a reflex vertex v of P and contains p. Let T denote the intersection
of a vertical curtain that is put on the segment [vp] with the set of points below 7 (P), see
Figure 21. The claim is that T is convex. Assume, to the contrary, that T contains a reflex
vertex on its top chain. Let g denote such a reflex vertex that is closest to v. The vertex gq
cannot be at height zero, which would mean that m; crashed into a wall — that is, an edge
of P—at g. Note that T and §; start with the same inclination, which means that g is below
or just at the same height as §;. Because q is a reflex vertex of T, there exists a valley at g,
and because each valley is covered by a motorcycle trace until height t*, there is a tilted
motorcycle trace § at q. So either s; crashed into s; or the valleys corresponding to m; and
my meet at 4. Both cases are a contradiction to the initial assumptions. It follows that T is
convex and hence below §;.
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slab on e

left arm of
mise

Figure 22: The slab at ¢ is bounded from below by e and the tilted motorcycle traces of motorcycles
that have e as an arm. Left: two motorcycles have e as an arm. Right: Only one motorcycle
has ¢ as an arm.

The height of 7 (P) at p is once given by the valley 4, on one hand, and by the height of T

at p, on the other hand. But this is a contradiction, because 4 is strictly above §;, which itself
is above T. O

The following corollary is a byproduct of the previous proof.

Corollary 2.12 ([CVO07]). Let P denote a simple non-degenerate polygon P. The tilted traces § of
M(P) are above or just at the same height as T (P).

Let us revisit the slab construction from Theorem 2.7. Cheng and Vigneron [CV07] pre-
sented a different slab construction scheme that is based on the motorcycle graph. For the
matter of consistency, we reformulate their construction as follows.

Let P denote a simple non-degenerate polygon. Each motorcycle m in M (P) starts from a
reflex wavefront vertex v in W(P,0), which is incident to two wavefront edges. Recall that
we call the one wavefront edge that is left to the track of m the left arm of m and the other
wavefront edge the right arm of m. To each wavefront edge e, there can exist one motorcycle
whose right arm is e and one motorcycle whose left arm is e, see Figure 22.

Definition 2.13 (lower envelope). Let C denote the union of e(0) and the tilted traces of the
motorcycles that have e as an arm. For each wavefront edge e we define a slab that lies on
the supporting plane of f(e) and is bounded from below by C and two rays at the endpoints

of C that are perpendicular to ¢(0). The lower envelope of these slabs is denoted by L(P).
Lemma 2.14 ([CVO07]). For a simple non-degenerate polygon P holds L(P) = T (P).

Proof. Consider a point p on 7 (P). Because p sits on a tilted face f (e) of a wavefront edge, it
follows that p is also contained in the corresponding slab of and, thereby, not below L(P). It
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remains to show that a point p of 7 (P) is not above L(P). Assume, to the contrary, that p is
above any slab of an wavefront edge ¢, see Figure 22. One can project p down onto the slab
and obtain the point #. Then one can project u along the steepest descent of the slab until
the lower boundary of the slab is hit at the point v. By Corollary 2.12, the point v is above or
juston 7 (P). Hence, one can project v onto 7 (P) and obtain g, which is below v or identical
to v. The slope of the line 77 is at most 1, by Lemma 2.1. On the other hand, the slope of pg
is strictly greater than the slope of u7, which is exactly 1. This is a contradiction. O

Cheng and Vigneron [CV07] pursued the approach of Eppstein and Erickson to define
their set of slabs. They reuse the term edge slab from [EE99] and, instead of reflex slabs, they
introduce the so-called motorcycle slabs. The approach presented above, however, extends
more naturally to arbitrary planar straight-line graphs, see Section 2.4.

Let us revisit the discussion concerning an alternative characterization of straight skele-
tons after Corollary 2.8. Recall that the lower envelope of the slabs of Eppstein and Erickson
[EE99] does not lead to an alternative characterization of straight skeletons, because the sizes
of the slabs depend on the length of reflex arcs. The slabs of Cheng and Vigneron [CV07],
however, do indeed lead to an alternative characterization of straight skeletons: Their slabs
only depend on the motorcycle graph. Again, a single slab is not only locally defined by
the corresponding wavefront edge. Nevertheless, the contributions of Cheng and Vigneron
[CV07] only apply to non-degenerate polygons, whereas the results of Eppstein and Erick-
son [EE99] apply to arbitrary planar straight-line graphs.

We want to give three reasons why Theorem 2.11 appears to be important. Firstly, the mo-
torcycle graph is an extraction of the “essential sub problem” of computing straight skele-
tons. Hence, it is important to know the geometric relation between straight skeletons and
motorcycle graphs. Secondly, the motorcycle graph helps to devise algorithms to compute
the straight skeleton. Thirdly, the motorcycle graph helps to devise an alternative charac-
terization of straight skeletons. Aichholzer and Aurenhammer [AA96] already remarked
that it is desirable to find a non-procedural definition of straight skeletons. For this reasons
we consider our generalization of Theorem 2.11 to arbitrary planar straight-line graphs in
Section 2.4 as important.

Cheng and Vigneron [CV07] presented a randomized straight-skeleton algorithm for sim-
ple non-degenerate polygons P, which is based on Theorem 2.11, see Section 1.4.2.4. They
also present an extension of their algorithm to non-degenerate polygons P with holes. It is
easy to see that Theorem 2.11 holds for these slightly more general polygons as well, after
generalizing the definition of the motorcycle graph induced by P accordingly.

2.2 THE TRIANGULATION-BASED APPROACH

In this section, we study the number of flip events that occur in the triangulation-based
straight-skeleton algorithm by Aichholzer and Aurenhammer [AA98]. The upper bound
of O(n?) is easy to see, cf. Section 1.4.2.2. However, to the best of our knowledge, no n-
vertex polygon or planar straight-line graph is known that exceeds a quadratic number of
flip events. This circumstance constitutes a gap by a linear factor and the question remains
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Q(n) triangles

O (n) edge events

Figure 23: A convex polygon P with 1 vertices that causes a @ (n? log n) runtime for the triangulation-
base straight-skeleton algorithm. Triangulation diagonals are shown in blue. Part of the
straight skeleton is depicted in gray. The edge events for theedgesey, . .., ¢, withk € Q(n),
occur in the order ey, ..., e For each edge event, the collapsing times of ()(n) incident
triangles have to be updated, which consumes @ (1% log 1) time in total.

open, whether the number of flip events is actually bound by O(n?). Besides, note that
processing edge and split events already takes O(n?log n) time: Even though there are only
©(n) edge and split events in total, a single event requires up to O(n log n) time, because the
collapsing times of O(n) triangles may need an update in the priority queue. In fact, even a
modest convex polygon can lead to a runtime consumption of ®(n?log ), as illustrated in
Figure 23.

2.2.1  The number of reappearances of diagonals

In Section 1.4.2.2, we explained the O(n3) bound for the number of flip events, by observing
that three constantly moving points do not get collinear more than twice and every flip event
corresponds to a collinearity of a triple of vertices. But note that not every collinearity does
necessarily correspond to a flip event. Let us consider a triangulation diagonal between
two vertices A and B. This diagonal may disappear because another vertex S crosses this
diagonal during the propagation process. However, it could be possible that the diagonal is
restored by subsequent flip events as illustrated in Figure 24. In order to have the diagonal
AB restored, the vertex S has to back off such that A and B see each other again, as illustrated
in Step 2. Hence, the vertices A, B and S got collinear twice and S cannot cause a flip event for
AB again. In other words, S cannot flip the diagonal AB twice. Nevertheless, Figure 24 does
not prove that the diagonal AB can be actually restored. We just considered the necessary
topological changes and not the proper geometric setting that leads to these topological
changes. How often can a single diagonal, say AB, actually reappear? If this number would
be in O(1) then we would conclude that the number of flip events is in fact in O(n?), because
there are only (5) pairs of vertices that can be connected by a diagonal. Unfortunately, the
following lemma does not even state that a single diagonal can reappear Q)(n) times, but
Q(n) diagonals can each reappear ()(1) times, which leads to Q)(n?) flip events in total.
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S S

Figure 24: A sequence of flip events which leads to the reappearance of the diagonal AB between the
vertices A and B.

Lemma 2.15 ([HH10b]). There exist polygons P with n vertices and triangulations T of P such
that Q(n) diagonals each reappear O(n) times during the wavefront propagation.

Proof. We prove the statement in three steps. In each step we give a geometric setting of
moving vertices, for which a specific sequence of flip events occurs. At first, we describe how
a single diagonal AB reappears twice. In the second step, we extend the construction such
that AB reappears Q}(n) times. In the third step, we show how k diagonals A1B, ..., A¢B
reappear each ()(n) times, with k € Q(n).

Let us consider six vertices A, B, S, S1, No, N1. The goal is to carefully construct start
points and velocities for these six vertices such that the topological transitions, as illustrated
in Figure 25, are executed. We denote by V() the position of a vertex V at time ¢. The basic
building block of this proof works as follows: We want that the vertex Sy flips the diagonal
AB and after that backs off such that the vertices A and B see each other again. All vertices
are bound to move with constant speed. We let A and B drive vertically upwards and we
assume that A(0) is at the origin and B(0) at (1,0). We denote by v4 and v the speeds of
A and B and we further assume that vy =2 and 1 < vs/v, < 2.

The movement of the vertex Sy is completely determined by choosing the loci of Sy(1)
and Sp(1+ A), where A € (0,1/4) is fixed. The locus of Sp(1) is chosen to be on the straight-
line segment [A(1)B(1)] and Sp(1 + A) is chosen to be on [A(1 + A)B(1 + A)]. We further
require that Sp moves to the north-east, i. e. that Sp(1 + A) lies strictly to the right to Sp(1).
The determinant det(A(t), B(t), So(t)), which is

Ax(t) Bx(t) SO,x(t)
Ay(t) By(t) So,y(t) , (2.3)
1 1 1

is a quadratic polynomial in t and its sign corresponds to the orientation of the three vertices.
(The x- and y-coordinates of the vertices A, B, Sg are denoted by subscripts.) We observe that
for some t > 1+ A the points A(t), B(t), So(t) are in clockwise position. This is because
the vertex Sy moves to north-east and vs/v, > 1. Knowing that det(A(t), B(t), So(t)) is a
quadratic polynomial with roots {1,1 + A}, and by observing that A(t), B(t), So(t) are in
clockwise position for some t > 1+ A, we conclude that the triangle A(t), B(t), So(t) is
clockwise for all + < 1, counter-clockwise for all t € (1,1 + A) and clockwise again for all
t > 1+ A. In other words, we constructed a vertex Sy which indeed executes the first two
transitions in Figure 25.
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1+3A+6

A B
S So

Figure 25: Step 1 of the proof of Lemma 2.15: The diagonal AB reappears twice since the geometric
setting at the bottom produces the sequence of flip events at the top. Bottom: Every black
dot denotes the position of a vertex at the time given which is depicted in gray. A cross
mark indicates collinearity for A and B with Sy resp. S;. Top: Each figure illustrates a
topological transition. The second reappearance is caused by the sixth transition.
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According to our desired sequence of transitions, we need a vertex Ny such that Ny(t) gets
collinear with A(t) and Sy(t) for some t > 1+ A, say att = 1+ A+, where § € (0,4/2)
is fixed. (In the sequel, we have to choose J small enough.) We place a vertex Ny that
moves southwards and parallel to A. Furthermore, we choose Ny, (0) = 8 such that Ny(0)
is strictly above B(1 + 4A). Next, we request that Ny(1 + A + J) is on the supporting line
A(1+A+96)B(1+A+96). Hence, at time 1 4 A + 0 the vertex Ny causes the recreation of
the diagonal AB by flipping the diagonal NySy.

In order to conclude the first step of the proof, we repeat the life-cycle of the diagonal AB,
by using the vertices S1, Ni instead of Sy, Nyo. We place the vertex S; between A and Sy and
let S; move parallel to Sy. The locus of Sy (t) is chosen tobe on [A(#)B(t)] fort € {1+2A,1+
3A}. Applying the same argument as for Sy, we observe that the triangle A(t), B(t), S1(t)
is clockwise for all £ < 1+ 2A, counter-clockwise for all € (1 + 2A,1 4 3A) and clockwise
again for all t > 1+ 3A. Note that Sy is already behind A(¢#)B(t) for t > 1+ A. Hence, S;
causes a flip event for the diagonal AB at t = 1 + 2A and falls back at t = 1 + 3A such that
the vertices A and B see each other again for t > 1 + 3A. Also note that the introduction
of S; does not interfere with the transitions caused by Sy and Ny, since S; is behind the
supporting line of A,B,Sg att = 1+ A. Hence, by choosing J small enough, S; is also
behind the supporting line of A and Spatt =1+ A+ 4.

Finally, we place a vertex N; between Ny and A which again moves southwards and par-
allel to A. We assume that Ny and Nj start from the same horizontal line and we require
that Ny (1 + 3A + 6) is collinear with A(1+3A + ) and S1(1 + 3A 4 §). Hence, the diagonal
AB is recreated again by an edge flip of the diagonal N;5;.

To sum up, we are able to construct a geometric setting of moving vertices such that the
diagonal between the vertices A and B reappears twice. However, in order to finish Step
1 of the proof, we have to guarantee that there is a polygon P and a triangulation T of P
that realizes the sequence of transitions in Figure 25. First, we note that we can choose A
very small such that the speeds of Ny and Nj get arbitrarily close. Next, we note that if
we choose vs/v, > 1 but arbitrarily close to 1 then the points $1(0) and S»(0) approach
the supporting line of A(0) and B(0). Hence, we can construct a polygon P, as in Figure 25,
such that only the vertices A, S1, So, B, N1, Ny of P are reflex and connected by convex chains.
By choosing the incident polygon edges of each of these vertices accordingly, we obtain the
desired velocities for the propagating wavefront vertices. The initial triangulation T of P
contains the edges given in Figure 25 and the remaining faces can be triangulated arbitrarily.

For Step 2 we extend our construction by adding vertices S, ...,Sy from right to left
between S; and A, with m € Q)(n). We repeat the construction scheme presented above for
these new vertices. Furthermore, we choose A < 1/2m+2 in order to make the new vertices
fit. Likewise we add vertices Ny, ..., Ny, from left to right between N; and A. In general,
foreachi € {0,...,m} the vertex S; causes a flip event for the diagonal AB at time 1 + 2iA

and falls back behind A(t) B(t) at time t =1+ (2i 4+ 1)A. Attime t =14 (2i +1)A + ¢ the
vertex N; gets collinear with A(t) and S;(t) and causes the recreation of the diagonal AB.

The basic idea of Step 3 is to rename the vertex A to A; and to carefully place copies
Ay, ..., Ay of A fromright to left. In the following, we only consider a single reappearance
cycle for each diagonal A1 B, ..., AxB, caused by flip events due to vertex S; and the subse-
quent restoration due to vertex Nj, for an arbitrary i € {0,...,m}. We illustrated the topo-
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Figure 26: Step 3 of the proof of Lemma 2.15: We place copies of A; in order to obtain diagonals

A1B,..., AB. By arranging the vertices Ay, ..., Ay almost collinear with A;B the diago-
nals AB, ..., AxB behave like the diagonal A;B from Step 2.
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logical transitions in Figure 26. Let us assume that the points B(0), A1(0), ..., Ax(0) are ar-
ranged on a horizontal line, see Figure 26. Furthermore, assume that B(1), A1(1), ..., Ax(1)
are almost on a straight line, by arranging A5(1),..., Ax(1) accordingly. However, for any
j € {1,...,k—1} each Aj (1) shall properly see the vertex B(1) and every supporting

line Aj(1)A;j;1(1) shall intersect the trajectory of B in an ascending order. Moreover, the
intersection points shall be below but arbitrarily close to B(1), see Figure 26. The idea is
to arrange Ax(1),..., Ax(1) very close to A1(1) B(1) such that the diagonals A;B, ..., A(B
behave almost the same as the single diagonal AB from Step 2. (Note that if B, Ay, ..., Ag
are collinear at time 1 then they are collinear at all times, due to the intercept theorems.)

We recall from Step 2 that det(A1(t), B(t), S;(t)) is a quadratic polynomial in t with roots
{1+ 2iA,1+ (2i + 1)A}. Furthermore, A;(t), B(t), S;(t) is in clockwise position for all ¢ <
1+ 2iA, in counter-clockwise position for t € (14 2iA, 1+ (2i41)A) and again in clockwise
position for t > 1+ (2i + 1)A. Consider T € (0,J) to be fixed. It follows that the triangle
Aq(t)B(t)S;(t) is in a strict counter-clockwise position for t = 1+ 2iA + 7. Recall that S;
crosses the diagonal A;B att = 1+ 2iA. We now choose B(1), A1(1),..., Ax(1) as close to
collinear as possible such that S; also crosses the diagonal A;B before t = 1 + 2iA + 7 for
all j € {1,...,k}. Thatis, S; causes a flip event for each diagonal A;B, ..., A¢B within a
temporal tolerance of T after t = 1+ 2iA. Hence, the first topological transition in Figure 26
happened after t = 1 4 2iA 4 7.

According to the second transition in Figure 26, we need S; to fall back behind the for-
mer diagonals A1B,..., AxB. However, in addition we require that S; also falls behind
the supporting lines of A; A; ¢ forall j € {1,...,k — 1}. This circumstance leads to flip
events of the diagonals A,S;, ..., Ax_15; such that all Ay, ... Ag are connected to N;. From
Step 2 we know that S; falls behind A;B at time t = 1+ (2i + 1)A. For Step 3 we choose
B(1),A1(1),...,Ax(1) as close to collinear as necessary such that S; falls behind the sup-
porting lines A; A;q until t = 14 (2i +1)A + 7.

In order to execute the third transition in Figure 26, we finally require that N; crosses
the supporting lines A; A; 1 until t = 1+ (20 +1)A + 6 + 7. After that, all diagonals
A1B, ..., AyB are restored and we completed the reappearance cycle caused by S; and N;.

To sum up, we can arrange Ay(1),..., Ax(1) as close as necessary to A1 (1) B(1) such that
the topological transitions in Figure 26 are executed for all S;, N;, with 0 < i < m, within
a temporal tolerance of T € (0,9). Furthermore, we observe that at time zero the vertices
B, Ay,..., Arareonahorizontal line. In order to enable diagonals A1 B, ..., AxB in the initial
triangulation, we start our simulation at time —e, for a sufficiently small € > 0. O

2.2.2 Good trianqulations and bad polygons

As a byproduct of Lemma 2.15, we obtain that polygons P with n vertices and correspond-
ing triangulations exist for which Q)(n?) flip events occur. Besides the actual shape of the
polygon, this result also hinges on the specific initial triangulation. If the initial triangula-
tion from Lemma 2.15 would not contain the diagonals A1 B, ... A¢B, but, for example, the
diagonals SoNy, . . ., SNy then we would easily avoid the occurrence of Q(nz) flip events.
Can we always find for a polygon P a “good” initial triangulation, for which only a few
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Figure 27: An n-vertex polygon for which any triangulation leads to Q(n?) flip events.

number of flip events occur — say, at most o(nz) or even O(n)? Or, conversely, are there
“bad” polygons, for which any triangulation ends up with a large number of flip events?

Lemma 2.16 ([HH10Db]). There exist polygons P with n vertices, for which any triangulation leads
to Q(n?) flip events.

Proof. Let us consider the polygon illustrated in Figure 27. The polygon has k € Q(n) ver-
tices Eq, ..., Ej that form a reflex chain. The supporting line E; E; is chosen in a way such
that Ey, . .., E; only see the vertex W (except for their neighboring vertices, of course). Hence,
any triangulation for P necessarily contains the diagonals E{W, ..., ExW. The idea is that
each of these ()(n) diagonals is flipped Q(n) times by vertices Ny, ..., Ny, with m € Q(n).
We choose the vertex N; fast enough such that it leads to a split event with the bottom
polygon edge before N; 1 crosses Ej Ep. Furthermore, we make the vertices Ny, ..., Ny, fast
enough such that the split events for Ny, ..., N;;, happen before any other split or edge event
happens.

If we choose the speeds of Ny, ..., Ny, accordingly then we observe that Nj leads to Q(n)
flip events with E;W, ..., ExW and we obtain diagonals N1 Ey, . .. N1, Ei. Next, the vertex Np
flips the diagonals N1 Ej, ..., N1 E; and we obtain diagonals NyEq, ..., NyE. (In the mean-
while Nj could have caused a split event already. However, the corresponding diagonals
remain incident to a wavefront vertex emanated from this split event and will be flipped by
N>.) At the end, each vertex Ny, ..., N, will flip Q(n) diagonals and we obtain Q(n?) flip
events in total. O

In order to reduce the number of flip events it seems reasonable to try to re-triangulate the
wavefront W (P, t) at favorable moments. In other words, we could try to pay the costs for
computing a new triangulating in exchange to the costs caused for a certain number of flip
events. However, we want to remark that one re-triangulation of the polygon constructed in
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Figure 28: A recursive triangulation scheme for the face f(e) which is free of flip events.

the proof of Lemma 2.16 at any point in time saves at most O () flip events: If Nj is already
below Ej E, then all vertices Ny, ..., N;_; already caused Q((i — 1)n) flip events and Njq
is still above E; E;. Hence, we avoid at most O(n) flip events that would be caused by N;
itself and pay the costs for a re-triangulation.

2.2.3 Steiner triangulations without flip events

Lemma 2.16 tells us that ordinary triangulations do not allow a strategy to keep the num-
ber of flip events below O(n?) for arbitrary polygons. However, we observe that if we use
Steiner! points, we could reduce the number of flip events significantly for the polygon il-
lustrated in Figure 27. Nevertheless, introducing Steiner points to the initial triangulation
in the algorithm by Aichholzer and Aurenhammer [AA98] obtrudes several questions: (i)
how do Steiner points interact with the wavefront, (ii) how do we determine the loci of the
Steiner points and (iii) how effective is the introduction of Steiner points in order to reduce
the number of flip events? Regarding the first question, we assume that the Steiner points
keep still. Furthermore, it seems natural to maintain the property that the triangulation
keeps the area R? \ |y, W(P, ') triangulated for any time t > 0. We give an answer to the
remaining two questions by the following lemma.

Lemma 2.17 ([HH10b]). Every simple polygon P with n vertices admits a triangulation that em-
ploys at most n — 2 Steiner points and is free of flip events.

Proof. We prove the statement by first presenting a proper set of Steiner points and a proper
triangulation. In the sequel we show that no flip events occur for that particular triangula-
tion.

First, we consider the straight skeleton S(P) of P, which has n — 2 inner nodes. Each
inner node serves as a Steiner point in our triangulation. Next, we add the arcs of S(P) as
diagonals to the triangulation. It remains to properly triangulate the faces of S(P).

1 Steiner points are additional points at favorable loci and which can be used for the triangulation.
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Let f(e) denote an arbitrary face of S(P) for a wavefront edge e of P. We triangulate
f(e) in a recursive manner as follows. Let us denote by p and g the endpoints of e. If we
consider f(e) as a polygon we know due to Lemma 2.3 that f(e) is monotone and due to
Lemma 2.9 that reflex vertices only appear in the upper chain of f(e). If f(e) is convex
then we triangulate it arbitrarily. Otherwise we denote by v a reflex vertex of f(e) with
minimum orthogonal distance to ¢, see Figure 28. We note that the line segments [pv] and
[qv] are completely contained in f (¢). Otherwise there would be another reflex vertex of f (e)
whose orthogonal distance to e would be less than for v. We insert pv and qv as diagonals
to the triangulation. In the sequel we call pv and gv the two diagonals that belong to v.

The triangle pqo tessellates f (¢) into (at most) two parts. We denote by A the part to which
the diagonal pv belongs to and by B the part to which qv belongs. In both parts A and B
we proceed recursively: If the part A is convex we triangulate A arbitrarily. Otherwise we
denote by v’ the reflex vertex of A with minimum orthogonal distance to e. We add pv’ and
vv’ as diagonals. The triangle pvv’ tessellates A into (at most) two parts and so on.

It remains to show that the triangulation presented above is free of flip events. First of
all, we observe that during the wavefront propagation all vertices of the wavefront move on
the diagonals of the triangulation. Hence, no reflex wavefront vertex can cause a flip event.
However, we also have to guarantee that no triangulation diagonal is moving over a Steiner
point. More precisely, we have to exclude the case that a triangulation diagonal moves over
a Steiner point that appears as a reflex vertex of the polygon f(e). However, if we consider
the propagating wavefront within f(e) then we only need to consider the wavefront edge e,
which is sweeping f(e) in a self-parallel manner and is split at any reflex vertex of f(e). If
there would exist a diagonal that moves over a reflex vertex v of f(e) then it would follow
that this diagonal crosses at least one of the two diagonals that belong to v. O

The proof of the above Lemma obviously does not provide a new straight-skeleton algo-
rithm since we employ the straight skeleton in order to construct an appropriate Steiner
triangulation. Nevertheless, the lemma tells us at least that there exist triangulations that
are free of flip events. Consequently, we can ask for Steiner triangulations which are free of
flip events and which are constructed without the help of straight skeletons. We also want
to remark that Lemma 2.17 is not restricted to polygons only and we can easily apply the
very same proof to planar straight-line graphs as well.

Corollary 2.18. Every planar straight-line graph G with n vertices admits a triangulation that
employs O(n) Steiner points and is free of flip events.

2.3 A NOVEL WAVEFRONT-TYPE APPROACH

2.3.1  Motivation

In the previous section we learned that the use of Steiner vertices can be advantageous in
order to reduce the number of flip events in the triangulation-based straight-skeleton algo-
rithm by Aichholzer and Aurenhammer [AA98]. However, the following question remained
open: How do we find a good set of Steiner points without knowing the straight skeleton?
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In the original approach a flip event occurs when a reflex wavefront vertex crosses a triangu-
lation diagonal. These flip events are avoided for the Steiner triangulation presented in the
proof of Lemma 2.17, because the reflex wavefront vertices move along triangulation diago-
nals. The idea is to find a set of Steiner points and a triangulation such that the trajectories
of the reflex wavefront vertices are covered by triangulation diagonals.

Assume we are given a non-degenerate polygon P. (Recall, P is non-degenerate if no two
motorcycles of M (P) crash simultaneously at the same point.) By Theorem 2.11 we know
that the motorcycle graph M (P) covers the reflex arcs of the straight skeleton S(P). We
consider the endpoints of the motorcycle traces of M(P) as Steiner points and the traces
as diagonals of the triangulation. Theorem 2.11 guarantees that a reflex wavefront vertex
does not move beyond its corresponding motorcycle trace. Hence, we obtained a similar
situation as in Lemma 2.17, where no flip events are caused by reflex wavefront vertices. In
the following we will discuss these two questions: (i) what happens when the wavefront
meets a Steiner point and (ii) how do we triangulate the remaining faces?

2.3.2 The extended wavefront and a novel straight-skeleton algorithm

Consider a motorcycle trace that starts at a reflex wavefront vertex v of W(P,0) and ends at
an edge of P at point p. By our construction above, we obtain a Steiner point at p and a trian-
gulation diagonal covering the motorcycle trace that starts at v and ends in p. We define that
while the wavefront propagates, the Steiner point at p accompanies the moving intersection
of W(P,t) and the motorcycle trace. Metaphorically speaking, the point p “surfs” on the
wavefront, along the motorcycle trace, towards v. Analogously, if a motorcycle trace starts at
v and crashes into another motorcycle trace at point p then the Steiner point at p keeps still
until the wavefront W(P, t) meets p. From that moment, p starts moving on the motorcycle
trace towards v. To sum up, we maintain the intersection of the motorcycle graph M(P)
and the propagating wavefront YW (P, t) and we refer to the additional points as Steiner ver-
tices. More precisely, we call a Steiner vertex, which has not yet been met by the wavefront,
a resting Steiner vertex and we call a Steiner vertex, which already moves on the intersection
of a motorcycle trace and the wavefront, a moving Steiner vertex. Every resting Steiner vertex
lies on the intersection of two motorcycle traces and eventually becomes a moving Steiner
vertex when it is reached by the wavefront, see Figure 29.

Definition 2.19 (extended wavefront). Let P be a simple non-degenerate polygon. We de-
note by M (P, t) those parts of M (P) which have not been swept by W(P, t') for ' < t. The
extended wavefront W* (P, t) is defined as the overlay of W(P, t) and M (P, t) by splitting the
edges of W(P, t) at the intersection points accordingly.

Figure 29 illustrates the extended wavefront W*(P, t) for a simple polygon P. In the fol-
lowing, we want to remark that P denotes the filled polygon and not only its boundary.

Lemma 2.20. We denote by P a simple non-degenerate polygon. Let p be a point in the relative
interior of M(P). Then a local disk around p is tessellated into convex slices by M (P).

Proof. Since P is non-degenerate it follows that p is also in the relative interior of a motorcy-
cle trace. ]
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Figure 29: A non-degenerate polygon (bold) and the extended wavefront (dashed) after some time.
The area already swept by the wavefront is shaded. The offset curves for three further
points in time have been depicted in gray.
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Lemma 2.21. Forany t > 0 the set P\ Upcjoq YW* (P, t') consists of open convex faces only.

Proof. Lemma 2.20 and the fact that at each reflex vertex of P the interior angle is halved by
a motorcycle trace, proves the lemma. O

We now tackle the remaining question concerning the triangulation of the faces induced
by the extended wavefront. Recall that we regard the nodes of the motorcycle graph as
Steiner vertices and the edges of the motorcycle graph as triangulation diagonals. It fol-
lows by Lemma 2.21 that during the propagation of the extended wavefront W*(P, t) only
neighboring vertices on W* (P, t) can meet, since the resulting faces are at any time convex.
Hence, we can simply determine all topological changes that occur to W* (P, t) by just con-
sidering neighboring vertices. In other words, there is no need for a triangulation in order
to identify the topological changes.

Summarizing, our approach to compute straight skeletons of simple non-degenerate poly-
gons is not to simulate the wavefront W(P, t), but to simulate the extended wavefront
W*(P,t). As mentioned in Section 1.4.2.1, the difficult problem when simulating the orig-
inal wavefront WW(P, t) is the determination of the split events. In our approach, however,
split events are easily determined: A moving Steiner vertex meets a reflex wavefront ver-
tex and both move on the same motorcycle trace. Moreover, every topological change in
the extended wavefront W*(P, t) is indicated by the collision of two neighboring vertices.
In other words, each topological change corresponds to an edge of W*(P, t) that collapses
to zero length and vice versa. Our algorithm maintains a priority queue Q that contains
for each topological change an event. We fetch all events in chronological order and process
them. That means, we maintain the extended wavefront depending on the type of event that
happened. We distinguish the following types of events. (A detailed discussion is given in
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Section 2.5.) Note that the different types of events are easily distinguished by the types of
vertices involved.

e (Classical) edge event: Two convex vertices # and v meet. We merge u and v to a
single convex vertex and recompute the collapsing times of the two incident edges of
W*(P, t). Further, we add the straight-skeleton arcs that have been traced out by u
and v to the growing straight-skeleton structure. As a special case, we check whether
a whole triangle of W*(P, t) collapsed by this edge event.

o (Classical) split event: A reflex vertex u and a moving Steiner vertex v meet at point
p and both move against each other. We add the straight-skeleton arc that has been
traced out by u. In general, W*(P, t) is split into two parts. We create corresponding
convex vertices that start at p connect them with the resulting parts.

o Start event: A reflex vertex or a moving Steiner vertex u meets a resting Steiner vertex
v. The vertex v becomes a moving Steiner vertex and slides along one incident edge
of u. Technically, we have to split an incident edge of u accordingly.

o Switch event: A convex vertex u meets a moving Steiner vertex or a reflex Steiner ver-
tex v. The convex vertex u migrates from one convex face of W*(P, t) to a neighboring
one, by jumping over v. Technically, the vertex v splits the opposite edge of u and we
have to recompute the speed of v.

e All remaining combinations of vertices meeting are guaranteed not to happen. For
instance, a convex vertex will never meet a resting Steiner vertex, because a resting
Steiner vertex can only have reflex vertices or Steiner vertices as neighbors.

The correctness of the algorithm follows directly from Lemma 2.21 and Theorem 2.11.
The latter guarantees that reflex vertices stay within their corresponding motorcycle traces,
i.e. they lead to a split event before they would move beyond the extended wavefront.

2.3.3 Runtime analysis and conclusion

Each event involves the recomputation of the collapsing times for a certain amount of edges
of the extended wavefront and subsequent modifications in the priority queue Q. Note that
each vertex of the extended wavefront has degree two or three. Hence, every event involves
only a constant amount of modifications and, thereby, can be handled in O(logn) time.

We know that we have O(n) edge events and O(r) split and start events in total, where
r € O(n) denotes the number of reflex vertices of P. The number of switch events is bound
by O(nr), because a convex vertex can meet a moving Steiner vertex only once. Note that
the size of the extended wavefront is linear and the priority queue Q contains at most as
many events as the number of edges of the extended wavefront. Hence, our algorithm runs
in O(n) space.

Lemma 2.22. Let P denote a simple non-degenerate polygon with n vertices, where r vertices are
reflex. If the motorcycle graph M(P) is known then our algorithm runs in O((n + k) logn) time
and O(n) space, where k € O(nr) C O(n?) denotes the number of switch events that occurred.

For real-world input, it seems very unlikely that Q)(n?) switch events actually occur. This
would mean that (1) moving Steiner vertices actually meet with Q(n) convex vertices.
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Figure 30: A polygon P for which Q(1n?) switch events occur.

This observation is also confirmed by extensive runtime tests in Section 2.5.4. However, a
worst-case example, for which @(nz) switch events actually occur, can be constructed, see
Figure 30. Note that we have to take care that the traces of the motorcycles are almost parallel
within the whole polygon. Furthermore, we require that the trajectories of convex vertices
do not intersect before the ()(n?) switch events occur. That is, the trajectories more or less
approach the same point. In other words, this worst-case example is highly contrived.

The motorcycle graph M (P) of a polygon P with r reflex vertices can be computed in
O(r"7/11+€) time and space in theory, using the algorithm by Eppstein and Erickson [EE99],
cf. Section 1.4.2.3, and in O(r/rlogr) time, using the algorithm by Cheng and Vigneron
[CV07], cf. Section 1.4.2.4. In practice, the motorcycle graph can be computed in O(r? log r)
time by a straight-forward algorithm enhanced with a priority queue. In Section 3.3, we will
present our motorcycle graph implementation Moca, which exhibits an O(rlogr) runtime
for practical input.

Summarizing, the algorithm presented in this section has a worst-case runtime complex-
ity of O(n?logn), while it is still easy to implement. This constitutes an improvement by a
linear factor compared to the O(n3logn) worst-case complexity of the algorithm by Aich-
holzer and Aurenhammer [AA98]. However, their algorithm is capable of computing the
straight skeleton of planar straight-line graphs instead of non-degenerate polygons.

In the following sections we will extend our approach to arbitrary planar straight-line
graphs. In the first place this means that we get rid of the non-degeneracy assumption.
In order to achieve this we will need to generalize the motorcycle graph accordingly. As
a byproduct, this will also result in an alternative characterization of straight skeletons of
planar straight-line graphs. Furthermore, the generalized motorcycle graph will allow us
to extend the algorithmic approach to planar straight-line graphs.

57



58

| COMPUTING THE STRAIGHT SKELETON

2.4 A GENERALIZED MOTORCYCLE GRAPH

2.4.1  Motivation and definition

In order to extend the algorithm that was presented in the previous section to arbitrary
planar straight-line graphs, we have to generalize the motorcycle graph from simple non-
degenerate polygons to arbitrary planar straight-line graphs. While a generalization to non-
degenerate planar straight-line graph appears to be straight-forward, the main challenge is
to eliminate the need for the assumption of Cheng and Vigneron [CV07]. That is, we need
to allow that two motorcycles may crash simultaneously into each other. No matter how the
actual generalization is finally realized, we demand the following two properties to hold for
the motorcycle graph M (G) of a planar straight-line graph G:

1. The motorcycle graph M (G) has to cover the reflex arcs of S(G) and

2. the overlay of the motorcycle graph M (G) and G has to yield a convex tessellation of
the plane.

Following the definition of the motorcycle graph induced by a simple polygon in Sec-
tion 1.2.4, we have to specify the motorcycles and the walls that are induced by a given
planar straight-line graph G. First of all, we consider the edges of G to be walls. Secondly,
we shoot for each reflex wavefront vertex v of W(G, 0) a motorcycle that starts at v and has
the same velocity as v. Note that if G forms a polygon then we obtain motorcycles inside and
outside of the polygon. Let us consider a planar straight-line graph G, for which a vertex
event occurs at point p. This implies that at least two motorcycles m and m’ crashed simulta-
neously into each other at p. Since a new reflex straight-skeleton arc emanates at p, we need
to start a new motorcycle which is going to cover this new straight-skeleton arc. Hence, it
will be necessary to generalize the concept of motorcycle graphs such that new motorcycles
can emerge at certain moments in time. As a consequence, our generalized motorcycles are
specified by a start point, a velocity and, in addition, a start time.

For the matter of simplicity we will rephrase the procedure, by which we obtain the set
of motorcycles induced by a planar straight-line graph G. Let us denote by e(t) the straight-
line segment occupied by a wavefront edge e at time t. We demand that two wavefront
edges e and ¢’ of G belong to each motorcycle m and the position of m at time ¢ is given by
the intersection e(t) N e/ (t). We call the wavefront edge left to the trace of m the left arm of
m and the other wavefront edge the right arm of m. Obviously, by specifying the start point

and the two arms of a motorcycle m, we implicitly specified the start time of m, too.

For any reflex wavefront vertex v in W(G,0) we define a motorcycle m that starts at v
and whose arms are the two incident wavefront edges of v, see Figure 31 (a). Hence, the
motorcycle m has the same velocity as v by construction. Furthermore, we note that each
terminal vertex of G gives rise to two motorcycles by definition, see Figure 31 (b). If two
or more motorcycles my, ..., m; crash simultaneously at a point p then we consider a local
disk D around p. This disk is tessellated into slices by the motorcycle traces. If all slices are
convex then we ignore this event. In particular, if another motorcycle reached p earlier, the
disk is tessellated into convex slices. In the opposite case, there is exactly one non-convex
slice. We may assume that (i) the traces of m, ..., my appear in counter-clockwise order at
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Figure 31: Four different situations for which motorcycles are launched. (a) each reflex wavefront
vertex at time zero gives rise to one motorcycle. (b) a terminal vertex gives rise to two
motorcycles. (c,d) if two or more motorcycles crash at p such that the traces tessellate a
local disc into non-convex slices then we launch a new motorcycle.

p and (ii) the non-convex slice is bounded by the traces of m; and my. We distinguish the
following two cases:

1. The left arm of m; and the right arm of m span a reflex angle (at the side which has
not yet been swept by the wavefront at this time). Then we launch a new motorcycle
m’, which starts at p and whose arms are given by the left arm of 71 and the right arm
of my, see Figure 31 (c). This case is necessary in order to cover reflex straight-skeleton
arcs that emanate from a vertex event.

2. The left arm of m; and the right arm of m span a convex angle. Then we shoot a new
motorcycle m’ which continues the movement of my. That is, m’ starts at p and has the
same pair of arms as my, see Figure 31 (d).

Letting the motorcycle m’ continue the movement of 11 appears to be somewhat arbi-
trary at the first sight. However, by this definition, we obtain the nice property that the
arms of a motorcycle always span a reflex angle at the propagation side. This property,
however, turns out to be useful in the proof of Theorem 2.26.

Also note that Lemma 2.25 becomes trivial for the case illustrated in Figure 31 (d). In-
deed, Lemma 2.25 would be also trivial in the case that is illustrated in Figure 31 (c) if
we would launch an additional motorcycle that continues the movement of ;. How-
ever, it is unclear whether Lemma 2.24 would remain true.

We note that we do not have to simulate the wavefront in order to apply the above case
distinction: it suffices to know the propagation direction of the arms of the motorcycles.
Furthermore, it could happen that an arm of a motorcycle already vanished in the wavefront
propagation process while the motorcycle still moves. The terminology of arms turns out to
be advantageous in the subsequent analysis.

In both cases of the previous case distinction, we call my, ..., my the ancestors of m’. In
particular, we call m; the right-most ancestor and m; the left-most ancestor. Note that m
resp. my can again have ancestors. We define the right-most ancestor chain of m’ as the
union of the trace of m’, the trace of my, the trace of the right-most ancestor of m; and so on.
The left-most ancestor chain is defined likewise.

Definition 2.23 (motorcycle graph induced by a planar straight-line graph). Let G denote
a planar straight-line graph. We consider the edges of G as walls and consider the set of
motorcycles as elaborated above. The motorcycle graph M(G) induced by G is defined as the
arrangement of the resulting motorcycle traces.
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Figure 32: The motorcycle graph M (G), depicted in red, which is induced by the planar straight-line
graph G (bold).

In Figure 32 we have illustrated the motorcycle graph M(G) for a planar straight-line
graph G. Figure 3 on page 9 illustrates the corresponding straight skeleton S(G).

2.4.2 Geometric properties of the generalized motorcycle graph

Lemma 2.24. The motorcycle graph M(G) of a planar straight-line graph G contains O(n) motor-
cycle traces.

Proof. Letr € O(n) denote the number of reflex wavefront vertices in W(G, 0). Each motor-
cycle that does not start from a vertex of G starts from the crash point of at least two other
motorcycles. Hence, we obtain that M (G) comprises at most 2r — 1 motorcycles traces. [J

Lemma 2.25 ([HH11c]). Let p denote a point in the relative interior of M(G). A local disk around
p is tessellated into convex slices by the traces of M(G).

Proof. If p is in the relative interior of a trace, the lemma is trivially true. Let us assume that
p is the endpoint of k > 2 motorcycle traces. We denote the motorcycles that crashed at p
by my, ..., my. Consider a local disk D around p. If D is tessellated into convex slices by
the traces of mj, ..., my then our assertion holds again. Assume that there is a non-convex
slice. We may assume that the motorcycles are numbered in a cyclic order such that (i) their
corresponding traces appear counter-clockwise around p and (ii) the trace of m; and my
bound the reflex slice.

If the left arm of m; and the right arm of m; span a convex angle then there is a motorcycle
m which continues the movement of 7, and the assertion holds again. So, assume that the
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Figure 33: Convex tessellation at simultaneous crashes. (a) if m and m; span a reflex angle then the
launch of m is impossible. (b—c) a close-up of the vertex v, where v is (b) a non-terminal
vertex and (c) a terminal vertex.

left arm of m; and the right arm of m; span a reflex angle. Hence, there is a motorcycle m
which started from p and shares its left arm with m; and its right arm with m;. We have to
prove that (i) the traces of m; and m span a convex angle and (ii) the traces of 1 and m span
a convex angle. Without loss of generality, we assume that m and mj span an angle greater
than 7t. (The other case is symmetric.) The basic idea is to prove that under this assumption,
the existence of m is contradicted because (i) 7 or my crashes before reaching p or (ii) m;
and my reach p after another motorcycle was at p before.

We denote by e; and ¢, the left and right arm of m, respectively. We note that m shares its
right arm with my and its left arm with m. Further, we denote by ¢’ the right arm of m; and
by e the left arm of my, see Figure 33 (a). Neither m1 nor my need to start at time zero. We
denote by R the right-most ancestor chain of 717, which contains the trace of m; and ends at
an endpoint of ¢/(0). (Recall that we denote by e(t) the straight-line segment occupied by e
at time t.) Likewise, we denote by L the left-most ancestor chain of motorcycle traces of 1.

First we show that e(0) is above ¢;(0), i.e., e(0) is on the propagation side of ¢;(0): The
point m1(0) must lie on ¢;(0). (If m; does not start at time zero, we interpret 7 (0) as the
extrapolation of its movement before its actual starting time.) Likewise, m1;(0) must lie on
er(0). By assumption, m;(0) lies left to the speed ray of m and right to the speed ray of m;.
Hence, the arms of m span a smaller angle (on the propagation side of the motorcycle) than
the one of m. It follows that e(0) lies above ¢;(0).

We denote by A the triangle enclosed by ¢;(0) and the supporting lines of the traces of
my and my. Among all vertices of G within A, we denote by v a vertex that has maximum
orthogonal distance to ¢;(0). Note that at least the endpoints of e(0) are within A. The one
endpoint that is not incident to L has the greater orthogonal distance of both. We denote by
n the propagation vector of e; and by [ the parallel line of ¢; through v, see Figure 33 (a). The
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vector n has unit length and is orthogonal to ¢;. If there are multiple vertices of G that lie
on [ then we may assume that v is the left-most on [ (that is, the closest to the trace of m;).

Consider [ to be a sweep line moving parallel according to the speed vector n. We show
that there is always a motorcycle m’ that emanates from v and which is at any time in front
of the sweep line ! (or just coinciding). In order to see that we distinguish two cases:

e The vertex v has two or more incident edges. Since no incident edge of v lies above !

we have a motorcycle m’ emanating from v, see Figure 33 (b). We denote by ¢” the left
arm of m’. Note that ¢’ (0) is not collinear with [; otherwise there would be another
vertex of G on [ which is left to v.

We denote by s the bisector of I and ¢”, which consists of those points that are reached

by the propagating supporting line ¢’ (t) and the sweep line [ at the same time. Any

point right to s is at first reached by ¢ (¢). Since the motorcycle m’ is at any time right
to s we see that m’ is always in front of the moving line /.

The vertex v is a terminal vertex. There are two motorcycles emanating from v. We
denote by m’ the one whose speed vector has the greater inner product with 1, see
Figure 33 (c). We denote by ¢” the arm of m’ which is parallel to the incident edge of
v. (W.Lo.g. we may assume that this is the left arm. The other case is symmetric.)

As in the first case, we denote by s the bisector of the moving line ! an ¢”. Since m’ is
right to s (or just overlapping) we see that m’ is never behind the moving line /.

To sum up, there is always a motorcycle m’ that never falls behind the sweep line I. Next,
we note that / intersects R and L in their relative interiors. We conclude the proof with the
following case distinction:

1. Assume that m’ reaches R or L. We first see that m; and m; always stay strictly behind

the sweep line I: This is easy to see for m; since m1 (0) starts behind the sweep line / and
e; propagates with the same speed as I. (Note that m (t) and ¢;(t) are coinciding.) We
assume for a moment that m; would overtake I at some time. Since my started behind
the sweep line /, it follows that 1 reaches p before the sweep line does. However, this

is a contradiction, because m; cannot reach p before m; does.

Since my and my, stay behind the sweep line / and since m’ is always in front of (or just
coinciding with) , it follows that (i) m; crashes into m’, or (ii) my crashes into m’, or
(iii) m7 and my reach p but m’ was at p before. In any case, the launch of m from p is
avoided.

. Assume that m’ does not reach R or L. Hence, m’ crashed within A. The motorcycle

m’ did not crash in a wall. (Otherwise, there would have been a vertex of G within
A that has a greater orthogonal distance to ¢;(0).) Hence, m’ crashed into the trace
of a motorcycle m”, which must have started below I, because no motorcycle could
have come through R or L. Hence m" is faster than m’ w.r.t. direction n. That is,
m' is always in front of the sweep line | after m’ crashed into m"'. We consider m’ as
the new m’ and apply again our case analysis. Since there is only a finite number of
motorcycles, we eventually end up in Case 1 and obtain a contradiction.

O

Theorem 2.26 ([HH11c]). The reflex arcs of S(G) are covered by M(G).
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Proof. The proof consists of two steps. In the first step we state and prove an essential claim,
which basically states that the tilted motorcycle traces of M (G) are above the terrain 7 (G).
This proposition is applied later on in a proof by contradiction for the actual theorem.

(1) Let m be a motorcycle and p € R? a point on the trace of m. If all valleys of 7 (G) are
covered by tilted motorcycle traces up to the height of 7 at p then the height of 77 is
greater or equal to the height of 7(G) at p. Equality is attained if and only if there is
a valley of 7 (G) that corresponds to 771 and which exists until p.

We denote by e the right arm of m and we denote by my, ..., m; the motorcycles of the
right-most ancestor chain of m such that m7(0) is incident to e(0) and my equals m, see
Figure 34 for k = 2. Furthermore, we denote by p; the endpoint of the trace of m;. We arrive
at the following observations:

e The motorcycles my, ..., m; share the same right arm e. As a consequence, the tilted
traces iy, . . ., 1 lie on a plane, namely the supporting plane of the terrain face f(e)
of the wavefront edge e.

o The angle between e(0) and the trace of m; and between the traces of m; and m; 1,
with1 <i <k —1, are at most 180° by Lemma 2.25. However, for any 1 < i < k the
motorcycle m; spans with its right arm e an angle of at least 90° by definition of the
motorcycles.

Let us denote by 7 the polygonal chain that is defined by the intersection of 7 (G) with
a vertical curtain that is put on the union of the motorcycle traces of my, ..., my. Claim (1)
states that the height of i1 is greater than or equal to the height of 7 at p. In order to prove
this claim it suffices to show that the slope of 7" is at any interior point of a trace of m; at most
the slope of the tilted trace #7;. The following proof is an induction-type proof. We show (i)
that 7 is convex within the interior of motorcycle traces, and (ii) that the slope constraint is
maintained when migrating from one trace to the next.

(i) Due to the existence of my there is a reflex wavefront vertex that started from m(0).
The wavefront vertex traces a reflex straight skeleton arc and has the same speed as
mq by our definition of the motorcycles. Hence 7 and 117 start with the same slope.
Let us consider the part T of 7 that lies above the trace of m. If there is a reflex vertex
in T then we consider the one whose projection g on the plane is closest to m7(0).
Obviously there would be a valley of 7 (G) at q. By assumption there would also be a
motorcycle trace covering this valley at g. Since 711 is above (or just at the same height
as) this trace, it follows that m; would have crashed at g. This is a contradiction. Hence
the slope of T is non-increasing above the trace of m7. The same arguments suffice to
show that 7 is non-increasing above the trace of m; if 7 was below ; at p;_1.

(ii) Next, we show that if the slope of T is less than or equal to the slope of 11; before p;,
then the slope of 7 is less than or equal to the slope of ;1 after p;. We denote by ¢/
the wavefront edge which defines 7 after p;.

The slope of 7 before p; can be expressed by the angle between the trace of m; and
¢/. That is, the slope increases monotonically as the corresponding angle increases.
Likewise, we can express the slope of T after p; by the angle between the trace of m; 4
and ¢/. Moreover, we can express the slopes of 7; resp. 11; 1 by the angle between m;
and e resp. m; 1 and e. Hence, we can rephrase our assertion: If the angle between m;
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T(G)atp

Figure 34: Proof of Theorem 2.26. The terrain 7 (G) is always below the tilted motorcycle traces 1.
The proof shows that the slope of the terrain (blue) is at any point at most the slope of
the tilted motorcycle traces (red) since the situations (i) and (ii) (shown in solid red and
described in the proof) do not occur.

and ¢’ is smaller than the angle between m; and e then the angle between m, 1 and ¢’
is smaller than the angle between ;1 and e.

Let us consider Figure 35. We denote by I the bisector between e and ¢’ on the left side
and by r the bisector on the right side. Hence, we have to prove that m;, lies right
to [ and left to r. Our premise states that the angle between ¢’ and m; is less than or
equal to the angle between e and m;. We denote by ¢; the left arm of m; and by ¢; the
time when e reaches p;. Assume that we rotate ¢’ counter-clockwise around p; until
¢/ is parallel with e(t;). Then [ is falling onto e(t;) and r is perpendicular to e(t;). Vice
versa, assume that we rotate ¢’ clock-wise around p; until ¢’ is parallel with ¢;. Then

is on the supporting line of m; and r is on the bisector of m; and e(t;). We shaded the
valid domains for ! and r in Figure 35 accordingly. Since the angle between m; and
m; 41 is convex, m; 1 is right to the domain of I. Since m; 1 and e enclose an angle of at
least 90°, m;1 is left to the domain of . Summarizing, for every position of ¢/, which
conforms to our initial assumption, m; 1 encloses a smaller angle with ¢’ than with e.

Combining arguments (i) and (ii) yields an induction-type proof for Claim (1). Basically,
we showed that the distance between 7 and the tilted motorcycle traces is (not necessarily
strictly) monotonically increasing. If 7 and the tilted motorcycle traces are overlapping
until p then equality for the height of /2 and 7 (G) at p is attained. If 7 leaves the tilted
motorcycle traces at some point then 7 (G) is strictly below 1 at p.

We now return our attention to Figure 34 and use Claim (1) in a proof by contradiction of
Theorem 2.26. Assume that there is a reflex arc 2 in S(G) that is only partially covered by
a motorcycle trace m’. Hence, m’ crashed into a motorcycle m. We denote by p the crashing
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Figure 35: Proof of Theorem 2.26, case (ii). The shaded areas depict the valid domains for I and r and
m; 4 is at any time right to [ and left to r.

point of m’. Without loss of generality we assume that the height of 71’ at p is lowest. (By
this assumption we can assume that a is at least partially covered. If 2 would not be covered
at all, then 2 was not incident to G and at least one of its reflex ancestor arcs was not covered
completely.) Hence, all valleys of 7 (G) are covered by motorcycle traces up to the height
of 1" at p. By Claim (1) we know that 7 (G) is below 71 at p. On the other hand, we know
that 7 (G) has the same height as 17 at p. (See the left side of Figure 34.) This contradiction
finally concludes the proof. O

Theorem 2.26 extends Theorem 2.11 by Cheng and Vigneron [CV07]. In their proof they
assumed that no two motorcycles crashed into each other. The idea of their proof is incor-
porated into the proof of Case (i) of Claim (1). Claim (1) is a useful tool for its own, so we
can cast it to the following corollary.

Corollary 2.27. Let m be a motorcycle of M(G) and p € R? a point on the trace of m. The height
of 11 is greater or equal to the height of T (G) at p. Equality is attained if and only if the valley of
T (G), which corresponds to m, exists until p.

2.4.3 The lower envelope based on the generalized motorcycle graph

Let us revisit the discussion concerning the alternative characterization of the straight skele-
ton S(G), by using a lower-envelope representation of the terrain 7 (G) from Section 2.1.
Recall that Theorem 2.7 by Eppstein and Erickson [EE99] provides a lower-envelope repre-
sentation for 7 (G), but their slabs depend on the length of the reflex arcs of the straight
skeleton. On the other hand, Theorem 2.14 by Cheng and Vigneron [CV07] provides a
lower-envelope representation of 7 (P) that does not depend on the straight skeleton, but
their representation can only be applied to simple non-degenerate polygons P with holes.
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Figure 36: The shaded area illustrates the slab defined by the wavefront edge e. The slab lies on the
supporting plane of f(e) and is bounded from below by the tilted motorcycle traces that
have ¢ as an arm.

Summarizing, no lower-envelope representation is known for the terrain 7 (G) of planar
straight-line graphs G, which does not depend on the straight skeleton.

In the following we extend the slab construction, which is based on the motorcycle graph,
to the generalized motorcycle graph, see Figure 36.

Definition 2.28 (lower envelope). Let e denote a wavefront edge of a planar straight-line
graph G and let a and b denote the endpoints of e(0). If there is a motorcycle that starts
at a and has the right arm e then we consider the whole chain of tilted motorcycles traces,
starting at 4 and ending at a’, whose right arms are e. If there is no such motorcycle then
we define a’ := a. Likewise we consider the chain of tilted motorcycle traces starting at b
and ending at b’ whose left arms are e. We define a slab for each e that is contained in the
supporting plane of the terrain face f(e) and which is bounded from below by e and the
motorcycle traces mentioned above. At the endpoints 4’ and b’ the slab is bounded by rays

which are perpendicular to ¢(0). We denote by L(G) the lower envelope of the these slabs.
Theorem 2.29 ([HH11c]). The lower envelope L(G) is identical to T (G).

Proof. Each face f(e) of 7(G) is contained in the corresponding slab of e. It follows that no
point of L(G) is above 7 (G) and it remains to show that no point of 7 (G) is above L(G).
Assume, to the contrary, that a point p € 7 (G) is above a slab of an edge e, see Figure 36.
We project p down to the slab and denote the projection point by u. Then we project u down
along the steepest descent of the slab until we hit e or one of the tilted motorcycle traces and
obtain the point v. If v is on a tilted trace then Corollary 2.27 implies that we can project v
down to 7 (G) and obtain a point q. If v is on e(0), we set 4 := v. Since the line between u
and v has slope 1, the slope of pq is greater than 1. This is a contradiction to Lemma 2.1. O

As mentioned above, Theorem 2.29 extends Theorem 2.14 by Cheng and Vigneron [CV07]
to planar straight-line graphs G. However, Theorem 2.29 also extends Theorem 2.7 by Epp-
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stein and Erickson [EE99] since L(G) is based on M (G) and does not depend on the length
of the reflex arcs of S(G). This difference, however, is essential when we attempt to com-
pute S(G) via a lower-envelope computation, see below. Besides, Theorem 2.29 provides
an alternative, non-procedural way to define S(G) as the lower envelope of partially linear
functions, as discussed in Section 2.1.

COMPUTING S(G) USING GRAPHICS HARDWARE Theorem 2.29 admits a simple method
to render 7 (G) without the knowledge of S(G). One first computes the motorcycle graph
M (G) by a conventional algorithm (on the CPU) and then constructs the slabs as illustrated
in Figure 36. We paint each slab with a different color. By rendering the set of slabs, while
looking at them from below, one obtains an image which shows L(G). Hence, by employ-
ing techniques described by Hoff et al. [HCK99], one can compute the straight skeleton of
planar straight line graphs using graphics hardware. The idea is that each face f(e) corre-
sponds to a set of pixels of the same color.

2.5 THE GENERAL WAVEFRONT-TYPE ALGORITHM

2.5.1  Details of the general algorithm

Let us recall the basic building blocks of the simple algorithm of Section 2.3. Firstly, we
require that the motorcycle graph covers the reflex arcs of the straight skeleton, which is
guaranteed by Theorem 2.26. Secondly, we require that the overlay of the motorcycle graph
and the input graph results in a convex tessellation of the plane.

Definition 2.30 (extended wavefront). Let G denote a planar straight-line graph. We define
by M(G, t) those parts of M (G) which have not been swept by W(G,t') for t' < t. The
extended wavefront W*(G, t) is defined as the overlay of W(G, t) and M(G,t) by splitting
the edges of W(G, t) at the intersection points accordingly.

Lemma 2.31. Forany t > 0 the set R? \ Urrejog W*(G, t') consists of open convex faces only.

Proof. The assertion follows directly from Lemma 2.25 and the fact that each reflex angle at
a reflex wavefront vertex is split by a motorcycle trace. O

We adopt the terms resting Steiner vertex and moving Steiner vertex from Section 2.3. In
addition to these terms we refer to a vertex of W*(G, t) that marks the crash of two or more
motorcycles as multi Steiner vertex, see Figure 37.

The basic algorithm from Section 2.3 remains the same. Lemma 2.31 guarantees that any
topological change in the extended wavefront is indicated by the collapse of an edge of the
extended wavefront to zero length. We start with the initial extended wavefront W*(G,0).
For each edge e of W*(G, 0) we insert an event into a priority queue Q if the collapsing time
of e is positive. The events are prioritized by their time of occurrence. After the initialization
we fetch from Q one event after the other and process it. That is, for each event we apply local
modifications of the extended wavefront and maintain the priority queue Q accordingly.
(Note that if we use a maximizing heap as the underlying data structure for Q we may also
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Figure 37: A planar straight-line graph (bold) and the extended wavefront (dashed) after some time.

The area already swept by the wavefront is shaded.

remove any element in O(logn) time if we already have a pointer to the element.) In the
following we are discussing the different types of events.

e (Classical) edge event: The edge e between two convex vertices u and v collapsed,

see Figure 38 (a). We remove e from the graph and merge the vertices u and v to a
single convex vertex w. The two edges incident to w determine the new velocity of w.
Consequently, we need to recompute the collapsing times of the two incident edges
of w and adapt the entries in Q.

Finally, we add the two convex straight-skeleton arcs that were traced out by u and v
to the straight-skeleton graph. Altering O(1) entries in Q costs us O(logn) time.

(Classical) split event: The edge e between a reflex vertex # and a moving Steiner
vertex v collapsed, see Figure 38 (b). Note that v is the Steiner vertex that corresponds
to the crash of the motorcycle whose trace covers the reflex arc that is traced out by u.

We denote by u; resp. v; the two vertices which are incident to u resp. v and left to
the trajectory of u. The vertices u,, v, are denoted likewise. We remove the edge ¢ and
merge the vertices u; and v; to a new convex vertex w;. Its velocity is determined by
the two incident edges. As a special case we check whether the two incident edges
of wy are parallel. This means that the entire convex face of W*(G, t), to which w;
belongs, collapsed at the time when the split event occurred. The right side, with the
vertices u, and vy, is processed likewise.

Since u crashed at this split event, we need to add the reflex arc that is traced out by u,

to our straight-skeleton structure. Altering O(1) entries in Q costs us again O(logn)
time.
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Figure 38: Different types of events that occur during the propagation of the extended wavefront.
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o Start event: The edge ¢ that connects a resting Steiner vertex v and a reflex vertex or

a moving Steiner vertex u collapsed, see Figure 38 (c). The start event occurs since the
vertex u moves along the edge ¢, which lies on the motorcycle trace that corresponds
to the vertex u. The vertex v remained on this motorcycle trace and now becomes a
moving Steiner vertex by sliding along one of the two other incident edges of u, say
¢”. While the velocity of u remains the same, we have to assign a new velocity to v
and recompute the collapsing times of the incident edges. We consider the situation
where ¢’ and ¢’ overlap as a special case. In this case the entire convex part collapsed
to zero area.

A start event does not immediately contribute to the straight-skeleton structure. How-
ever, altering the O(1) entries in Q costs us O(logn) time.

Switch event: The edge e between a convex vertex 1 and a reflex vertex or a moving
Steiner vertex v collapsed, see Figure 38 (d). That means that the vertex u migrates
from one convex face of the extended wavefront to a neighboring one, by jumping over
the vertex v. As a consequence, the vertex v now splits the opposite edge incident to
u. While the vertex # maintains its velocity, we need to recompute the velocity for the
vertex v.

Similar to start events, a switch event does not directly contribute to the straight skele-
ton. Again it requires O(log n) time to update the corresponding entries in the priority
queue Q.

Multi start event: The edge e that connects a moving Steiner vertex v and a multi
Steiner vertex u collapsed, see Figure 38 (e). That means that the multi split event
that corresponds to the multi Steiner vertex u will not happen, because the wavefront
swept over the vertex u before.

Let us denote by uy,...,u; the other vertices that are incident to . Assume that
the edges ey, ..., ¢;, which connect u with uy,...,u;, respectively, appear in counter-
clockwise order at u such that the edge e is between e; and ¢; in the mentioned order.
We remove the vertices u and v and introduce new moving Steiner vertices vy, ..., v;
such that v; moves towards u;, with 1 < i < [. The new vertices vy, ..., v; are aligned
on the supporting line of the two other edges that are incident to v. We add new edges
uv; for1 <i <landv;v;4q forl <i <[ —1. Besides u, we have two additional ver-
tices that were adjacent to v. We connect these two vertices to v and v;, respectively.

The multi start event does not directly contribute to the straight-skeleton structure.
Computing the collapsing times of the new edges and adapting the collapsing times
of old edges requires O(Ilogn) time.

Multi split event: The edges ey, . .., ¢; that connect the reflex vertices vy, ..., v; with
the multi Steiner vertex u collapsed at the same time, see Figure 38 (f). We assume
thatey, ..., e; appear in counter-clockwise order at u. The multi Steiner vertex u exists,
since two or more motorcycles simultaneously crashed at this location. Note that it
is possible that a new motorcycle was emanated from this location and hence there
could be an additional edge e incident to #. This edge e lies on the motorcycle trace of
the emanated motorcycle, see Figure 31. If this is the case we assume that e is between
e and e;. Also note that in this case the angle from e; to e; is reflex.
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Each consecutive pair u;u; 1, with1 < i < [ —1, gives rise to a new convex vertex
similar to an ordinary split event. This new convex vertex is incident to two edges
that were formerly the right arm of u; and the left arm of u; 1, respectively. Similar
to the ordinary split event, we check whether the two incident edges are overlapping.
In this case, the whole convex face of the extended wavefront collapsed as the multi
split event happened.

If the angle from ¢; to e; is also convex then there is no additional edge e incident to
u and we proceed as above. Otherwise we have an additional edge ¢ incident to u. If
the right arm of u; and the left arm of e; span a convex angle than the edge ¢ and the
old edge ¢; are collinear, cf. Figure 31 (d). We remove the edge e and proceed as above.
Otherwise, the right arm of #; and the left arm of e; span a reflex angle. Then the edge
e lies on their bisector and we introduce a new reflex vertex that drives on the edge ¢,
cf. Figure 31 (c).

Each u;, with 1 < i <, traced out a reflex straight-skeleton arc, which we add to our
straight-skeleton structure. Computing the collapsing times of the new edges and
altering the corresponding entries in Q takes O(Ilogn) time.

After the last event occurred, the extended wavefront has the shape of a polygon circum-
scribing the graph G. From each vertex v of this polygon that has a reflex angle on the outer
side, there is an incident edge which reaches to infinity and which corresponds to a motorcy-
cle that escaped. We add these infinite edges as reflex arcs to our straight skeleton structure
and connect the infinite end nodes in a circular manner. This allows us to assume that the
boundary of any straight-skeleton face f(e), including the unbounded faces, connects one
endpoint of e with the other endpoint of e. We also refer to the discussion on unbounded
faces and infinite arcs in Section 1.2.2.

2.5.2  Runtime analysis

Let us assume that the motorcycle graph M (G) of G is already given. In order to create the
extended wavefront W*(G,0) at time zero we first create W(G, 0): We start with an edge e
and a vertex v incident to e. We walk around the corresponding connected component by
setting e to the next counter-clockwise edge of e at v and by setting v to the opposite vertex
of the updated e. We continue this procedure until we again arrive at our starting edge.
At each step, we duplicate the current edge e and consider its duplication as the wavefront
edge at one side of e. At any time when we wrap around at a terminal vertex, we add an
additional wavefront edge. After we arrive again at the starting edge, we repeat the whole
procedure for any edge of G that has not yet a duplicate on either side. This allows us
to create W(G,0) in O(nlogn) time for an n-vertex graph G. Next, we insert M(G) into
W(G,0) in order to obtain W*(G,0). Hence, every motorcycle that crashed into a wall —
that is, into an edge e of G — splits the corresponding wavefront duplicate of the input edge
e. We need to take into account that multiple motorcycles may crash into the same side of an
input edge e. We sort the motorcycles along e and split the corresponding wavefront edge
accordingly. To sum up, we can construct W*(G,0) in O(nlogn) time if M(G) is known.

The number of edge events is in O(n) and the number of split and start events is in
O(r) € O(n), where r denotes the number of reflex wavefront vertices in the initial wave-
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front W(G,0). However, as discussed in Section 2.3, the number k of switch events is
in O(nr) C O(n?). Each multi start event and multi split event is handled in O(Ilogn)
time, where the number / corresponds to the number of motorcycles that gave rise to this
event. The sum of all values | among the multi start and multi split events is therefore in
O(r) C O(n).

Lemma 2.32. Let G denote a planar straight-line graph G with n vertices, where v denotes the
number of reflex wavefront vertices in the initial wavefront W(G,0). If M(G) is known then our
algorithms runs in O((n + k) logn) time and O(n) space, where k € O(nr) C O(n?) denotes the
number of switch events occurred.

As already mentioned in Section 2.3.3, the O(1?) bound for the number of switch events
is tight. However, we want to recall that it appears to be very unlikely that more than (1)
switch events actually occur for practical applications and hence an O(nlogn) runtime can
be expected in real world. In Section 2.5.4 we present extensive experimental results on
13500 datasets of different characteristics that demonstrate an O(n log 1) runtime on virtu-
ally all of our datasets.

In order to compute the motorcycle graph M (G), we need an algorithm that supports the
dynamic insertion of motorcycles during the simulation. Hence, we cannot apply the algo-
rithm by Cheng and Vigneron, cf. Section 1.4.2.4, which needs to compute the 1/ /r-cutting
a-priori. However, the algorithm by Eppstein and Erickson [EE99], cf. Section 1.4.2.3, em-
ploys dynamic data structures which are capable of adding new motorcycles during the sim-
ulation. Hence, in theory, we can compute the motorcycle graph M (G) in O(r"/11+€) time
and space. In Section 3.3 we will discuss a practical algorithm that runs in O(rlogr) time
on average, under the assumption that the motorcycles are distributed uniformly enough.

2.5.3 Details of the implementation BoNE

We casted our algorithm into the implementation Bone. Bone is written in C++ and uses
ordinary double-precision floating-point arithmetic according to IEEE-754. For standard
data structures, such as stacks, queues, maps (red-black trees), etc., we use the Standard
Template Library. The motorcycle graph M (G) is computed by our motorcycle graph code
Moca, see Section 3.3. One central component of Bonk is a kinetic straight-line graph that as-
signs to each vertex a speed ray (the position at time zero and a velocity). Furthermore, each
non-isolated vertex has an index to an incident edge and each edge has, for both endpoints,
references to the next clockwise and counter-clockwise edges. The kinetic graph models the
extended wavefront and does not maintain planarity. It is in the responsibility of the event
handling code to maintain the proper topology of the kinetic graph. However, this graph
structure allows us to easily remove edges and reconnect vertices, which is frequently done
in the event handling procedures.

For the actual implementation it turned out that is advantageous to introduce a new type
of vertex, the so-called multi convex vertex. In a degenerate case, it could happen that a convex
wavefront vertex and a moving Steiner vertex move along the same trajectory. For instance,
consider a symmetric non-convex 4-gon as input, where the motorcycle within the 4-gon
crashes exactly into the opposite convex vertex. In this case it is important, for practical
reasons, to merge the convex vertex and the Steiner vertex into a multi convex vertex.
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(a) (b)

Figure 39: An arbitrarily small perturbation of a vertex v significantly changes the straight skeleton.
Left: v is involved in a vertex event with the vertex u. Right: v has been slightly dislocated
to the interior of the left polygon. Since v is slightly faster than u, the vertex event is avoided
and the reflex arc incident to v is dramatically longer. The corresponding offset polygons
are depicted in gray. Note that the offset polygon in the right subfigure contains a reflex
vertex at the top.

For real-world implementations of geometric algorithms, it is advisable to implement
some a posteriori checks that test whether the result fulfills some basic but necessary prop-
erties in order to be correct. BonEe follows that strategy and provides a posteriori checks that
test whether the boundary of the faces are connected.

DISCONTINUITY AND €-BASED COMPARISONS  Wealready mentioned the unpleasant prop-
erty of the straight skeleton S(G) to be very sensitive for changes on the input G multiple
times. (For instance, this fact made it necessary in introduce the non-degeneracy assump-
tion by Cheng and Vigneron, cf. Section 1.2.4.) Eppstein and Erickson [EE99] presented a
simple example, where a vertex event occurs and for which an arbitrary small perturbation
at certain input vertices leads to a significantly different straight skeleton. We illustrate a
very similar example in Figure 39. Note that dislocating the vertex v in the right subfigure
introduces a proper reflex vertex in the gray offset polygon, while in the left subfigure the
offset polygon has a rectangular shape with the top edge split into two collinear edges.

The fact that the straight skeleton S(G) does not continuously depend on the input graph
G — say, in terms of the Hausdorff distance — has important practical implications. First
of all, we cannot apply perturbation techniques in order to resolve special cases in various
algorithms, as already mentioned by Eppstein and Erickson [EE99]. Secondly, we have to be
cautious when we consider the limit of a sequence of straight skeletons. For instance, image
we define the wavefront emanated by an isolated vertex by approximating the vertex by
small squares or small segments. (Recall the discussion on the wavefront emanated from a
isolated vertex in Section 1.2.2.) The limit of the straight skeletons does not necessarily result
in the desired structure and may depend on the actual sequence of input graphs. Thirdly,
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the question arises how to determine whether two motorcycles or two reflex vertices meet
each other at exactly the same time.

e If we use ordinary double-precision floating-point arithmetic then we need to apply
e-based comparisons. That is, we define a small positive constant € and in order to
test whether the numbers a and b are equal we tests whether [a — b| < e.

e Inorder to avoid well-known problems introduced by e-based comparisons, one could
apply so-called exact predicates. The decision whether two values a and b are equal
is based on the expression trees for the values 2 and b and the concept of so-called
root-bounds [Yap04]. That is, one can precisely decide whether |a — b| is zero, by
evaluating the term |a — b| with finite but arbitrary precision. The root bounds tell
how precisely the term needs to be evaluated.

Let us consider the application of roof construction, cf. Section 1.2.3. Assume that we
implement a roof-construction software based on straight skeletons, which reads the wall
footprint of a house from an input file. Since the straight skeleton is sensitive to small errors
on the input we would require that the input file is capable of carrying exact coordinates.
This basically means that we need to save expression trees of all coordinates in the input
files. However, this seems to be infeasible for real-world applications:

o The file size would skyrocket and, moreover, the expression trees tend to grow in size
as the input gets more and more complex, because the coordinates of new vertices
tend to depend on the positions of previous vertices.

e Standard file formats, like the DXF format, do not support the embedding of expres-
sion trees for the coordinates in a standardized way.

e We would require that common CAD software uses exact arithmetic kernels for their
own calculations (e. g., snapping to intersection points). In the end, we would require
that the entire work-flow uses exact arithmetic.

However, if we assume that the coordinates in the input files are imprecise due to the
limited precision or ordinary floating-point numbers, we are basically forced to resort to
e-based comparisons for real-world applications. Otherwise, it is virtually impossible to
construct non-trivial input data, for which we intend that a vertex event happens. Assume
we would like to construct a symmetric wall footprint as in Figure 39 (a), which would
produce a roof, where two valleys meet in a common endpoint. However, due to numerical
imprecisions, we instead obtain a roof that is based on Figure 39 (b).

Note that for Voronoi diagrams the problem of imprecise input is not as severe as for
straight skeletons, because the error introduced to the Voronoi diagrams is, roughly speak-
ing, of the same magnitude as the error embedded in the input values.

2.5.4 Experimental results and runtime statistics

In this subsection we present experimental results for our implementation BoNe and the
straight-skeleton implementation that is shipped with CGAL 3.8, see Section 1.4.3. As al-
ready mentioned, BoNE is able to process planar straight-line graphs as input, but the im-
plementation in CGAL can only process polygons with holes. This is the reason why we
restrict the following runtime statistics to datasets that contain polygons with holes only.
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Since BoNE computes the straight skeleton inside and outside the input polygon we call the
straight-skeleton routines of CGAL outside the polygon, inside the polygon and also inside
the holes, if any exist.?

We ran our runtime tests on a about 13500 datasets, comprising realistic and contrived
data of different characteristics, including mechanical designs, printed circuit boards, font
outlines, random polygons generated by RPG [AH96], space filling curves, and fractal data-
sets. The size of the datasets ranges from only a few dozen vertices up to several millions.

Our experiments were carried out on a Linux machine with a 64-bit kernel, running on an
Intel Core i7 processor clocked at 3.33 GHz. Note that this processor provides several cores,
but neither Bone nor the straight-skeleton implementation from CGAL is multi-threaded.
We avoided a falsified system behavior — e.g., caused by the invocation of the out-of-
memory killer of Linux, freeing of all file system buffers, etc. — by restricting the memory
utilization of Bone resp. the CGAL code to 6 GiB, using the ulimit command. Further-
more, we restricted the runtime for a single dataset to 10 minutes. The time consumption
in order to compute the straight skeleton was measured by considering the user-space time
consumption retrieved by the C-function getrusage.

Figure 40 shows four plots with identical axes and in each plot a blue dot represents the
runtime of a single dataset. Note that both axes use a logarithmic scale. The x-axis shows
the size n of the dataset and the y-axis illustrates the runtime for a dataset in seconds. For
illustrative reasons we divided the runtime for each dataset of size n by the factor nlog n.
Hence, a horizontal line in the plot corresponds to a runtime complexity of nlogn and a
line with slope 1 corresponds to a runtime complexity of n? log .

In subfigure (a) we plotted the runtime statistics for Bone. As predicted, BonE exhibits
an nlogn runtime behavior on the vast majority of our datasets. All dots in the gray area
correspond to an actual runtime of 10 to 301 logn ps, where n varies from 60 up to 2 - 10°.
The motorcycle graph M (G) is computed by Moca, see Section 3.3. This implementation
exhibits an O(nlogn) runtime for well distributed input. We extensively investigate the
runtime of Moca in Section 3.3.3. Our theoretical runtime analysis in Section 2.5.2 at first
focuses on the assumption that the motorcycle graph is already available. For this reason,
we plotted the runtime consumption of Bong, without the time consumed for the compu-
tation of the motorcycle graph M (G), in subfigure (b). We observe that the few outliers in
subfigure (a) were virtually all caused by the computation of the motorcycle graph. Hence,
an actual runtime of O(nlogn) holds for basically all datasets from our database.

In subfigure (c) we plotted the runtime of CGAL using an arithmetic kernel with exact
predicates but inexact constructions. By default, the CORE [Cor] library is employed as
the arithmetic backend. Using exact predicates should guarantee that the topology of the
straight skeleton is correct, even if the locations of the nodes are not necessarily exact.>
However, using exact constructions makes the runtime consumption to skyrocket. That
is, datasets with a few hundred vertices lead to runtimes in the range of minutes. We see
that the runtime consumption of CGAL is mostly in the gray area that represents runtimes
between 0.17 to 1.7-n?logn ps. In particular, CGAL exhibits at least a quadratic runtime
consumption in practice. We also observe that the runtimes of different datasets of the

2 CGAL requires to specify a maximum offset distance for the straight skeleton outside the polygon. After we scaled
the input to the unit square, we set this offset distance to 100.
3 We learned this in a personal communication with F. Cacciola.
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Figure 40: Every point shows the runtime for a single dataset. The x-axis denotes the number n of
vertices of the input, ranging from 60 to 2-10°. For illustrative reasons we divided the
actual runtime in seconds by nlogn. Hence, a horizontal line corresponds to an nlogn
complexity. Points in the shaded areas correspond to runtimes as labeled.

same size vary within two decades. While many datasets with about a hundred vertices
need roughly 20 ms, many other datasets lead to runtimes of roughly 20 seconds.

In subfigure (d) we plotted the runtime of CGAL using inexact arithmetics in order to (i)
gain a better insight on the runtime penalty due to the exact predicates kernel and (ii) to
obtain a better comparison to Bone. We first note that CGAL, with inexact arithmetics, still
exhibits at least a quadratic runtime complexity. The vast majority of datasets is processed
in 0.05 to 0.5-n?log n us. However, the big deviations for the runtimes among datasets of
the same size vanished. We also observe that using inexact arithmetics increases the per-
formance by a factor of about 3 to 100. However, we want to note that the straight-skeleton
implementation of CGAL is not supposed to be used with an inexact predicates kernel.*

MEMORY USAGE BONE was able to handle input containing more than 10° vertices. How-
ever, CGAL could only handle datasets with up to about 10000 vertices within the time
and space constraints mentioned above. Interestingly, also CGAL with inexact arithmetics

4 We refer to a personal mail correspondence with F. Cacciola.
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Size n BonNE CGAL
MB  factor MB factor
256 1.44 3.77
512 | 2.65 1.8x 13.4  3.5x
1024 | 5.06 1.9x 51.1 3.8x
2048 9.86 1.9x 201 3.9x
409 | 195 2.0x 792 3.9x
8192 | 38.7  2.0x 3197 4.0x
16384 | 77.1 2.0x 12600 3.9x

Table 3: The memory usage of Bone and CGAL on random datasets generated by RPG. Each row
contains the peak heap size in megabytes and the factor by which the size changed w. r. t. the
previous row.

was not able to compute datasets containing significantly more than about 10000 vertices
within the 6 GiB memory limit. We listed the memory footprint of Bone and CGAL on ran-
dom datasets that were generated by RPG in Table 3. The memory usage was measured
by the library LiBMEMUSAGE.so, which is shipped with GLic [GLI]. This library hooks into
the malloc calls of a process and accounts the memory usage. In Table 3, we print the peak
heap size in megabytes and the relative change to the previous row. Note that the actual
memory footprint of a process is larger due to ordinary memory fragmentation in the heap
and, of course, the program code, libraries and the stack require a few megabytes as well.
For instance, the CGAL process required in total almost 20 GiB virtual memory in order to
process the last dataset with 16 384 vertices.

We observe that Bone doubles its memory footprint if the input size of the dataset is
doubled. In contrast, CGAL quadruples its memory footprint if the input size is doubled,
which suggests a quadratic space complexity. As we learned in a personal mail correspon-
dence with F. Cacciola, the author of the straight-skeleton code in CGAL, the algorithm
computes potential split events for all pairs of reflex wavefront vertices and wavefront edges
and inserts them into a priority queue. This explains the O(1n?) memory footprint and the
O(n?log n) runtime.

We tested the reliability of BoNe on additional datasets, which do not necessarily form
polygons with holes. BoNk is also able to sample circular arcs from input files by straight-
line segments. This allows us to test BoNE on basically the same datasets as we did for Vronr
[HHO09a]. Furthermore, BoNE is able to compute offset-curves based on the straight-skeleton,
which turned out to be a versatile development tool in order to find errors in the straight
skeleton by visual inspections. Furthermore, BONE can export the terrain 7 (G) into a stan-
dard file format that can be read by 3D modeling software, like Blender [Ble]. A wrong
straight skeleton or significant numerical errors cause visible artifacts like non-planar ter-
rain faces or very odd-looking terrains. BoNE also contains many sanity checks for the valid-
ity of the wavefront during its propagation simulation and Bone is able to perform simple
a posteriori checks on the resulting straight skeleton as mentioned in Section 2.5.3. It turns
out that BoNE performs well on our datasets in general. However, in order to boost BoNE to
industrial-strength, we need to implement some fine-tuning in the presence of wavefront-
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parts that simultaneously collapse in a self-parallel manner. However, the concept of the
extended wavefront allows us to handle this issue on each convex faces of the extended
wavefront separately, which appears to be a significant advantage.

2.6  SUMMARY

At the beginning of this chapter, the most promising approach towards a straight-skeleton
implementation, in terms of implementability and real-world performance, appeared to
be the triangulation-based algorithm by Aichholzer and Aurenhammer [AA98]. However,
from a theoretical point of view, the best known worst-case time complexity is O(n>log )
for an n-vertex planar straight-line graph. In Section 2.2, we used this circumstance as an
entry point to our investigations. After presenting new aspects regarding the number of flip
events, we were able to show that Steiner triangulations can be used in order to completely
avoid flip events. This insight motivated a new approach to a straight-skeleton algorithm
for non-degenerate polygons which is based on motorcycle graphs in Section 2.3. However,
in order to generalize this algorithm to arbitrary planar straight-line graphs we had to care-
fully extend the motorcycle graph such that essential properties, which are required for our
algorithm, are preserved, see Section 2.4. This generalization of the motorcycle graph al-
lowed us to extend the approach from Section 2.3 to arbitrary planar straight-line graphs in
Section 2.5.

The resulting implementation BoNe is able to handle planar straight-line graphs as input
and exhibits a runtime of O(nlogn) in practice. Compared to the current state-of-the-art
straight-skeleton code, which is shipped with CGAL, this constitutes an improvement of
a linear factor in time and space resp. a speed-up of one to two orders of magnitude for
medium-sized datasets. Furthermore, CGAL is, in contrast to Bong, only able to handle
polygons with holes as input. Our experimental results in Section 2.5.4 also revealed that
BoNE was able to process datasets containing more than a million vertices, while the im-
plementation in CGAL was not able to handle datasets with significantly more than 10 000
vertices within the limits of 6 GiB memory.

The theoretical worst-case runtime complexity of Bong is O(n?logn), which is an im-
provement of a linear factor compared to the algorithm of Aichholzer and Aurenhammer
[AA98]. However, the circumstances for which the wort-case occurs are easy to investigate
for the algorithm underneath BoNE, see Section 2.5. In fact, it appears to be very unlikely
that the worst case actually happens for practical input, which has been confirmed by our
experimental results in Section 2.5.4. BoNE computed the straight skeleton for virtually all
of our 13500 datasets in 10 to 30 -nlog n us for datasets containing n vertices. This makes
Bone the first straight-skeleton implementation that has been shown to run in O(nlogn) in
practice and which accepts planar straight-line graphs as input.
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Motorcycle graphs are strongly related to straight skeletons for several reasons. First of all,
the motorcycle graph extracts the essential sub problem of computing straight skeletons.
Secondly, the motorcycle graph and the straight skeleton possess a strong geometric relation,
which is expressed by Theorem 2.11 and Theorem 2.26. Thirdly, motorcycle graphs help us
to devise algorithms and implementations for the computation of straight skeletons. At
the moment, the fastest algorithm for the straight skeleton of non-degenerate polygons due
to Cheng and Vigneron [CV07], see Section 1.4.2.4, and the fastest implementation, Bong,
both employ the motorcycle graph. Hence, the investigation of motorcycle graphs is vital in
order to obtain fast straight-skeleton algorithms and implementations and it is important to
explore the motorcycle graph in order to get a better understanding of straight skeletons.

In this chapter, we develop an implementation for the computation of the generalized
motorcycle graph that works fast in practice. We start with a stochastic consideration of the
trace lengths in a motorcycle graph in Section 3.2. It turns out that if n motorcycles are dis-
tributed well in the unit square then the average trace length is about O(1//x). This insight
motivates a motorcycle graph implementation that is based on geometric hashing in Sec-
tion 3.3. Runtime experiments show that our implementation Moca exhibits an O(n logn)
runtime for most of the 22000 datasets tested. In Section 3.4, we further investigate the
geometric relation between the motorcycle graph and the straight skeleton. The results ob-
tained in this section finally lead to a proof for the P-completeness of the straight skeleton
of planar straight-line graphs and polygons with holes that is based on the P-completeness
of motorcycle graphs due to Eppstein and Erickson [EE99]. The P-completeness of straight
skeletons has important practical implications concerning the application of parallel algo-
rithms. The investigations done in Section 3.2 and Section 3.3 are published in [HH11b]. A
preliminary and short version was presented in [HH09b]. The results in Section 3.4 have
been submitted for publication [HH11a].

e [HHO9b] S. Huber and M. Held. A Practice-Minded Approach to Computing Motor-
cycle Graphs. In Proc. 25th Europ. Workshop Comput. Geom., pages 305-308, Brussels,
Belgium, Mar 2009

e [HH11b] S. Huber and M. Held. Motorcycle Graphs: Stochastic Properties Motivate
an Efficient Yet Simple Implementation. J. Exp. Algorithmics, 2011. (in press)

e [HH11a] S. Huber and M. Held. Approximating a Motorcycle Graph by a Straight
Skeleton. 2011. (submitted for publication)
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3.1 PRIOR AND RELATED WORK

3.1.1  Applications of motorcycle graphs and related problems

The most prominent application of motorcycle graphs are straight skeletons. However, mo-
torcycle graphs are also related to other geometric problems. Obviously, there exists a
strong connection to ray-shooting problems. For instance, Ishaque et al. [IST09] presented
an O(nlog®n 4+ mlogm) algorithm for m repetitive ray shooting-and-insertion operations
in the plane among a set of polygonal obstacles of total size n. The generalized motorcycle
graph problem, for which motorcycles need not all start at the same time, solves this prob-
lem in the following way: The polygonal obstacles are replaced by according walls and each
ray is replaced by a motorcycle. By choosing the start time of the motorcycles such that no
two motorcycles drive at the same time, one can simulate repetitive ray-shootings.

Eppstein and Erickson [EE99] mentioned that the art gallery algorithm by Czyzowicz et
al. [CRU89] uses a geometric structure that is related to the motorcycle graph. They consider
a set of straight-line segments, where each segment is growing in length and an endpoint
of a segment stops propagating when it reaches another segment. The resulting structure
can be interpreted as a motorcycle graph: The initial segments are considered as walls and
from each endpoint is a motorcycle launched.

Eppstein et al. [EGKT08] consider motorcycle graphs on quadrilateral meshes, which
model three-dimensional bodies. The idea is that motorcycles are driving on the edges of
the mesh in a discrete manner and a motorcycle stops when it reaches the trace of another
motorcycle. It is not exactly the same motorcycle graph problem as introduced by [EE99],
but very similar in nature.

3.1.2  Prior work

At the moment, the most efficient motorcycle graph algorithm is due to Cheng and Vi-
gneron [CV07], see Section 1.4.2.4. It computes the motorcycle graph of n motorcycles in
O(ny/nlogn) time. Let us recall the main idea of their algorithm: Among the O(n?) inter-
sections of the tracks of the motorcycles only O(#n) of them correspond to an actual crash
event. Hence, the goal is to geometrically separate those motorcycles that do not interact.
Cheng and Vigneron achieved this goal via the employment of 1/,/n-cuttings on the support-
ing lines of the traces. However, in order to reach the O(n+/nlogn) runtime complexity, the
algorithm inherently relies on the fact that all motorcycles are known a priori such that the
1//n-cutting can be constructed prior to the simulation of the motorcycles movement. As a
consequence, this algorithm is not suitable for the computation of the generalized motorcy-
cle graph presented in Section 2.4.

In order to solve the generalized motorcycle graph problem, where motorcycles are al-
lowed to emerge after the simulation started, we are in need of an algorithm that allows
the dynamic insertion of motorcycles. Under this requirement, the fastest algorithm is due
to Eppstein and Erickson [EE99] and runs in O(n'”/11*¢) time and space, see Section 1.4.2.3.
However, we want to emphasize that this algorithm is not suitable for an actual implemen-
tation due to its algorithmic complexity.



3.1 PRIOR AND RELATED WORK \

mq

ms

my

my
ms

Figure 41: All motorcycles crash into each other.

A straight-forward approach for the actual computation of the motorcycle graph of n
motorcycles is to simply simulate their movement in a brute-force manner. We can compute
one crash event after the other by pair-wise checks among the motorcycles. By employing
a priority queue Q for pending crash events, one obtains an implementation that runs in
O(n?logn) time instead of O(n%). We refer to this algorithm as the standard priority-queue
based algorithm.

To sum up, two sub-quadratic algorithms for the computation of motorcycle graphs are
known, but only the algorithm by Eppstein and Erickson [EE99] can be used to compute
the generalized motorcycle graph problem. Furthermore, no algorithm is known that is
suitable for implementation, on one hand, and can be expected to exhibit a significantly
sub-quadratic runtime for real-world applications on the other hand.

3.1.3 Geometric properties of the motorcycle graph

We interpret M (my, ..., my) as a graph and we add the infinite endpoints of the traces of
escaped motorcycles to the graph as well. It follows that M (my, ..., m,) contains exactly
2n vertices: Each motorcycle contributes a start point and an end point. (If multiple vertices
coincide geometrically, we still count them as different vertices.) The number of finite ver-
tices ranges from n to at most 2n1. The lower bound is attained if all motorcycles escape. The
upper bound is attained if all motorcycles crash into each other, as illustrated in Figure 41.

Lemma 3.1. M(my,..., my) contains between n and 2n edges. The lower bound is attained if all
motorcycles escape. The upper bound is attained if all motorcycles crash.

Proof. The edge set of M(my,...,my) results from n motorcycle traces, which are possi-
bly split. Hence, the number of edges is at least n. In order to show the upper bound
of 2n, we denote by 7, the number of crashed motorcycles and by e the number of edges.
M(my, ..., my) contains n + (n — n.) vertices of degree 1 and n, vertices of degree 3. (Note
that we obtain n — n° infinite vertices.) We charge each edge by both of its incident vertices.
Considering the total number of charges results in 2¢e = n+ (n —n¢) +3n, = 2n+2n, < 4n
and hence e < 2n. The bound is tight if n = n,. O
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The following lemma is given by Eppstein and Erickson [EE99] without a proof. In the
following, a pseudo-forest is a graph whose components are pseudo-trees and a pseudo-tree
is a connected graph that contains at most one cycle.

Lemma 3.2 ([EE99]). M (my,...,my) is a pseudo-forest.

Proof. We denote the number of edges of M (my,...,m,) by e. We may assume that the
motorcycle graph M(my,...,m,) is connected; the general case is shown analogously. If
M(my, ..., my) is not a pseudo-tree we can remove at least two edges without hurting con-
nectedness. Since a connected graph with 2n vertices contains at least 2n — 1 edges, it fol-
lows that e — 2 > 2n — 1. This is a contradiction to Lemma 3.1. O

3.2 STOCHASTIC CONSIDERATIONS OF THE MOTORCYCLE GRAPH

3.2.1  Number of intersections of bounded rays

In order to devise a motorcycle graph algorithm that runs fast in practice, it appears inter-
esting to investigate the average trace length within the motorcycle graph M (my, ..., my)
of n motorcycles. Let us recall that the tracks of the motorcycles lead to O(n?) intersections,
whereas the traces produce at most O(n) intersections, namely at precisely those points
where a motorcycle crashed into the trace of another.

Let us assume for a moment that the motorcycles drive at unit speed, the start points
v1,...,0, are distributed uniformly in the unit square [0,1]? and the ¢y, ..., ¢, are dis-
tributed uniformly on [0,277). Directly computing the expectation of the trace length of a
single motorcycle trace appears to be complicated due to the stochastic dependencies among
the motorcycle traces. However, it seems to be evident that the mean trace length cannot
get too large, because two traces are not allowed to intersect in the interior of each other.

Let us consider a regular \/n x /n grid on the unit square. A single motorcycle m; starts
at one grid cell and, while it moves, crosses a specific number of other cells. Each cell con-
tains on average one start point of a motorcycle. The probability that m; crosses k cells is
falling at least exponentially with k if we would flip a coin to decide whether m; passes the
motorcycle that started in each cell entered by m;. This thought experiment would suggest
that a motorcycle does not pass more than O(1) grid cells and, as a consequence, that the
average trace length is in O(1//n). However, a simple coin flip does not take into account
the stochastic dependencies among the motorcycles.

In order to simplify the original question, we reformulate the problem. Instead of asking
for the mean trace length of the motorcycles, we ask for the number of intersection points
of bounded rays, where the length of the rays is chosen at random according to the prob-
ability density function f. The idea is that if we gain some information on the number of
intersections than we also gain information on the mean length of the bounded rays as well.

Theorem 3.3 ([HH11b]). Let vy, . .., v, denote n points that are uniformly i.i.d.! on the unit square
[0,1)2. Further, by @1, . .., ¢, we denote n angles i.id.on D := {6y,...,6;}, withd € IN, such that

1 A common short-hand for “independent and identically distributed”.
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d; € [0,27) occurs with probability p;, where Y; p; = 1. Next, let Ly,...,Ly, be iid. on [0,0.2]
according to a probability density function f.

Foreachi € {1,2,...,n} consider a bounded ray T; C R? which starts at v;, has direction angle
@; and length L;. We denote by I = Y, 11,1, the number of intersections of Ty with Ty, . ..., Ty,
where 1p denotes the indicator function of the predicate P. Then

SELP(-1) < E[] < A-E[LP(n-1), 1)

holds, where A := Z?,j:l pipj| sin(d; — 6;)|. Furthermore, for A > 0 we obtain
E[l] € © (nE[L1]2> . (3.2)

(Distributing Ly, ..., L, on the interval [0, 0.2] is just a technicality that simplifies the fol-
lowing proof of the theorem.)

Proof. We assume that p; > 0 forall 1 <i < n. Hence, A is zero if and only if J; — (5]- € iz
forall1 <i,j < d. The latter condition means that the supporting lines of the bounded rays
are parallel. Hence, two rays intersect with probability zero and the claim of the theorem is
trivial. So let us assume A > 0. The law of total expectation yields

d

d
E[l] = ;P(‘Pl =0)E[l| 1 =6;] = ;PiE[I | o1 = 4] (3.3)

Consider the ray T; fixed. In order to have a ray T} intersect T; the start point v of Ty
needs to start in a certain area, whose shape depends on the direction ¢ of T. For some
arbitrary direction ¢ we denote this area by a parallelogram S, that is hinged at v, see
Figure 42:

Spi= {01 ta (Cf’sq’l) —b (C‘?S‘P) cae(0,Ly],be [0,0.2]}.
sin @1 sin ¢

The mapping

F:RZ - R?: 0 ( €08 1 s1n(p1) (v —11)
—Simnge@p COsS P

models the translation of v; to the origin and subsequent clockwise rotation by the angle
¢1. Hence, F(T;) starts at the origin and points rightwards, see Figure 42.

For aray Ty to intersect Ty, it is necessary that the start point vy lies isin S, . (Keep in mind
that the lengths are restricted to [0,0.2] and Tj has the direction angle ¢;.) We denote by
(x},y}) := v} := Fo; the translated start points v;, with 1 < i < n. Note that Ty intersects Ty if
and only if F(Ty) intersects F(T;). However, F(Tj) intersects F(T;) if and only if v} € F(S,,)
and Li|sin(@x — ¢1)| > |y;|. (The latter condition basically states that T is long enough in
order to intersect T7.)
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0,1) (1,1)

F(Ty)

F(Ty) F(Sg,)
F(vl)AY j (1,0)

—~— P~ P1

Figure 42: The big 5 x 5 grid illustrates [0, 1]?> with the origin at the left bottom point. We see that
A(Sg;) = L1-0.2-|sin(@ — ¢1)|, where A denotes the Lebesgue measure.

We note that S, C [0,1]* holds for all 9; € D and ¢ € [0,27) only if v; € [0.4,0.6]%.
Hence, for any 6; € D it follows that

E[I'| 91 = 6] < E[I | ¢1 = 6;,01 € [0.4,0.6]%].
On the other hand, by the law of total expectation we obtain
P(v; € [0.4,0.6)%)-E[I | 1 = &;,01 € [0.4,0.6)%] < E[I | 91 = 4],

and therefore

1

5 EIIA] < ElIlg1=6] < 1-E[I[A]

where A; denotes the event that ¢; = &;and v; € [0.4,0.6]2. Summing up over all i according
to Equation (3.3) gives

25

1

M=

d
piE[I|A;] < E[I] < 1-) piE[I|A]. (3.4)
1 i=1

In the next step, we analyze E[I|A;]. Let I; denote the number of intersections caused
by rays having a direction angle (5]-. Hence 2?21 I =1 We further denote by Bijm C A
those events of A;, where exactly m rays point to direction J;. Note that each ray causes
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intersections independently to each other. Therefore, we can separate the cases according
to the distribution of the direction angles ¢, . .., ¢,, which is multinomial:

d
E[I|A;] = Y E[Ij|Aj]

j=1

d )
25 [ X

ny4-+ng=n—1

n—1
(nl’ - nd) prt - P ElLj|Bijn ] df (Ly)dor. (3.5)

Next, we analyze E[I;|B;;]. We observe that E[I;|A;] is zero for i = j. Hence, we may
assume i # j in the sequel. Recall that we are asking for the expected number of intersec-
tions of T; with m rays that point in direction §; and which are distributed independently.
Hence, we may assume that the rays Ty, ..., T4 are driving in direction §;. Recall that Ty
intersects T only if v € S(;j. Denoting by A the Lebesgue measure, we obtain

E[1j1By ] = li; () M50 = A )™l A,

where A;;; C B, ; ,, denotes the event that exactly I of the rays of B; ; ,, start within ng.

We now resolve E[I;|4;;;]. W.l.o.g. assume that Ty, ..., Ty start in Ss;- Recall the nota-
tion (x, ;) := v} := F(vx) and recall that we may assume i # j, since E[I;| A;] is zero for
i = j. Since every ray causes intersections independently, we get

1+1 1

02
E[L|A; ;] = 7// 1 df(Ly)do

1 0.2
I df(L !
A(Ss) /I:So‘]-/() Ly|sin(-5))|> vy Af (L2)dv2

1 02| sin(&,-—éj)| . 12 /
B IA(Ssj)h/O P(La|sin(0; — 6)| > y3) dy).

=1

Next, we substitute y5 by z := y, /| sin(d; — ¢;)| and get

| Sil‘l(§j — (51)|

E[L|A; ] =1

0.2
Ll/ P(Ly > 2) dz
0
]
_lsin(é; — o)lLs
A(Ss;)
— 5IE[Ly]. (3.6)

E[L,]
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Since Y7o (1)p*(1 — p)" ¥ equals 1, we can plug the last result into the expression for
E[Ij|B; ju] and get

L1 1B ] i( ) — A(S3))"ISIE[Ly]
= SE[LiJA(S5 - f(l_l) (55)/1 (1= A(5))" 10

=1
- SE[Llws(s].)m

= mE[Ly]Ly| sin(6; — ;) -

In the final step, we plug this result into Equation (3.5) and obtain

n—1
E[I|A;] / / ( ) mo.. .yt
Il Z 04062 Jo . +nd pe1 \M1, .-, 14 Pro P

n;E[L1]Lq|sin(6; — 6;)| df (L1) doy

0.2 d
=25 /[0‘4,0'6]2 do 'E[Lﬂ/o Ly df(L1)- ) |sin(é; — 0)|

j=1

n—1 n n
Yoo <7’l1,...,nd> P g, (37)

ny+-+ng=n—1

Next we use

n—1 n—2
; =(n—1
n](nl,...,nd) (n )<n1,...,1’l]‘—1,...1’ld)

and therefore see that

n—1
D n]( nd)PTl“'PZ" = (n=1)p;

ny+-+ng=n—1 [ VEERY

Finally, by E[L4] = fo Ly df(Ly), it follows that
E[I|Aj] = E[L1)*(n — 1) Zp]|sm 5i)]. (3.8)

Using this result in Equation (3.4) finally proves the assertions of the theorem. O

Choosing the lengths Ly, ..., L, on the interval [0, 0.2] was a technical twist. It allowed us
to assume that if a bounded ray Tj starts in [0.4,0.6]? and is intersected by another bounded
ray T, then T, started definitely in [0, 1]?, because the start points of T; and T, have a distance
of at most 0.4. Therefore, it holds that

1

o= “ElIlA] < E[1) < E[1]4],
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where A denotes the event that T; started in [0.4,0.6]>. Note that the left inequality follows
by the law of total expectation. In order to prove Theorem 3.3 it remained to show that
E[I|A] = A-E[L1)*(n — 1). However, if we distribute Ly, ..., L, on an interval [0, €], with
any positive € < 0.25, the argument from above easily extends to

(1—4e)*-E[1|A] < E[T] < E[1]4],

where A denotes the event that v; € [2¢,1 — 2¢]?. Note that the remainder of the proof of
Theorem 3.3 is not affected by the above generalization. As a consequence, Theorem 3.3 can
actually be generalized to

(1 —4€)?>A-E[L1]*(n —1) < E[I] < A-E[L1]*(n —1). (3.9)

3.2.2 Implications to the motorcycle graph

Consider n random motorcycles my, ..., m, that drive at unit speed and where the start
points v1, ..., v, are chosen uniformly from the unit square [0,1]? and the direction angles
@1, ..., ¢n are chosen from a set D := {4y,...,9;}, where §; € [0,27) occurs with prob-
ability p;, as in Theorem 3.3. After generating n random motorcycles as described above,
we compute the motorcycle graph M (my, ..., m,) and record all the trace lengths. We can
repeat this experiment a number of times and keep on recording the trace lengths. The sam-
ples recorded can be used to obtain an approximation f of the density of the trace lengths
of a motorcycle graph with n motorcycles. Using the approximate density f in Theorem
3.3 establishes the relation (3.9) between the expected number of intersections E[I] and the
mean trace length E[L;] according to the approximate density function f. Unfortunately,
both E[I] and E[L] are unknown.

However, for increasingly larger values of n the vast majority of motorcycles does not
reach the boundary of [0, 1]2, but crashes against other traces. Hence, as the number n
of motorcycles increases, the trace lengths shrink in the average case?, and for sufficiently
large n the vast majority of motorcycles can be expected to have a trace length less than some
constant € smaller than 0.25. Since there are at most n crashes, a motorcycle trace may be
assumed to intersect two other traces on average: the motorcycle itself crashes into another
trace and a second motorcycle crashes into the considered trace. This suggests E[I] = 2,
which can also be verified experimentally. (Actually, E[I] € O(1) would suffice for our
subsequent runtime analysis of our algorithm in Section 3.3.)

Plugging E[I] = 2 and a small € in the inequality (3.9) suggests the following approxima-
tion for the mean trace length:

2
E[L1] ~ d . °
(n—1) Xi =1 pipjl sin(d; — ;)|

Of course, the assumption that Ly, ..., L, are independently distributed is not justified for
the actual motorcycle graph problem. However, in Section 3.3.3, we are able to substantiate
this approximative formula for the mean trace length of motorcycle graphs by providing
sound experimental evidence.

(3.10)

2 Of course, the motorcycles must not all drive in parallel directions.
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3.3 A SIMPLE AND PRACTICE-MINDED IMPLEMENTATION

In order to compute the straight skeleton S(G) of a planar straight-line graph G by using
Bong, it is vital that we can compute the motorcycle graph M (G) fast in practice. The al-
gorithm by Eppstein and Erickson [EE99] would allow us to compute M (G), but the algo-
rithm is too complicated to be implemented. The algorithm by Cheng and Vigneron [CV07]
is easier, but still complicated to implement — e. g., we would need to implement an algo-
rithm for the 1//n-cutting — and it needs to know all motorcycles a priori. The standard
priority-queue based algorithm is trivial to implement, but exhibits an O(n?log ) runtime
in practice. For our purposes, we seek a motorcycle graph implementation that is simple
enough to be implemented, runs fast in practice, and which supports the dynamic insertion
of new motorcycles.

Our approach is to take the algorithm of Cheng and Vigneron [CV07], drop the arrange-
ments on each cutting cell and to replace the 1//r-cutting by a regular \/n x /n grid. In
other words, we apply geometric hashing to the standard priority-queue based algorithm.
The motivation for our approach is a simple trade-off: we lose the deterministic O(1+/n log n)
time complexity, but instead gain an algorithm that (i) is easy to implement and (ii) runs in
O(nlogn) time if the motorcycles are sufficiently uniformly distributed.

3.3.1  Details of the algorithm

The input to our algorithm consists of a set M = {ml,. .., mn} of motorcycles and a set
W = {w;,...,w,} of rigid walls. The motorcycles need not all be known a-priori. A wall is
modeled as a straight-line segment and a motorcycle m; is given by a start point v;, a speed
vector s; and a start time ¢; € [0, 0). Due to practical numerical advantages, we scale the in-
put such that the bounding box of the start points is a proper subset of the unit square [0, 1]2.
For the matter of simplicity, we first restrict our computation of the motorcycle graph to the
unit square [0, 1]2. However, this restriction can be waived easily, see Section 3.3.4. (The
restriction of the computation to [0,1]? can be enforced within our framework by adding
four dummy walls that form the boundary of [0, 1]2.)

Our algorithm maintains two geometric hashes, Hy; and Hy, which form regular /n x
v/n grids on [0,1]2. While Hy; keeps track of the motorcycles, Hyy contains the walls of W.
We use Hy in order to determine whether a motorcycle crashed against a wall. However,
since we consider walls to be rigid, we could have employed more efficient ray-shooting
algorithms in terms of worst-case complexity. For the matter of simplicity, we choose the
geometric hash for our implementation.

The basic algorithm is a discrete event simulation of the movement of the motorcycles
with two types of events: crash events and switch events. A crash event indicates that a
motorcycle crashes against another motorcycle or a wall, and a switch event occurs when a
motorcycle leaves one grid cell and enters a neighboring one. All events pending are kept in
a priority queue Q. Furthermore, for every motorcycle m;, we maintain a balanced binary
search tree C[m;| that contains potential future crash events of the motorcycle m;.

The algorithm starts with filling Hyy with all walls of W and then invokes insertMc(m)
for each m € M, which inserts a new motorcycle m to our data structures. The main loop
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of the algorithm extracts one event e from Q after the other and processes them by calling
handle(e), depending on the actual type of the event e. If a newly emerging motorcycle m
should be inserted at any time of computation then insertMc(m) is called. The procedures
insertMc and handle are described in the sequel:

e insertMc(motorcycle m): We first create an empty binary search tree C[m] and then
insert a switch event for m into Q. The occurrence time of the switch event is set to the
start time of m.

e handle(switch event e of the motorcycle m): We register m at the cell that m en-
tered and add the subsequent switch event of m to Q, if one exists. Then we check for
a potential crash against a wall in the current cell and add the earliest one, if existing,
as a crash event to Q. We clear C[m] and for every other motorcycle m’ registered in
the current cell, we check for an intersection of the tracks of m and m’. For each such
intersection, we add a corresponding crash event into C[m] if m’ reaches the intersec-
tion before m, and into C[m'] for the dual case. Note that if we add an event into C[m’]
that ends up being the earliest in C[m’] then we have to update Q accordingly. Finally,
we add the earliest crash event of C[m] into Q.

e handle(crash event ¢ of the motorcycle m): First, we mark the motorcycle m as
crashed and clear C[m]. Note that the trace of m ends at the corresponding crash point.
Secondly, we remove the remaining switch event of m from Q. (Alternatively, we could
leave the event in Q, but check at each switch event whether the current event is still
valid.) Then we clean up interactions with other motorcycles m’ in the current grid
cell: We remove from Q all crash events, where m is involved and which got invalid,
because it turned out that m will not reach the location of the potential crash event.
Likewise, if C[m’'] contains such an invalid crash event then it is removed as well.

3.3.2 Runtime analysis

In the subsequent analysis, we ignore the influence of the wall handling and concentrate
on the computation of the motorcycle graph only. The procedure insertMc is called exactly
n times, which takes O(nlogn) time in total. A single crash event or switch event of a mo-
torcycle is handled in O(klogn) time, where k € O(n) denotes the number of motorcycles
in the cell affected. Note that we can remove an element of Q in O(log n) time if we have a
pointer to the element and if we use, for instance, a maximizing heap to implement Q.

In total we have O(n) crash events and at most O(n+/n) switch events. Hence, in the worst
case, our algorithm runs in O(n?\/nlogn) time. However, it seems very unlikely that the
worst case actually happens: it would require that ()(n) motorcycles drive across (/1)
common grid cells. Hence, those ()(n) motorcycles drive virtually parallel along a long
strip that is only O(1//n) units thick and, moreover, no other motorcycle is allowed to cross
this strip, until the motorcycles crossed a constant fraction of the whole grid.

As we learned in Section 3.2, a motorcycle is visiting O(1) grid cells on average, if the
motorcycles are distributed uniformly enough. Consequently, a single grid cell is occupied
by O(1) motorcycles on average. Again, the initialization consumes O(nlogn) time in to-
tal. However, now a single crash event or switch event is handled in O(logn) time in the
average case. Still, we have O(n) crash events but in the mean observe only O(1) switch
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events per motorcycle. Summarizing, we may expect a runtime of O(n log n) for sufficiently
uniformly distributed input, as motivated by Section 3.2. We provide sound experimental
evidence in Section 3.3.3 that underpins our arguments for an O(nlogn) runtime for uni-
formly distributed start points, but also demonstrates an O(n log 1) runtime for most of the
real-world input, where start points are not necessarily distributed uniformly.

3.3.3 Experimental results and runtime statistics

Our motorcycle code is called Moca3. It is implemented in C++ and uses the STL for com-
mon data structures like queues, red-black trees and priority queues. All geometric compu-
tations are based on ordinary IEEE 745 double-precision floating-point arithmetic. Moca
provides runtime options for a posteriori tests to check necessary conditions for the correct-
ness of the resulting motorcycle graph. In particular, we check (i) for motorcycle traces with
a free end* and (ii) for motorcycle traces intersecting in the relative interiors of each other.
To the best of our knowledge, this is the first competitive motorcycle graph implementa-
tion. For this reason, we do not compare our code with other implementations, but content
ourselves with a discussion on the performance of Moca.

3.3.3.1  Verification of the stochastic analysis

We used Moca to collect statistical properties of several datasets, in order to underpin the
theoretical results obtained in Section 3.2. We set up three experiments that investigate the
dependence of the mean trace length on (i) the number of motorcycles n and (ii) the direction
angles J; in Equation (3.10).

For the first two experiments, we created datasets with n random motorcycles by choosing
the start points uniformly in [0,1]? and the direction angle uniformly from the set {0,4}.
Equation (3.10) asserts that the mean trace length L is given by

2
E[L] ~ V(DA (3.11)

In Experiment 1, we created a dataset for each n € {i-5000 : 1 < i < 60} and ¢ €
{ir/12 : 1 < i < 6} and used Moca to determine the mean trace length among each
dataset. In the left subfigure of Figure 43, each dot depicts the mean trace length of a dataset,
where the resulting values were normalized for illustrative reasons, by dividing them by the
factor 2/y/n—1. As predicted by Equation 3.11, the plot shows six® horizontal lines, where
each line corresponds to a particular value of 4. In Experiment 2, we created datasets for
n = 10000 and 6 € {ir/a0 : 1 < i < 40}. The reciprocal values of the normalized
mean trace lengths are shown in the right subfigure of Figure 43. The normalized mean
trace lengths are aligned on the reference curve /|siné|, which matches the estimation
provided by Equation (3.11).

3 Short-hand for MOTorcYCLE CRASHER.
4 Each endpoint of a trace of a motorcycle that did not escape must coincide with the trace of another motorcycle.
5 The two bottom lines mostly overlap.
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In the third experiment, we considered the mean trace length of datasets where the di-
rection angles are distributed uniformly on [0,277). This can be achieved by uniformly dis-
tributing the direction angles on {4y, ...,6;}, with ; = i%”, and subsequently considering
d — oo. According to Equation (3.10) we obtain:

1
E[L] ~ lim d
] d—o0 \/(n—l)[}?_ll(d—iﬂsiniz;

. 1
= lim d - Y A R 1
d—eo \[ (n—1)-d>Y7 " (1 — 7)|sin27}|- 5

1
B \/(ﬂ -1) fol(l — x)| sin27tx| dx

7T
=/ (3.12)

We again generated random datasets, where # ranges from 5 000 to 300 000 in steps of 5 000.
Figure 44 shows the runtimes and the mean trace lengths on these datasets. The runtime
has been divided by nlog n and the mean trace lengths have been normalized by the factor
V7/n-1. As predicted, the graph shows two horizontal lines. That is, the runtime of Moca
is in O(nlogn) and the mean trace length is approximately \/7/n—1.

3.3.3.2 Runtime statistics on real world data

We performed the following runtime tests on a Linux machine with a 32-bit Kernel. We
used an Intel E6700 Core 2 Duo processor, clocked at 2.66 GHz, using 4 GiB of memory.
Note that the 32-bit architecture limits the memory footprint of Moca to roughly 3 GiB in
user space. For time measurement, we used the C library function getrusage.

Since the development of Moca is motivated by our straight-skeleton implementation
Bone, we consider planar straight-line graphs G as input and test Moca by computing the
motorcycle graph M (G) induced by G. We ran Moca on more than 22000 datasets, con-
sisting of synthetic and real-world data. Our real-world datasets include polygonal cross-
sections of human organs, GIS maps of roads and river networks, polygonal outlines of
fonts, and boundaries of work-pieces for CNC machining or stereo-lithography. The syn-
thetic test data was generated by means of RPG [AH96] and an enhanced version of RPG
due to Held. The synthetic data also contains contrived data, like extremely fine approxi-
mations of smooth curves, where the vertices are distributed highly irregularly.

Figure 45 (a) illustrates the runtime of Moca on each dataset. The runtimes are given in
seconds and were divided by nlogn for illustrative reasons. To avoid unreliable timings
and other idiosyncrasies of small datasets, we only plot the results of datasets with at least
100 motorcycles. We observe that Moca exhibits a runtime of 2 to 10 - nlog n us for the vast
majority of our datasets. About 100 outliers that did not fit into this plot, took up to 2 - nlog n
ms. A typical dataset of this kind is a sampled ellipse: all motorcycles escape and visit a
large number of cells.

The plot in Figure 45 (b) shows the mean trace length, which has been multiplied by /n
for a better illustration. We can see that for most datasets in the entire database, the mean
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Figure 45: A dot depicts the runtime of Moca resp. the mean trace length of a dataset. The x-axis
show the size n of the datasets. (a) Runtime of Moca in seconds, divided by nlogn. (b)
Mean trace length, multiplied with \/n. (c, d) Show the plots analogous to (a, b), but with
walls inserted.

trace length is between 0.5/./n and 6//n. This circumstance is the main reason for the good
runtime behavior achieved by our implementation. Our theoretical analysis carried out in
Section 3.2 is based on the assumption that the start points are distributed uniformly in
the unit square. Figure 45 (b) provides experimental evidence that this assumption can be
relaxed for real-world input, which still exhibits an average trace length of O(v/n) for most
datasets.

For the test runs of subfigure (a) and (b), we did not insert the edges of the input graphs G
as walls. However, additional tests demonstrate that inserting the walls has only a negligible
impact on the runtime of Moca resp. the mean trace length of the resulting motorcycle
graphs. We illustrated the corresponding runtimes and mean trace lengths in subfigure (c)
and (d).

We further investigated the runtime of Moca on random datasets with non-uniformly
distributed start points. For this reason, we generated datasets where the start points resp.
the x-coordinates of the start points are distributed Gaussian resp. multi-modal Gaussian.
By varying the standard deviations, we are able to successively concentrate the start points
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at specific regions of the unit square. In Figure 46, we plotted the runtime of Moca and the
mean trace lengths on datasets, where (a) the start points are distributed Gaussian at the
center of the unit square and (b) only the x-coordinates are distributed Gaussian with mean
0.5. As expected, for a decreasing standard deviation the runtime of Moca increases accord-
ingly. Note that the mean trace length decreases as well, but the impact on the runtime due
to the condensed start points dominates the result.

3.3.4 Extending the computation beyond the unit square

The computation of the motorcycle graph outside the unit square can be done very effi-
ciently in terms of worst-case complexities. At first, we compute the motorcycle graph inside
the unit square. When a motorcycle reaches the boundary of the unit square it is temporar-
ily stopped. After all motorcycles crashed or have been stopped at the boundary of the unit
square, we compute the motorcycle graph outside the unit square. This, however, can be
done very efficiently: We interpret the boundary of the growing unit square as a sweep-line.
Each motorcycle sits on this growing square and whenever two motorcycles m1, my would
exchange their positions — i.e., the square reached an intersection point of the tracks of
mj and my — then either m; crashed into m; or vice versa. The crashed motorcycles are re-
moved from the sweep line and the algorithm continues. The algorithm is correct because
the motorcycles are, roughly speaking, moving in the same direction as the wavefront and
never against it. Using a balanced binary tree structure on the sweep line allows us to com-
pute the motorcycle graph outside the unit square in O(nlogn) time.

This strategy is motivated by the sweep-line algorithm due Eppstein and Erickson [EE99].
Their algorithm computes the motorcycle graph of motorcycles, where the velocities have
positive x-coordinates, in O(nlog n) time. Note that our approach also works if we use the
convex hull of the start points instead of the boundary of the unit square as initial sweep
line. In other words, the motorcycle graph outside the convex hull of the start points can
be computed in O(nlogn) time. However, the computation of the motorcycle graph within
the convex hull remains complicated.

Note that the approach presented above assumes that no motorcycle emerges during the
propagation of the sweep line. However, under specific circumstances we can still allow the
launch of new motorcycles: (i) the start point needs to coincide with the current position of
the wavefront and (ii) the motorcycle needs to drive to the one side of the wavefront that
has not yet been swept. Both conditions are fulfilled by our generalization of the motorcycle
graph.

Moca pursues a simple approach to continue the computation of the motorcycle graph
outside the unit square, by extending the 2(/n + 1) grid lines to infinity. We consider the
resulting infinite grid cells as part of the hash and continue the simulation of the moving
motorcycles on this grid cells. In order to restrict our computations to the unit square, we
add four dummy walls that cover the boundary of the unit square. The impact on the per-
formance of Moca, when the boundary walls are removed, directly depends on the number
of motorcycles that do not crash within the unit square, which includes the motorcycles that
escape.
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Figure 46: The runtime of Moca and the mean trace length on random datasets, where the direction
angles are distributed uniformly on [0, 277). (a) 2000 motorcycles, where the start points are
distributed Gaussian with mean (0.5,0.5). (b) 10000 motorcycles, where the x-coordinates
of the start points are distributed Gaussian with mean 0.5 and the y-coordinates are dis-
tributed uniformly on [0,1]. In both subfigures, the x-axis shows the corresponding stan-
dard deviation.
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Figure 47: Statistics obtained from Moca when the computation is continued beyond the unit square.
The x-axis depicts the number n of motorcycles in the dataset. (a) Runtime, divided by
nlogn. (b) Mean trace length of the crashed motorcycles, multiplied with /7. (c) Number
of escaped motorcycles, divided by v/n. (d) Number of motorcycles crashed outside the
unit square, divided by /.
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Figure 47 (a) and (b) show the runtime of Moca and the mean trace length, where the
computation is continued beyond the unit square. We observe that there is only a little im-
pact on the runtime of Moca and the same holds for the mean trace length. In subfigure (c)
we plotted the number of motorcycles that escaped and subfigure (d) shows the number of
motorcycles that crashed outside of the unit square. Note that the remaining motorcycles
crashed within the unit square. We observe that the number of motorcycles that escaped is
roughly ®(/n) and the number of motorcycles that crashed outside [0, 1]? is approximately
©(+/n). Hence, the vast majority of motorcycles remained within the unit square for most
of the datasets in our database. This is the reason why Moca performs well, even though
we continue the computation of the motorcycle graph outside the unit square.

3.4 EXTRACTING THE MOTORCYCLE GRAPH FROM THE STRAIGHT
SKELETON

In the introduction of this chapter, we mentioned the close relation between straight skele-
tons and motorcycle graphs. From a geometric point of view, this relation becomes visible
by Theorem 2.26, which states that the motorcycle graph covers the reflex arcs of the straight
skeleton. In general, it can be observed that the gap between the reflex arcs and the motorcy-
cle traces decreases as the motorcycles resp. the reflex wavefront vertices move faster. From
this observation, the question arises whether we can always approximate the motorcycle
graph using the straight skeleton. In other words, can we compute the motorcycle graph
using a straight-skeleton algorithm?

We think that this question is interesting due to following reasons. Firstly, since motorcy-
cle graphs play an important role in the computation of straight skeletons, it appears to be
important to deepen the insight into the geometric relation between motorcycle graphs and
straight skeletons. Secondly, if we manage to efficiently reduce the construction problem of
motorcycle graphs to straight skeletons then we are able to describe the complexity of one
problem in terms of the other problem. In fact, in Section 3.4.3, we present a proof for the
P-completeness of straight skeletons that is based on the results of the subsequent sections
and the P-completeness of motorcycle graphs due to Eppstein and Erickson [EE99].

3.4.1 Approximating the motorcycle graph by the straight skeleton

We assume that n motorcycles my, ..., m, are given, where each motorcycle m; has a start
point p; and a speed vector v;. All motorcycles start at the same time. In particular, no
motorcycles emerge later on. Can we find an appropriate planar straight-line graph G such
that the straight skeleton S(G), resp. a proper subset of S(G), approximates M (my, ..., my)
up to a given tolerance?

It follows from Theorem 2.26 that if we construct G such that at each p; a reflex wavefront
vertex starts moving along the track of m; with velocity v; then the reflex arcs of S(G) that
belong to these wavefront vertices approximate the traces of M(my,...,my,) up to some
gap. The simplest way in order to obtain such reflex wavefront vertices is to place isosceles



3.4 EXTRACTING THE MOTORCYCLE GRAPH FROM THE STRAIGHT SKELETON \

[ e
1y M '

Figure 48: The isosceles triangle A; is placed on the vertex p;. The interior angle of A; at p; is 2; and
)\|‘Ul“ = 1/sinai.

triangles A; at each p; such that the trace of m; is bisecting the exterior angle of A;. By setting
the angle of A; at p; accordingly, we can adapt the speed of the corresponding wavefront
vertex.

As already mentioned, we observe that the faster m moves the better is its trace approx-
imated by the reflex straight-skeleton arc that is covered by m. But since the speed of
my,...,my is part of the input to our problem setting, we cannot change the speeds of the
motorcycles. Moreover, a wavefront vertex has always a speed of at least 1. If a motorcycle
has a speed less than 1 then we cannot construct an according A;, as mentioned above. How-
ever, it easy to see that if we multiply each speed vector v; by the same constant A > 0 then
the motorcycle graph remains the same. Hence, the idea is to place at each p; an isosceles
triangle A;, where the interior angle at p; equals 2a; and «; is given by

.1

w; 1= arcsin Aol (3.13)
The constant A is chosen large enough such that A|v;] > 1forall1 < i < n, see Figure 48.
The size of A; will be specified later. We denote by u; the reflex wavefront vertex emanated
at p;. Note that u; has A-times the speed of m;. Furthermore, note that each triangle A; is
emanating two additional motorcycles at the other two corners. This leads us to a refined
version of our initial question: Can we find A large enough such that the reflex arcs of S(G)
that are emanated from p;, approximate M (my, ..., m,) up to a given tolerance?

We denote the trace of each motorcycle m; by s;. Recall that D, denotes the disk with
radius y and the center at the origin. Since all traces are closed sets, there exists y > 0 such
that the Minkowski sums s; + Dy, and s i+ Dy are disjoint for all 1 < 7,j < n, where s; and
s; are disjoint. For example, let y be a third of the pairwise infimum distance among all
disjoint traces. Note that two traces s;, s; are intersecting if and only if m; crashed into m;
or vice versa. Further, we choose y small enough such that p; + D, is disjoint with s; + Dy,
forall1 <i,j < n, where p; is disjoint to s;. We denote by G the planar straight-line graph
that consists of the triangles A;, as described above, where the lengths of the arms that are
incident to p; are set to #/2.

Lemma 3.4. The wavefronts of A; stay within s; + Dy, until time n/4 if A > |3—‘

Proof. From A > 2/|v;| follows that 2«; is at most 60°. Hence, the other two angles of A; are
at least 60" and the two additional motorcycles at A; have a speed of at most 2. Since the
start points of those motorcycles have a distance of #/2 from p; and since they drive at most
a distance of #/2 in time #/4, they stay within p; + D,,.
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Figure 49: The wavefronts of A; are bounded to s; + D, until time #/4. Top: the motorcycle m; did
not crash until time #/4. Bottom: the motorcycle m; did crash until time #/4.

Next, we consider a wavefront edge e that is emanated from A; and propagating to the
exterior of A;. Let us recall the slabs of the lower envelope from Section 2.4.3. We call the
slab that belongs to e and which is vertically projected onto the plane the feasible area of e.
The face f(e) is contained in the feasible area of e. We have to proof that e(t) stays within
s; + Dy, until time #/4. First, we restrict the feasible area of e to those points that have an

orthogonal distance of at most #/4 to e(0), see Figure 49. We distinguish two cases: the
motorcycle m; did crash or did not crash until time #/4. In both cases the corner points of
the restricted feasible areas are contained within s; + D, the restricted feasible areas are
convex and s; + D, is convex. Hence, the wavefronts of A; until time #/4 are contained
within s; + Dy,. O

We denote by s_l> the ray that starts at p; in direction v; and define

L:= L5 Ns). 14
1;}3;(}1&1(]01, si N s]) (3.14)
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Figure 50: The wavefronts of A; do not cause a crash of the reflex wavefront vertex from p;.

Note that we may only consider indices i, j for which 5N s_; is not empty. If no such indices
i, j exist then we set L to zero. Further, let us denote by ¢; ; € [0, 7] the non-oriented angle
spanned by v; and v;, with ¢; ; = ¢; ;. Next we define

— i + T — ©:
P = 152}19]12 N{@ij,m— @ij}- (3.15)
If the corresponding set it is empty — i.e. if all motorcycles drive on parallel tracks — then
we set ® := 71/2.

Lemma 3.5. Let m; denote a motorcycle that crashes into the motorcycle m;. The wavefronts of A,
do not cause a split event for the reflex wavefront vertex u; until time 1/4if A > 2/min o sin ®.

Proof. Since A > ﬁ holds for any 1 < k < n, it follows that

[0

1 [
singp < —— < —sin® < sin —,
= Toela — 2 )
because sin is concave on [0, 7r]. By further noting that sin is monotone on [0, 7/2] we see
that

N

Ny S V1 S k S n.

The motorcycle m; does not also crash into m;, since two motorcycles do not crash simul-
taneously into each other by assumption. If s; and s; are collinear then the assertion is either
trivial or excluded by assumption. Without loss of generality, we may assume that s; is right
of s_;, see Figure 50. We denote by g the endpoint of the reflex straight-skeleton arc that is
incident to p;. Let us consider the left (resp. right) bisector between the left (resp. right)
arm of m; and the right arm of m;, starting from g.

By Lemma 3.4 it suffices to show that the two arms of m; do not lead to a split event with
uj until time #/4: The two additional motorcycles from A; stay within p; + DH' Hence, we
only have to consider the arms of m,;.

We conclude the proof by showing that none of both bisectors intersects s_; Let us con-
sider the right bisector. Recall that «;, o i < ®/2 and that 7 — @ij > ®. In the extremal case,
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Figure 51: The point g is reached earlier by the left arm of m; than by the right arm of m;.

where equality is attained for all three inequalities, the right bisector is just parallel to s;,
but strictly right of 5. In all other cases the bisector rotates clockwise at g such that our
assertion is true in general. Analogous arguments hold for the left bisector. Summarizing,
the reflex wavefront vertex u; does not lead to a split event with the wavefronts of A; until
time #/4. O

Lemma 3.6. Let m; denote a motorcycle crashing into the motorcycle m;. For any € > 0 and

1 L
> max<{2,— ¢,
miny [vg| - sin® min{#/4,€}

the trace s; is covered up to a gap size € by the reflex arc traced out by u;.

Proof. We will prove the following: any point g on s;, whose distance to the endpoint of s;
is at least €, is reached by u; no later than at time #/4, see Figure 51. We first show that until
time #/4 the reflex wavefront vertex 1; may only cause a split event with the wavefronts of
Aj. By Lemma 3.4, we know that until time #/4, the wavefronts of a triangle Ay could only
cause a split event with u; if sy and s; intersect. Hence, m; crashed against s;. However, by
Lemma 3.5 it follows that u; does not lead to a split event with the wavefronts from Ay.

W.l.o.g., we may assume that s; lies on the right of s_]> In order to show that u; reaches g
until time #/4, it suffices to prove that g has a smaller orthogonal distance to the left arm of
m; than to the right arm of m; and that the orthogonal distance of g to the left arm of m; is
at most #/4.

The orthogonal distance of g to the left arm of m; is at most L- sinw;. The orthogonal
distance of g to the right arm of m; is at least the orthogonal distance of g to s;. However,
this distance is at least € - sin ¢; ;. Summarizing, our assertion holds if

L- sina; < min{x/4,€sin q)i,j},
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and thus

A > - L - .
= |v;| - min{#/4, e sin Qpi,j}
Our choice for A fulfills this condition. The case where s; and s; are collinear such that m;

crashes at p; is similar. The wavefront of A; reaches g no later than at time ¢/2 and v; reaches
L

time. O
Alv;]

g in at most

Let us denote by S;(my,...,m,) C S(G) the union of the reflex straight-skeleton arcs
that are traced out by uy, ..., u,, where G is given as described above. Then we get the
following corollary of Lemma 3.6:

Corollary 3.7.

lim Sy(my,...,my) = M(my,...,my)
A—o0

This corollary also includes that a point 4 on a motorcycle trace s; of a motorcycle m; that
never crashed, is covered by an arc of S} (my,...,my) for large enough A. However, this is
easy to see by applying Lemma 3.4 and Lemma 3.5, and by finally finding A large enough
such that the point g is reached by u; until time #/4.

3.4.2 Computing the motorcycle graph

In order to reduce the construction problem of motorcycle graphs to straight skeletons, we
have to cope with the remaining gaps between the motorcycle traces s; and the reflex arcs
traced out by u;, which exist for arbitrary large A. Hence, the question remains whether
m; actually crashed into m; (or vice versa), even if the gap between two reflex arcs that are
traced out by u; and u;, is very small.

In order to decide whether the motorcycle ; escapes or whether it crashes into a trace s;,
we determine A large enough such that the following conditions are fulfilled:

e If m; crashes into a trace s; then the reflex wavefront vertex u; leads to a split event until
the time #/4 and the reflex arc that is traced out by u; has an endpoint in a straight-
skeleton face of an edge of A;. (The vertex u; causes a split event with the right arm of

m; if s; is right of s_]> and the left arm if s; is left of s_}.)
o If m; escapes then the reflex wavefront vertex u; did not lead to a split event until the
time #/4.

The following lemma states that such A exists and provides a sufficient bound.
Lemma 3.8. Consider S(G) with
max {2, %}
~ miny |[vg| - sin®

Then m; crashes into s; if and only if u; leads to a split event with the wavefront emanated by A;
until time 1/4. In particular, m; escapes if and only if u; does not lead to a split event until time 1/4.
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Figure 52: The reflex wavefront vertex u; causes a split event until time #/4.

Proof. We distinguish two cases. First, suppose that the motorcycle m; crashed into the trace
sj, see Figure 52. We may assume without loss of generality that s; is right of s_/> First we
note that by our choice of A we may apply Lemma 3.4. We denote by p the intersection
si Ns;j. Further, we set € := #/8, which allows us to apply Lemma 3.6, because

8L L
=L e Tua AL
max {2/ ]/l } < max {2, min{ﬂ/‘l/e} } ‘

Thus, the endpoint g of the reflex arc that is traced out by u;, has a distance of at most #/s
to p. On the other hand, u; reaches p at time L/A|y;| at the latest. We conclude that the right
arm of m; reaches g at time L/Ajo;| 4 1/8 at the latest, which is bounded from above by

L-p- ming |vg| - sin® Ny
8-L-|vj| 8~ 4
by our choice of A. Summarizing, the point g is swept by the wavefront of the right arm of

m; and is reached by u; until #/4 time. Hence, u; must have caused a split event until the
requested time by crashing into the wavefront of the right arm of m;.

For the second case assume that m; escapes. Lemma 3.4 and Lemma 3.5 imply that u;
does not lead to a split event until time #/4. O

The previous lemma enables us to compute the motorcycle graph by employing a straight
skeleton algorithm. However, in order to apply the lemma, we need to compute appropriate
values for L, ®, u in order to determine a sufficiently large A. While L and ® are already
given independent of M (m;, ..., m,), the following lemma gives a formula for y, for which
the actual motorcycle graph is not needed to be known. (In the following lemma we take
d(s],D) to be infinity.)

Lemma 3.9. For any two disjoint motorcycle traces s; and s; the Minkowski sums s; + Dy, and
sj + Dy are disjoint for

1. — e

== min RY"N{d(s/,p;),d(s!, s N )
H 3l§i,j,k§n { ( i P]) ( ir9jf k)}

Proof. In order to guarantee that the Minkowski sums are disjunct it suffices to show that

u is a lower bound of a third of the minimum of all pairwise infimum distances of disjunct
traces s; and s;.
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Let us consider two disjunct traces s; and s;. We choose two points q; € s;,g; € s; for
which d(s;, s;) = d(g;,9;) holds. We may assume that either g; is an endpoint of s; or g; is an
endpoint of s;, because the infimum distance is not uniquely attained for two interior points
of s; and s;. (If s is not bounded, the only endpoint is py.) If g; is the start point of s; then
we have d(s;,s;) = d(s;, p;) > 3u. If q; is the opposite endpoint of s; — and hence s; is a
segment — then s; crashed into some other motorcycle trace. Hence, there is a trace s; such
that q; = s; M s;. Again we get d(s;,s;) = d(s;,q;) > 3p. Analogous arguments hold if g; is
an endpoint of s;. O

After computing appropriate values for L, ® and yu for a set of motorcycles my, ..., my,
we can determine a sufficiently large A and build the input graph G by constructing the
triangles Ay, ..., A, as described. After computing the straight skeleton S(G), we determine
the length of each trace by applying the conditions listed in Lemma 3.8.

3.4.3 Constructing the straight skeleton is P-complete

The concept of P-completeness is similar to the concept of NP-completeness. A problem A
from P is said to be P-complete under NC-reductions if any problem in P can be reduced
to A in NC time. The complexity class NC comprises all problems that can be efficiently
solved in parallel. That is, they can be solved in poly-logarithmic time complexity using
a polynomial number of processors. Hence, all P-complete problems cannot be efficiently
solved using parallel computers, unless NC = P. In other words, P-complete problems are
inherently sequential, provided that NC # P. If the latter condition would be wrong then
every problem solvable in polynomial time could also be solved efficiently in parallel. To
show this it would suffice to find a single P-complete problem that can be solved in NC time.
However, is is commonly assumed that NC # P.

In order to show that a specific problem A is P-complete it suffices to reduce any P-
complete problem to A in NC time. Alternatively, one could also seek for an according
LOGSPACE reduction, because LOGSPACE C NC. For further details on P-completeness
we refer to the book by Greenlaw, Hoover and Ruzzo [GHR95].

Atallah et al. [ACG93] described a framework for geometric reductions of the P-complete
Pranar Circurt VALUE problem and used it to prove the P-completeness of several geometric
problems. For their framework, they consider specific binary circuits which are organized
in layers: an input layer at the top and alternating routing layers and logic layers from top to
bottom. The routing layers and logic layers consist of rows of components occupying non-
overlapping rectangles. A logic layer consists of a row of \VV-gates and a row of —-gates and a
routing layer comprises rows of routing components, namely left shifts, right shifts, fan-out
gates and vertical wires. The binary circuit has a single output gate and the Circuir VALUE
problem asks for the output value of this gate when a specific input vector is presented to
the input gates. Atallah et al. proved that the Circuir Varue problem for circuits of such a
specific layout is still P-complete.

Investigating the P-completeness of geometric problems often requires the availability of
exact geometric computations, which are not in NC. For instance, they mention the problem
of determining whether four points lie on a circle, which is an essential predicate when com-
puting Voronoi diagrams. In order to investigate the P-completeness of geometric problems,
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Attalah et al. [ACG93] propose that the answers to basic geometric queries are provided by
an oracle.

A basic building block for showing that the straight skeleton is P-complete is the construc-
tion of the triangles A;. Assume p;, &;,v;, jt, and A are given. We further assume that an ora-
cle determines the intersection points of two circles with given centers and radii. Then, we
can construct A; as follows. We first compute the point g; = p; + Av;, which is the position
of m; at time one, see Figure 48. Then we construct the circle C; with [p;, q;] as diameter
and the circle C; centered at p; with radius 1. The two circles Cy, C; intersect at two points,
say a;, b;. The triangle A} with vertices a;, b;, q; is an isosceles triangle with angle 2«; at g;
and therefore similar to A;. (Note that p;, a;,q; form a right-angled triangle within Thales’
circle C;.) The length of the arms of A} at g; are at most A|v;|. By scaling the triangle by the
factor #/2AJv;| and by translating it accordingly, we get a triangle with the desired geometry.
(Strictly speaking, the arms of the constructed triangle are a bit shorter than #/2, but this is
only to our advantage.)

Eppstein and Erickson [EE99] proved that the computation of the motorcycle graph is
P-complete by presenting a LOGSPACE-reduction of the Circurr VALUE problem to the com-
putation of the motorcycle graph. Eppstein and Erickson demonstrated how to translate the
Circurr VALUE problem to the motorcycle graph construction problem by simulating each
gadget of the binary circuit using motorcycles. The values 1 and 0 on a wire are represented
by the presence or absence of a motorcycle on a track. The original question for the output
value of a particular gate of the circuit can be translated to the question whether a specific
motorcycle crashes until some distance from its start point. In other words, Eppstein and
Erickson proved that the decision problem whether a specific motorcycle crashes until some
distance from its start point is P-complete.

Lemma 3.10. The construction of the straight skeleton of a planar straight-line graph is P-complete
under LOGSPACE-reductions.

Proof. Eppstein and Erickson reduced the Circurr VALUE problem to a specific motorcycle
graph problem. The next step is to reduce the motorcycle graph problem to the straight-
skeleton problem: we construct a suitable input graph G that allows us to apply Lemma 3.8
in order to decide whether a specific motorcycle crashes until some distance from its start
point.

According to [EE99] all O(1) different types of motorcycle gadgets are arranged in an
n x n grid. Each gadget takes constant space and consists of O(1) motorcycles. To deter-
mine a sufficiently large A, we need bounds on L, ® and y. An upper bound on L is the
length of the diagonal of the n x n grid. Further, sin® > 1/2 since the direction angles of
the motorcycles are all multiples of 7/4. A lower bound on u can be obtained by applying
Lemma 3.9 on each gadget independently and taking the minimum among them. Finally,
we build G by modeling each motorcycle (independently from each other) as an isosceles
triangle, as described in Section 3.4.1. O

We can easily extend the construction of G to form a polygon with holes, by adding a
sufficiently large bounding box to G. As remarked in [EE99], only one motorcycle m may
leave the bounding box B of the n x n grid. The motorcycle m encodes the output of the
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Figure 53: These motorcycle traces cannot be approximated easily by a straight skeleton of a simple
polygon.

binary circuit by leaving B if the circuit evaluates to 1 and by crashing within B if the circuit
evaluates to 0.

By Lemma 3.8 the reflex wavefront vertex v, which corresponds to m, encodes the output
of the binary circuit by leading to a split event until time #/4 if and only if the circuit evaluates

to 0. Lemma 3.4 implies that the wavefront vertices stay within B + D), except possibly v.

Hence, we could enlarge B by 2u at each side and add it to G such that the wavefronts of B
do not interfere with the wavefronts of the triangles until time #/4, except for v. Still, we can
determine the output of the binary circuit by checking whether the reflex straight-skeleton
arc that corresponds to v, ends within B + D), until time #/4. (Recall that the end of a reflex
straight-skeleton arc marks the place where the reflex wavefront vertex led to a split event.)

Corollary 3.11. The construction of the straight skeleton of a polygon with holes is P-complete under
LOGSPACE-reductions.

Unfortunately, our P-completeness proof cannot be applied easily to simple polygons.

Consider the five motorcycles depicted in Figure 53. A simple polygon, whose straight
skeleton would approximate the motorcycle traces, would need to connect the start points
of m and myq,...,my. Butin order to decide where the red square, formed by the traces
of my,...,my, can be penetrated by the polygon, while avoiding to stop a motorcycle too
early, it would be necessary to know that a specific motorcycle m; crashes into a specific
motorcycle m;. However, deciding whether a specific motorcycle crashes does not seem
much easier than computing the whole motorcycle graph. Hence, it remains open whether
the computation of straight skeletons of polygons is P-complete.
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The investigations done in this thesis are driven by the lack of an efficient implementation
of straight skeletons for real-world purposes that stands opposite to the large number of dif-
ferent industrial and academical applications. At the moment, the state-of-the-art straight-
skeleton implementation is shipped with the CGAL library. However, our experiments illus-
trate that the CGAL implementation is only applicable to real-world problems in a limited
manner: Both, the runtime and the memory footprint of the CGAL implementation increase
at least quadratically with the input size. While time is more or less an infinite resource, the
opposite is true for space. The quadratic memory consumption is an issue that basically
renders the implementation in CGAL inapplicable to datasets containing more than ten
thousand vertices.

We started our investigations towards an efficient straight-skeleton algorithm with an
analysis of the triangulation-based approach by Aichholzer and Aurenhammer [AA98] in
Section 2.2. The gap between Q(n?) and O(n3) for the worst-case number of flip events leads
to an open question regarding the time complexity of the algorithm. We present different
results regarding this gap and finally prove the existence of Steiner triangulations that are
free of flip-events. This result is primarily of theoretical interest, since we use the straight
skeleton for the placement of the Steiner points. However, the fact that flip-event-free Steiner
triangulations exist led to a novel wavefront-type straight-skeleton algorithm for simple non-
degenerate polygons which is based on the motorcycle graph in Section 2.3.

In order to make this algorithm applicable to real-world input we needed to remove the
non-degeneracy assumption on the input. In Section 2.4, we carefully generalized the mo-
torcycle graph in order to reflect so-called vertex events for straight skeletons. That is, the
simultaneous crash of two or more motorcycles into each other may require to start an ad-
ditional motorcycle. We demand two essential geometric properties for the generalized
motorcycle graph: (i) M(G) needs to cover the reflex arcs of S(G), also in the presence of
vertex events, and (ii) G + M (G) needs to induce a convex tessellation of the plane. These
two properties allowed us to extend our algorithm to arbitrary planar straight-line graphs
G in Section 2.5. Furthermore, the generalization of the motorcycle graph leads to an alter-
native characterization of the straight skeleton of arbitrary planar straight-line graphs by
extending the characterization of Cheng and Vigneron and it motivated a straight-skeleton
algorithm that is based on 3D graphics hardware.

The wavefront-type straight-skeleton algorithm presented in Section 2.5 is easy to imple-
ment, has a worst-case runtime of O(n?logn) and operates in O(n) space. The resulting
implementation BoNE uses ordinary double-precision floating-point arithmetic and accepts
planar straight-line graphs as input. Our experiments showed an O(nlogn) runtime on
13500 datasets of different types. This constitutes an improvement of a linear factor in time
and space compared to the implementation in CGAL, which only accepts polygons with
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holes as input. On datasets with several thousand vertices, our implementation is up to
two orders of magnitude faster and we need less than 100 megabytes of memory instead of
several gigabytes. Moreover, due to our low memory requirements, we are able to compute
the straight skeleton of datasets with a million vertices. These circumstances make BoNE
the fastest straight-skeleton implementation at the moment and the first extensively tested
implementation that is capable to process planar straight-line graphs originating from real-
world applications.

In order to push Bone to industrial strength, we plan to enhance the numerical stability
in the presence of parallel wavefronts that collapse simultaneously. Detecting the simulta-
neous collapse of larger parts of the wavefront is simplified by exploiting the convex tes-
sellation induced by the motorcycle graph. From an abstract point of view we gain from
the fact that the motorcycle graph already provides a sufficient amount of information on
the topology of the straight skeleton. Bone is currently extended to use different numeri-
cal backends by colleagues, including the arbitrary precision library MPFR [MPF] and the
exact geometric computation library CORE [Cor]. The necessary work for MPFR is almost
finished and preliminary runtime tests with a floating-point precisions of 212 and 1000 bits
show a drop in performance by a factor of approximately 10-20, which is still reasonable
for real-world applications.

Even though Bone exhibits an O(nlog n) runtime in practice, the gap between the lower
bound of Q)(n log 1) and the theoretically fastest algorithm by Eppstein and Erickson [EE99],
with a theoretical worst-case time complexity of O(n'”/11*€), remains open. If the motorcycle
graph M (G) is known, the algorithm behind Bone has an O((n + k) log n) time complexity,
where k € O(nr) denotes the number of switch events and r € O(n) denotes the number
of reflex wavefront vertices. In order to obtain a worst-case runtime of O(nlogn) it would
be necessary to bound the number k of switch events to O(n). One approach towards this
goal could be the introduction of additional motorcycles that are launched from convex
wavefront vertices of W(G, 0) such that the number of interactions between moving Steiner
vertices and convex wavefront vertices is reduced to O(n). However, in order to extend the
basic algorithm behind BoNE accordingly, we would require that any extension of the motor-
cycle graph M(G) by additional motorcycles needs to maintain the validity of Lemma 2.25
and Theorem 2.26: G + M(G) needs to induce a convex tessellation and the motorcycle
traces need to cover the reflex straight-skeleton arcs.

We also look forward to generalize the algorithms behind Bone in order to compute
weighted straight skeletons. In principal, wavefront-type algorithms tend to have a straight-
forward generalization from the unweighted straight skeleton to the weighted counterpart.
However, in order to generalize BoNE to weighted straight skeletons, it is necessary to adapt
the definition of the motorcycle graph such that Lemma 2.25 and Theorem 2.26 still hold
in the weighted case. First of all, the speed and direction of each motorcycle is given by
Lemma 1.11 in order to match the speeds of the corresponding reflex wavefront vertices.
Assume for a moment that we simply transfer the rules for launching new motorcycles from
Section 2.4.1. If we do so, Lemma 2.25 remains true for the Case (d) in Figure 31, but not
for Case (c). Note that if a vertex event happens then the reflex straight-skeleton arcs do not
need to tessellate a local disk into convex slices. That is, the lower chains of the faces do
not need to be convex. In fact, the faces do not even need to be monotone. In order to fix
Lemma 2.25, we could launch a second motorcycle that continues the movement of the right
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ancestor, as in Case (d). However, the question remains whether the number of motorcycles
is still in O(n) after this adaption. In the next step, we need to guarantee that Theorem 2.26
remains true for this generalized motorcycle graph. Note that again the tilted motorcycle
traces 1y, ..., 1y with the same right arm e lie on the supporting plane of the tilted face
f(e) and at least the Step (i) in the proof of Theorem 2.26 remains true. We also want to
note that a generalization of Theorem 2.26 could also provide a lower envelope characteri-
zation of the weighted straight skeleton, which does not exist so far. Recall that Eppstein
and Erickson [EE99] showed that the trivial generalization does not work, see Figure 16.

In Chapter 3 we took a closer look at the motorcycle graph. In order to compute straight
skeletons fast in practice by means of BoNE, we require an implementation for the general-
ized motorcycle graph that performs well on real-world data. We started with a stochastic
analysis of the average trace length in a motorcycle graph in Section 3.2. It turned out that
if the motorcycles are distributed uniformly within the unit square then we can expect an
average trace length of ©(1//x). In other words, if we impose a regular /7 X /n grid on the
unit square then we expect that a motorcycle crosses O(1) grid cells on average. This fact
motivated a simple pragmatic approach: we enhanced the straight-forward approach based
on a priority-queue with geometric hashing in Section 3.3. This measurement reduces the
runtime from O(n? log n) to O(n log 1) for input data where the motorcycles are distributed
uniformly enough. We performed extensive runtime tests with our implementation Moca.
For the vast majority of our datasets Moca runs in O(nlogn) time, which is one of the key
reasons for the good overall performance of our straight-skeleton code Bone. Finally, we
also used Moca in order to substantiate the theoretical predictions provided by the stochas-
tic analysis.

We plan to further boost the performance of Moca by implementing the O(nlogn) al-
gorithm to compute the motorcycle graph outside the convex hull of the start points, see
Section 3.3.4. Furthermore, in order to make the runtime performance of Moca more ro-
bust against clustered start points, one may also replace the ordinary rectangular grid by
quad trees, which allows a non-uniform tessellation of the plane. Additionally, quad trees
would enable us to dynamically increase the tessellation depth at regions where motorcycles
accumulate during the propagation process.

Our final contribution concerns the geometric relation of motorcycle graphs and straight
skeletons. By Theorem 2.26 we know that the reflex straight-skeleton arcs of S(G) approxi-
mate the motorcycle traces of M (G) up to a specific extent. Furthermore, one observers that
in general the gap between the reflex arcs and the motorcycle traces decreases if the speed
of the motorcycle increases. In Section 3.4, we first show that we can construct a planar
straight-line graph G whose straight skeleton approximates the motorcycle graph. Based
on this result, we present a simple algorithm that computes the motorcycle graph using
the straight skeleton. Finally, we show that the resulting algorithm admits a LOGSPACE-
reduction of the motorcycle graph problem to the straight-skeleton problem. Consequently,
the P-completeness of the motorcycle graph by Eppstein and Erickson [EE99] implies the
P-completeness of the straight-skeleton problem for planar straight-line graphs and for poly-
gons with holes. We want to note that Eppstein and Erickson [EE99] were the first to men-
tion that straight skeleton is P-complete, but no proof was given. The P-completeness of
straight skeletons has important practical implications: no efficient parallel algorithms ex-
ist to compute straight skeletons of planar straight-line graphs and polygons with holes,

109



110 | CONCLUDING REMARKS

provided that P # NC. We also note that it is desirable to find an efficient sequential re-
duction of motorcycle graphs to straight skeletons in order to transfer lower bounds from
motorcycle graphs to straight skeletons in the sequential manner.



A NOTATION

The Minkowski sum A+ B = {x +y : x € A,y € B} for two point
sets A and B.

The supporting line of the points p, g resp. the edge ¢ and the sup-
porting plane of the lifted face f/(e).

The straight-line segment between two points p and 4.

The lifted counterpart of the arc a, motorcycle trace s, motorcycle m,
straight-skeleton face f(e) in the terrain model.

The Euclidean distance between two points p and 4.

The infimum distance infyc 4 yep d(x, y) for two point sets A and B.
A disk with radius r and the origin as center.

The union of the straight-line segments occupied by the wavefront
edge e at time ¢, see Definition 2.2.

The supporting line of e(t). If e is emanated by a terminal vertex
or an isolated vertex v of G then we define ¢(0) := limy ge(t), see
Definition 2.2.

The straight-skeleton face of the wavefront edge e, see Definition 1.1.
A planar straight-line graph (with no isolated vertices).

The motorcycle graph of the motorcycles my, ..., m,, see Defini-
tion 1.8.

The motorcycle graph induced by the simple polygon P, see Defini-
tion 1.9.

The motorcycle graph induced by a planar straight-line graph G, see
Definition 2.23.

A simple polygon in the plane (with holes if mentioned explicitly).
The straight skeleton of a simple polygon P, only considered within
the polygon P, see Definition 1.1.

The straight skeleton of a planar straight-line graph G, see Sec-
tion 1.2.2.

The terrain model corresponding to S(G), see Definition 1.5.

The wavefront of G at time t > 0, see Definition 1.4.
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B EXAMPLES

Figure 54: The straight skeleton and offset curves of the polygon that forms the walls of the house
that is shown in Figure 8.
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Figure 55: The straight skeleton and offset curves of the river bank of the Danube in Figure 9.
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Figure 57: The straight skeleton of a random polygon generated by RPG.
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Figure 58: The straight skeleton of a polygon with holes.
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Figure 59: Offset curves based on the straight skeleton of a planar straight-line graph.



116 | EXAMPLES

4l
771}

2

'I/~
i,
S

I
>

N~
=

Figure 60: The straight skeleton of a font outline.
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Computing Straight Skeletons and Motorcycle Graphs:
Theory and Practice

n scholaread.cn/read/P252pZ4kpbJ8

ABSTRACT

IES

The straight skeleton is a geometric structure that is similar to generalized Voronoi
diagrams. Straight skeletons were introduced to the field of computational geometry one
and a half decades ago. Since then many industrial and academical applications
emerged, such as the computation of mitered offset curves, automatic roof construction,
solving fold-and-cut problems and the reconstruction of surfaces, to name the most
prominent ones. However, there is a significant gap between the most efficient straight-
skeleton algorithms and implementations, on one hand, and the best known lower
runtime bounds on the other hand. The primary goal of this thesis is the development of
an algorithm that is suitable for implementation and efficient in terms of time and space in
order to make the advantages of straight skeletons available to real-world applications.

HEBERE—FEMTT X VoronoiEIJLALEM, HEERETZFRH I AZITE LS
B, BAERLK , BT AL TR A | Slanit AR R i, B3VETRE.
i RITEYIRIR B AR REER , NN RRENEIF. AN, ERERNEBRE X
ML, SEANREEITN T RZAFEEEEE, ARXHNERERETFK—FER
FE , FFEAEMEMEEATEBESRNEE , EEEERNNSAES N AT H SR
IR .

We start with investigations concerning upper and lower bounds on the number of
socalled flip events that occur in the triangulation-based straight-skeleton algorithm by
Aichholzer and Aurenhammer. In particular, we prove the existence of Steiner
triangulations that are free of flip events. This result motivates a novel straight-skeleton
algorithm for non-degenerate simple polygons that is based on the so-called motorcycle
graph. In order to extend this algorithm to arbitrary planar straight-line graphs, we
carefully generalize the motorcycle graph. This generalization leads to practical and
theoretical applications: Firstly, we obtain an extension of the alternative characterization
of straight skeletons by Cheng and Vigneron to planar straight-line graphs. Secondly, this
characterization motivates a straight-skeleton algorithm that is based on 3D graphics
hardware. Thirdly, the generalized motorcycle graph leads to a wavefront-type straight-
skeleton algorithm for arbitrary planar straight-line graphs. Our algorithm is easy to
implement, has a theoretical worstcase time complexity of O(n2 log n) and operates in
O(n) space. Extensive runtime tests with our implementation Bone exhibit an actual
runtime of O(n log n) on a database containing more than 13 500 datasets of different
characteristics. In practice, this constitutes an improvement of a linear factor in time and
space compared to the current state-of-the-art straight-skeleton code, which is shipped
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with the CGAL library. In particular, Bone performs up to 100 times faster than the current
CGAL code on datasets with a few thousand vertices, requires significant less memory
and accepts more general input.

BATE SN Aichholzer 1 Aurenhammer 214 (E T =AW E TR B IET HIK
FrEEEHHBERN L TR, fath , IONER T FERERRS4RATEA =T
7Y X—EEREFEIKNIRE T —FET NG ERFERINIER U AZ NN TLETRE
%, ATHRUERY REWEEFEELE , BAMFEMIMET 7 EEER, XFHET ST
SSERFIERVE N A : B 58 , FKA1% Cheng # Vigneron SSEBERERRY REIFEEL
B, HX , XFRIEPAR T —FET 3D RIEEHRNETREL. £= , T XEXERE™
AT —MATAEEFRELERNERNRETRREE, RNNWEEZSTRI , BesIMEDR
IR AR O(n2 log n) , FF4E O(n) TIAIFIETT. FKAEM Bone KL K EIZITHSI
AR, E—MEEET 13 500 M EFEHMESIEERNEUEE L, KIRz{TE A O(n log
n), KT , 5 CGAL FEMH U aTRCHMNE B RN |, XA RIFI % E]_L#pR
= TEMRT . Fa , FABHRTANTNRREIES L , Bone MBITE EHL 477K CGAL
ARLR 100 1% , FEMNGFED , FEEIEFERKHA.

Our straight-skeleton algorithm motivates the investigation of motorcycle graphs and their
practical computation. We start with stochastic considerations of the average length of a
motorcycles trace. The results obtained motivate a simple yet fast algorithm that employs
geometric hashing. Runtime tests with our implementation Moca exhibit an O(n log n)
runtime on the vast majority of our datasets. Finally, we revisit the geometric relation of
straight skeletons and motorcycle graph. We present an algorithm that constructs planar
straight-line graphs whose straight skeleton approximates any given motorcycle graph to
an arbitrary precision. This algorithm finally leads to a P-completeness proof for straight
skeletons of polygons with holes that is based on the P-completeness of motorcycle
graphs.

BTN ELBREIENR T X EER R EERKPITERITR. KT8 EX EEEE
K B TREN M E IR, FTSLERBFERIIXA—FRRMRRNE L , ZBEXA
T . FKAME RN SIMMocadt THNE T UNASRER |, EFRA4E X L ¥ ¥iEE
+ BTREREAFOMM log n). &fa , RINEFFAELEEMELFERINIAMXRR. K
iR T —MEX , ZEAMENFHELERINELSE R UMEERSEE IS E X
BEER, ZBERASET MR THILZOEELTENP-T2MIES |, YotAET
B EIRP-T 2.
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Assume we are given a simple1 polygon in the plane which constitutes the outer walls of
a house in a ground plan. How can we automatically build a roof such that all faces of the
roof have equal slope and no rain drop gets caught in a sink? Assume we are given a
polygon with holes2 which is to be milled out with a numerically controlled machine (NC
machine). How do we compute so-called offset curves of the input such that sharp
vertices of the input remain sharp for the offset curve?3 Assume we are given a simple
polygon drawn on a paper. How can we determine a series of complete folds of the paper
and a subsequent single cut through the folded paper such that one of the resulting paper
pieces has the shape of the polygon? These three problems share a common feature:
they can be solved using the straight skeleton.

BRIRMNA— N FE LN E R Z N Esimplet , EMA T FEMEFERAINE. 21{TE 3
BRI, FEERNFTEEEAAHERMNEE  FRIZERRHSHEEMELE ? R

BB — P HILNZ DB holes2 , FEMBUTHIR (NCHLIK) #HILSk. IR0 E %
AHIPTBRIZHIL , I ARG R X T RIS R IFRER ? SBRRIKNB— T EER

47



LTREBAZDE, KNNAHE—RYTERRKITEAN , UL EEIITERKKE
ROVE|, FISHP—NTERRAF BEXLHERER ? = NREE— MR A
AT RME BB Bk R k.

Roughly speaking, the straight skeleton of a simple polygon P is a tree-like skeleton
structure that is similar to Voronoi diagrams of polygons, but consists of straight-line
segments only. The definition of the straight skeleton is based on the so-called wavefront
propagation process. In a nutshell, the straight skeleton of P consists of the set of points
that are traced out by the vertices of P when the edges of P shrink inwards in a self-
parallel manner and with constant speed. During this propagation process, some edges
may vanish and the polygon may successively disintegrate into multiple parts, see Figure
1. Straight skeletons of simple polygons were introduced by Aichholzer et al. [AAAG95]
and were subsequently generalized to planar straight-line graphs4 by Aichholzer and
Aurenhammer [AA96] about one and a half decades ago. Similar to Voronoi diagrams,
straight skeletons possess a heterogeneous plenitude of applications and many of them
appeared just in the past decade. The list of applications includes

B |, R ZNTEPRIELEIE — MR B ARG |, XUT £ZE 8 Voronoi®] , {8
NHEZBANK. BEEENEXETIMENIEAMERERE. MMms2 , PRELXESEHP
HITR R FEPHIA LB AT A RAMEE 2R M AW Frifia N —H R . R RIS R
b, FLHATRERIER | FFRZMTETRESESNMERZ MY , B, MR ZATEK
HZ B 22HAichholzerss A[AAAGY5]5| A\ , [ /e AichholzerflAurenhammer [AA96G]4E K
A+-HFRIHET 2 TFEELZE4, SVoronoiEZ\ , BEABERMESHEHRNNA , H
WENRER A TFEHHI. MAYIREE

« the computation of mitered offset curves and motion planning in computer-aided design
and computer-aided manufacturing (CAD/CAM) [PCO3];

 TTEAEENZ T T EA BN EE (CAD/CAM) FaHE R KT E Z X
[PCO3] ;

» computing the quickest walking paths in a Manhattan-style city with a fast public transit
by means of the city Voronoi diagram; computing critical areas in VLSI circuit models
[AAPO4, Pap98];

« B3I Voronoi &[T H 2 IR IRUM T P I IRE A AT IR RDITIRIE ; ITHVLSIE
FRAE AR () S BEX IR [AAPO4, Pap98] ;

|

« automatic roof generation, terrain modeling and area collapsing within maps in
geographical information systems (GIS) [AAAG95, AA96, LD03, MWH+06, KW11, Hav05,
HSO08];

- HIEERE RS (GIS) THIERINMBESNETAER. MIEEEMXIEFE [AAAGIS5, AAIS,
LD03, MWH+06, KW11, Hav05, HS08];
» and polygon decompositions [TV04Db].

* MZAFE 1% [TVO04b],
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+ solving fold-and-cut problems, computing hinged dissections of polyhedra and related
problems in the field of mathematical origami [DOQ07, DDL98, DDMO00, DDLSO05];

g RITBEYIFRIRE | V1E 2 ERRBER D AR BRI AR IAE <RI [DO07,
DDL98, DDM00, DDLS05] ;

* shape reconstruction and interpolation of contour lines in three-dimensional space
[OPC96, BGLSS04];

« 4T ET R BN REMNIRE [OPCI6, BGLSS04];

Some of these applications are genuine to straight skeletons, like fold-and-cut problems
or automatic roof construction. Other applications are inherited from generalizations of
Voronoi diagrams, like many problems in the fields of CAD/CAM, VLSI and GIS.

XN RAFPE L EELBEMTEN , flarEYIERaskasETUEE. EMKN A
27 5 VoronoiE fHE™ |, 51a1CAD/CAM ., VLSIFIGISZ4ATURKIF % [a) 5.,

In contrast to the large number of applications, we perceive a gap between available
algorithms and implementations on the one hand and the best known lower time bound
on the other hand. At the moment, the best known lower time bound for the computation
of straight skeletons is Q(n) for an n-vertex polygon and Q(n log n) for an n-vertex planar
straight line graph. However, the currently fastest algorithm for arbitrary polygons and
planar straight-line graphs is due to Eppstein and Erickson [EE99] and has a theoretical
worst-case time complexity of O(n17/11+€), where € > 0 is an arbitrary small number.
The only straight-skeleton implementation available is shipped with the CGAL library
[CGA] and was implemented by Cacciola [Cac04]. However, our experiments revealed
that the underlying algorithm needs O(n2 log n) time and O(n2) space for practical input
data.

SAENNAERNLHEZ  BIVESZIAFEZNKI—AESEMARENE TR
[EfFfEZEIE. BET , T— M RRKZAE , T EELERNRECS MK ETRE
Q(n) ; TF— PP RRKFEELE , A TREQMN log n). 2T , BRISIEEZAE
FIFTH B2 E R R IR IRTI T EppsteinflErickson [EE99] , HIFWmRINMB I B R 2R K
AO(n17/11+€) , He > 0 —MES/ R, ME—PT AN ELZE S KUECGALE[CGA]
—i2 &7 , fCacciola [CacO4]3kH, #AT , FK{THISKIEREA , W TFRIrNMmALIE | JKE
HIEZHEO(N2 log n)HIETEIFION2)HIZS(E],

This thesis deals with theoretical properties and the practical computation of straight
skeletons and motorcycle graphs. The goal is to develop a practice-minded straight-
skeleton algorithm, which accepts arbitrary planar straight-line graphs as input, is
efficient in time and space and easy to implement.

AR T BB REMERE RIS RMKFRTE. BREFA—FMEERKNE
LEBREE  GHEARXAEFERELEENRA  ENEFZE EES3E S TR,

11organization
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1.1 LHLRLEM)

In this chapter, we start with the definition of straight skeletons, the terrain model and the
motorcycle graph in Section 1.2. We continue with a presentation of several applications
of straight skeletons in Section 1.3. In Section 1.4, we review known algorithms and
implementations of straight skeletons and motorcycle graphs and in Section 1.5, we
discuss different approaches by which straight skeletons were generalized.

ERET , BAELER1 2NPAEELER, HMERRMERFRNEN. AR, £5
1.3MFNBELFREILNNA. 7E5H1.4TF , FA RIS E LT 42 BT ER
FIEMIEL , ST, BANTRELRE T MAETIE,

Chapter 2 is devoted to the computation of straight skeletons. In Section 2.1, we collect
known geometric properties of the straight skeleton and present them along with their
proofs in a unified formalism based on the definitions in Section 1.2. In Section 2.2, we
analyze the triangulation-based algorithm by Aichholzer and Aurenhammer [AA98]. We
prove a few results concerning the lower and upper bounds for the number of the so-
called flip events and show that Steiner triangulations exist where no flip events occur.

B2ERNTELBERWWTE. 21709, BAMETELBRNEMILMHESR , HiRHE
1.2 REN , E—mEXEMEMNREER. £2.2%% |, FRI194 T Aichholzer#l
Aurenhammer [AA9SHZ BT =HRINMEIE. FRITNERT —LXTREEGHEN L
TRIGER | FRAFIDTH R EMESHOSteiner = KI5

This insight motivates a novel straight-skeleton algorithm for simple non-degenerate5
polygons that is based on the motorcycle graph in Section 2.3. In order to extend this
approach to arbitrary planar straight-line graphs, we carefully generalize the motorcycle
graph in Section 2.4. Further, we prove two essential geometric properties for this
generalization that are important for our algorithmic approach: (i) the input graph and the
motorcycle

X— AR EBANRYE T — M M B IFR WS L NN EBREE  UHEETH
2ITFHEFFE. ATHXMTIEY REWESFEELE , BANFMHET T 56247
FRIETERE, b, BANERT XA A ER LM R, IXBAINBEIET AR
BER: () MARMELS
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Preliminaries and Definitions - fg A

a scholaread.cn/read/IxX50nDjPJbDa

12preliminariesanddefinitions
1.2 MEHFRSE X

1.2.1 The straight skeleton of a simple polygon

1.2.1 WHEZNEHNEER

Aichholzer et al. [AAAG95] introduced the straight skeleton of simple polygons P by
considering a so-called wavefront-propagation process. Each edge e of P sends out a
wavefront which moves inwards at unit speed and is parallel to e. The wavefront of P can
be thought to shrink in a self-parallel manner such that sharp corners at reflex6 vertices of
P remain sharp, see Figure 1. During this propagation process topological changes, so-
called events, will occur: Edges collapse to zero length and the wavefront may be split
into multiple parts. Each wavefront vertex moves along the bisector of two edges of P
and, while it moves, it traces out a straight-line segment.

Aichholzers: \[AAAGOS]IBIE Z [SAMBHIKATEIRITRE , SIAT MHAZAEPHELE

52, PRIEBZNef R —NIRET , KKBTAAGLR ERNiBs) , FFEF{TTe. PHIKAT
AR LB HTHR AR | FFPRMETR R KRB RITRE , ZHE1, X4
BRI , SRAERIMEN , BAMENES B ATKE , FEKATIREN HAZ

M. BNEATRRIGEPRMFARTFALHES) , SFEEBIN , Eatliat —RELZ
B

Definition 1.1 (straight skeleton, arcs, nodes, faces). The straight skeleton S (P) of the
polygon P comprises the straight-line segments that are traced out by the wavefront
vertices.

EX 11 (BB, I, 7R, @) [NT0]. 24 PHREBLE S (P) BEHKAIRRME
A EEER.

These straight-line segments and are called the arcs of S (P). The loci of the topological
changes of the wavefront are called nodes. To each edge e of P belongs a face f (e),
which consists of all points that are swept by the wavefront edge that is sent out by e.

XEEZEHARAS (PN, IKAHATMEURHEERAT R, S TPREAe , #XN
—/NEf(e) , ERIKANAZIAT KA QAN  KKAhZHe A,

We illustrate the straight skeleton S (P) of a simple polygon P in Figure 1. Each node is
incident to multiple arcs. The boundary of a face consists of arcs and the vertices of a
face are nodes.
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KNERNFRRT —MERZDFEPHETEES (P). 84N REIBSZMNIAEXRIK. — 4@
KB REMAR , —TEHNIIRET K.

Lemma 1.2 (JAAAG95]). The straight skeleton S (P) of a simple polygon P with n vertices
is a tree. It consists n — 2 nodes and 2n — 3 arcs and tessellates P into n faces.

51H# 1.2 (JAAAGOS)). A L AP ELELRS(P)E—HM. BN - 2 Rf2n - 35
IRAERL , FREPAS AnNE.

For the proof of this lemma we create a single node for each topological change, even if
the resulting nodes coincide geometrically. In particular, we assume that each node has
degree three.” For example, if P is a regular n-gon then S (P) has a star form, i. e. all arcs
meet in the center point of P and multiple nodes with degree three are geometrically
coincident.

ATIEAXA SR |, FAASNRFVERAE — AT R, BIMEA T R7EJLAT L
B&. fRlth , BOMBRRENTRMELCH=. "6, 20R P 2—MNEnhE , B4 S
(P) ABEREN , BFTAIEERZT P NP OR , FEZNEBN=NT REJUTLE

A
Proof. The number of faces is n, since P comprises n edges. Next, we note that the face f
(e) of an edge e is connected because it is given by the set of points which are swept by
a continuously moving wavefront edge. On the other hand, each point within P is reached
by the wavefront after some time. Hence, P is tessellated by the faces of S (P) and S (P)
consists of the boundaries of the faces. From that it follows that S (P) does not contain a
cycle and is therefore a tree. The inner nodes of this tree are of degree 3 and the tree has
n leaves. It follows that S (P) has n — 2 nodes and 2n — 3 arcs.

AR, EREE AN, RAPBEENSS. #H TR, HITFERLemEf (e)BIEBH , BAA
T RBEIESENNEIAATHKREL LK. 5—AH , PRKEN R E—REEEE4SH
ERTERE, FIL , P#S (P)WmEERL , 3FES (P)HXLmpnh RA K. B4, S (P)AR
BEW , FHE 3N, XERKKNET REHCA3 , FEXEMEn T, Bitisd
S (P)An - 24 RF12n - 3%,

Definition 1.3 (reflex/convex wavefront vertex). A wavefront vertex v is reflex if the angle
on the side where v propagates to is at least 180°. Likewise, we define a convex
wavefront vertex.

EX .3 (RE/MNEAITRR) [NTOL, 2R v M EZ D04 180[NT3]e , RIKBITR A
v B EHN. RIEE , BATEX— KT R

Let us discuss the different types of topological events that occur for the wavefront in
more detail. We follow Aichholzer et al. [AAAG95], who distinguish two types of events,
namely edge events and split events.

WEBATE IR IR BT R A S PR T MR, FRATE/E Aichholzer A
[AAAGO5] BT , thfiIX 9> T PIFhRBLANE(E | BIIAEH N REH,
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» Edge event: An edge event occurs when two neighboring convex vertices u and v of the
wavefront meet. This event causes the wavefront edge e, which connects u and v, to
collapse to zero length. The wavefront edge e is removed and the vertices u and v are
merged into a new convex vertex with its own velocity, see Figure 2 (a).

< DB BIKATEANEPLTR u A v BB , SAEDES. HEHSIBEZ UMY
AIKADA e WIEATKE. AT e #HBK% , TR u M v §35FA— T EA8 SR ERHI
MR, 20E 2 (a).

* Split event: A split event occurs when a reflex vertex u of the wavefront meets an edge e
of the wavefront. The vertex u splits the entire wavefront into polygonal parts. Each part
keeps on propagating for its own, see Figure 2 (b).

* DREM L HIKATN— DN RETR v IBRIKETR—& e i, SRESREMH, TR U
BENERNHEZ AR . 8N & BRELRE , S 0E 2 (b),

Split events can occur in interesting variations. In Figure 2 (c), a split event for the reflex
vertex u and the edge e occurs, while at the same time the edge between u and v
collapses to zero length. Note that in this case only one wavefront part remains after the
split event. However, the question arises whether we would like to call this event an edge
event as well. For subfigure (a) we observe that a local disk around the

NREAREAFTBRR TR RLE. EE2(c)F , RET REFTNRUMNeINHEH
RIEfuflve BRNIBEAFTKE, FEE  EXMERT , DREMFNRE —DIKAHE
7y, SR, [EEHET , ENESUARKHEGFOAEMS, T FE(a) , EAIWREIE

RE—AFEREE
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Figure 1: The straight skeleton S(P) (blue) of a simple polygon P (bold) is defined by a
wavefront propagation process where the edges of P move inwards in a self-parallel
manner. Five wavefronts at equally spaced points in time are shown in gray. The blue
straight-line segments are called the arcs of S(P) and the common endpoints of arcs are
called the nodes of S(P). We shade the face f (e) of one edge e in light gray.

1: WRAZME P (MK) WEBR S(P) (e) HKAEREEEX , H+ P Kbl
B TRAREAES). UFRERRNE /B~ AR ETUK @iﬂ_' AR EZETR
A1 S(P) Ak , MM A FHImRFRA S(P) TR, BATREKBIARRR—5A e 1 f
(€).

751 : Uy

(d)

Figure 2: Two types of events occur during the wavefront propagation: edge and split
events. (a) illustrates an edge event, (b) a simple split event, (c) a split event with an edge
collapse combined, (d) a split event with two reflex vertices u1 and u2 involved. The arcs

are depicted in blue and the wavefronts in gray.
2 AR RER R AR RIS - WESHNNREM. (@) AT —Mas%E

., (b) —MRABRNREM | (o) —TASKBBEENIREN | (d) — N AR
R ul M u2 MoREHS, IERERES , KATRK GRS
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point p, where the event happened, is tessellated into convex slices by the arcs of the
straight skeleton. It is easy to see that this holds in general if u and v are convex. On the
other hand, in subfigures (b) and (c), a tessellation of a local disk around p also contains
a reflex slice. We would like to use this property as an indicator that a split event
happened at p. For this reason, we call the event illustrated by subfigure (c) a split event.?
As a consequence, edge events describe edge collapses between two convex vertices.
Furthermore, if the straight-skeleton face of an edge — interpreted as a polygon —
contains a reflex vertex, it has been generated by a split event.

EHRENRPRELBERNMEN RO A, BHEY , RuAVELK , WEEER
TIXHERAL, BF—FHE , EFEO)F(c)F , BseprFRRENZERNAS— MY A,
BAHBERBIEAEATEP R R E D BIEHRITERR. R, TR &l (c) PRI AHFR A
HEEG. CEY , AFHERT RN RZ BARIRE. W, MR —FKANELBL
H (fFRAZAE) 85— UK , NEERNEIEMERK,

In subfigures (b) and (c) only one reflex vertex u was involved in the split event. However,
it could happen that two or more reflex wavefront vertices u1, . . . , uk meet each other in
a common point p at the same time, see Figure 2 (d). Such situations occur easily for
rectilinear® polygons. As a consequence the wavefront is split into k parts. Note that it is
possible that a new reflex vertex emerges, as illustrated in Figure 2 (d). We will call
events, where two or more reflex vertices meet simultaneously in a point a multi split
event. Multi split events that cause a new reflex vertex to emerge are called vertex
events.'0

£FE (b) # (c) F , AE— MRS ST oREM. KM, TEERERIEHS D
MIERTTRAUT, . . ., ukfEE—RpENAERMELR , 2 RE2 (d) . WTELZHE , X
FEMARB S AL, AL, AR A Rk, FEE Rt — MR |, 20
2 (d) FiR, BRI ZN MR ERE— N RIBBREMHHRAZESREMNH. I
MR N S EH BRI R S, 1O

We want to remark that the taxonomy of the different classes of events is in flux within
the literature of straight skeletons. For example, Tanase™ [TA09] pursues a different
approach by considering three sub-classes of edge events and three sub-classes of split
events. Following this taxonomy, the situation in Figure 2 (c) would be called reflex edge
annihilation.

KINBFEHME , EELBENET , FARIBHEAN S ZIEAERTWL. Fig0,
Tanase™ [TAO9] X T —MARIMAEL , BT AESHN=ANFENMORNEHH=/F
K, BRREFNERE B 2 (o) PHIBIEHFRARSHEERX.

Using the taxonomy we presented above, the propagation of a wavefront always
proceeds as follows: Every edge event reduces the number of wavefront edges by one. A
split event splits the wavefront into polygonal parts and implies a hierarchy of nested
polygons. Further, a split event reduces the number of reflex vertices at least by one.
Even if a vertex event happens, at least two reflex vertices must have been involved in
this event. Eventually, all nested parts in the hierarchy become convex polygons. The
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convex polygons are reduced by a series of edge events. Finally, a polygon vanishes by
collapsing either to a point or to a straight-line segment. As an example for the first case
one could imagine P to be a triangle, and for the second case a non-equilateral rectangle.

AN LERE WA 2EE | EATRERE SR RBUATARET | 8 NE4EHLERE
BEEIBD—A . AREEHEAIINARAESATERS  HERE-MRELDENER
8K, ot , REBMEDLEMIAR (reflex vertices) R ERD—1. BMERETNR
24, 20NN YIRS SEINEST. BRE , BREMTRAERED D EHLK
MZAE., LMZAEBIT—RIAEGEREL. &E , — N0 BBIRER— RZ—
FELZRIMBR. FEASE—MEANBITF , JUERPRE—N=A%E , M TEZFMEN ,
NZ—MEFA%EE.

1.2.2 The straight skeleton of a planar straight-line graph

1.2.2 FHELERELESR

Aichholzer and Aurenhammer [AA96] generalized the concept of straight skeletons to
planar straight-line graphs.’ Assume we are given a planar straight-line graph G with no
isolated12 vertices. The basic idea to define the straight skeleton S (G) of G remains the
same: Every edge e of G sends out two wavefront edges — one at each side of e —
which travel at unit speed and stay parallel to the original edge e. However, the
terminal13 vertices of G play an interesting role, since it is a-priori unclear how the
wavefront is expected to behave at such vertices. Aichholzer and Aurenhammer [AA96]
decided that each terminal vertex v sends out a wavefront for it own, which is
perpendicular to the single incident edge of v. As a result, the wavefront in the
neighborhood of a terminal vertex v forms a rectangular cap around v, see Figure 3.

AichholzerflAurenhammer [AA96] ¥ B BRI H 2ITEELKE. " BERNAE
— MNMEBILINR 12 FERELEG, X GHRELBLES(G)REARTAERIFAT ek
PAESgEnpYl e F— & —&—ENIRIRERT) , FRIFSRIGNeTT. A&
M, GRRIK13MAINEE— N BBNAE , RAFLNERIFAIEXLETR a4 VXN
I, AichholzerflAurenhammer [AA96] REFNRigITNAVAREB S AE —NERT , X
ERTEETVRREEZASHA., Hit , FERET R VTR BIESRVIE R —METENE |, 2 1E
3.

The terminology of arcs and nodes remains the same in this general setting. We still have
the two types of events — edge events and split events — which occur during the
propagation of the wavefronts and we define S (G) as the set of points that are traced out
by the vertices of the wavefront. Note that a vertex v of G with degree k = 2 causes k
wavefront vertices to emanate from v. Furthermore, every terminal vertex v causes two
reflex wavefront vertices to emanate, see Figure 3.

XN —RXET , AT REIARERIFAZE . FKOMNARB IR N E——AF 4
DHREG—TNREEREERE , BATE S (G) X NHIKHTTR R EL L KRS
H. BEE, GPFEIA k22 WIAR v &IH kK NEETTRRMN v &, 1S, S0 %ig
iR v #HSIBEFHNREKATRARL , 2 1A 3,
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Definition 1.4 (wavefront). We denote by W (G, t) the wavefront of a planar straight-line
graph G at some time t 2 0.

REX 1.4 (KANINTOL. FKTA W (G, t) FAFHEELE G EFREANIE t 2 0 AKIKAT.

We interpret W (G, t) for a fixed t as a 2-regular graph. A topological event happens when
the planarity of W (G, t) is violated, including the case that two wavefront vertices meet.
We interpret W (G, 0) as the wavefront at time zero. While W (G, 0) is geometrically
overlapping with G, we assume that W (G, 0) has — as a graph — the same topology as
W (G, €) for a small € > 0. We observe that S (G) and G tessellate the plane into faces
and that every face f (e) belongs to an wavefront edge e: The face consists of all points in
the plane which are swept by e, see Figure 3.

XHTREIEAL , FKATEW (G, HigBA— 1 2-IENE, “W (G, )RIFEMESERE , SR4E
HINES , BERADIKARRABREN. EITEW (G, O)i# R ABf BT Ik, SAW
(G, OFEJUTLECESE , BERIURERW (G, 0)tEA—1E , BEHESW (G, e)fiFEMHATME
#, Hee > 02 — MR/, FKITEREIS (G)MGK-FEAEIKE , FEE/mEf (e)B
FT—NiKkATde  AEBEFE LA ReIE M RAER , £ IES,

unbounded faces and infinite arcs Note that certain faces will be unbounded since every
point in the plane is eventually reached by the wavefront. By interpreting S (G) as a
graph, it is reasonable to demand that each face corresponds to a cycle in S (G). Let us
consider the last topological event that happened to the wavefront. After this event, the
wavefront is a cycle that circumscribes G and all bounded faces of S (G). The vertices of
this cycle trace the infinite arcs of S (G). Topologically, we add this cycle to S (G) and add
the corresponding “infinite” arc to each “infinite” vertex of the cycle. Each “infinite” vertex
has degree three. This interpretation of S (G) has practical advantages, e. g., when
computing offset curves based on the straight skeleton, see Section 1.3.1.

FTREFMTRIR. FEE , FLEEETREN , HAFEFREN RRL BB
xBTS (G) iRA—E, ATEHEESKENEX YT S (G) FH—MER, ik
HNE BRI AENRE— M RINES, ENESZE , KAE—1 , eBEE GH S
(C) WETEARME. XMHWNIRRIEER S (G) IR, HEFHRIMNE , AT NFRRME] S
(G) , FFRHNA TR INAMEIAREN TR TR, BN TR TAREBE=E. S (G) K
XFRREAA KIS , A0, EHEETELABRENREBIAN B2 0% 1.3.1 7,

isolated vertices The definition of S (G) presented above assumes that G does not
contain an isolated vertex. Aichholzer and Aurenhammer [AA96] mentioned that an
isolated vertex could be approximated by a small straight-line segment. This must be
done with some caution since S (G) does not continuously depend on G. For example,
when multiple reflex arcs are incident to a point then a small perturbation of G would lead
to a dramatically different straight skeleton S (G). See more on this issue in Section
2.5.3. However, one could simply define that an isolated vertex v emanates a wavefront
which forms an axis-aligned square or any other polygon that has the property that its
edges have an orthogonal distance of € at time €. That is, the supporting lines of the
wavefront edges at time € are tangential to the disk centered at v with radius €. In fact,
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Demaine and O’'Rourke [DOO07] define the wavefronts emanated by an isolated vertex as
an axis-aligned square in order to apply the straight skeleton for their fold-and-cut
problems, see Section 1.3.3.

AT, EEGE S (G) EXBRIR G M EALINA. Aichholzer A1
Aurenhammer [AA96] 4221 , FIILTR = 7] AR —NNWELEBSRIE . MEEMIHI T,
#1E , FA S (G) HFAELMEKMT G, a0 , BEMREFME— P RMHERH , G H—1
I SBEATRNELER S (G). AXRUIABREZER , HENH%E 2537, B
2, AJRATRT Bt e L — D IGLTR AR v R IR, IR BT A — Nl T A E A TS T H
BT BRI Z N | Hoh7ERtA) € &L AH e MIEAIES., MAEYt , IE € BIEH]
MRHELSA v A, F424 € MEIZARY), $F3X L, Demaine A O’'Rourke [DO07]
BATALTR R A IR BT E SIS FTERTE |, MER ELE RN BT i1 E&MyIE
[, 2056 1.337,

terminal vertices In the same manner we could also alter the wavefront shape around
terminal vertices. Consider a terminal vertex v and the two wavefront edges that emanate
from the single incident edge e. Then we could basically place an arbitrary polygonal cap
around v which connects the two wavefront edges from e. We only require that the
segments of the cap have orthogonal distance € at time €. Nevertheless, using a
rectangular cap — as introduced by Aichholzer and Aurenhammer — appears to be the
most natural approach.

KugIm FIFE , FRATH ] AR R LR in T FERIR AR . B E— MmN R vl &
SANFe AERNBKIEEDS. RE , HNEEXETUEVEBRRE—MEEZ ARG , %
kB efIFI IR ATIIERER K., FHIUNERIBR&ERERTBe b A 1EACIEEe., KM , &
FAEaAichholzerflAurenhammers| AIFETFEIE LT 2 i B AT IA.

1.2.3 Roof and terrain model

1.2.3 EIRAMIEARRY

Aichholzer et al. [AAAG95] presented an interpretation for the straight skeleton of simple
polygons, which was extended to planar straight-line graphs by Aichholzer and
Aurenhammer [AA96]. It turns out that this interpretation is a versatile tool in proofs of
geometric properties of the straight skeleton. Further, it leads to one of the prominent
applications of straight skeletons: roof construction and terrain modeling, see Section
1.3.2. The basic idea is to embed the wavefront propagation process in R3 in the
following sense: the first two dimensions represent the plane spatial dimensions and the
third dimension reflects the temporal dimension. The wavefront propagation now defines
the so-called terrain T (G) of G as follows.

Aichholzerfs A [AAAGO5] $2it 7 X B Z W FE B &L —Fig%: , Aichholzerfl
Aurenhammer [AA96] B HY REITFHELE ., FSUERR , XA @R SRR JUTHE
RE—FIEATIA., W, BslHTEERAN—NEENA | ET@EEMEEE , 1
%$1.3.27, ERBAREFIMEHETREHZRAZIRIF , EEXANT  5INMMERRFEAT
BIAE , FE=MEERMENEAE, FHE{ERIIIEEGHRIIEE CAFTBIIT (G).

Definition 1.5 (terrain). The terrain T (G) of G is defined by
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(1.1)
Figure 4 illustrates the terrain T (G) of the graph G that is illustrated in Figure 3.

Aichholzer et al. [AAAG95] used the term roof resp. island to indicate that T (P) of a
simple polygon P has the following two interpretations. Firstly, T (P) can be interpreted as
a particular roof of a house for which P models the footprint of the outer walls. Secondly,
one can interpret P as the coastline of an island that has the shape of T (P). If the
surrounding sea floods the island then the rising coastline has the shape of the rising
wavefront in R3. In the case of planar straight-line graphs G Aichholzer and
Aurenhammer [AA96] use the term terrain for T (G).

& 4 AT & G I T (G) , %EIFEE 3 #4771, Aichholzer % A [AAAGO5] {&
T AR3E roof resp.island SRRIRE A ZNE P T (P) BEFEL T AR, 8%, T (P)
ATRBREANFERSEETR , Y PEUTIMENEE. HX, sl PHBEAEET
(P) BRI B U50078 FLk. MRBBENEKER T ZELS , BBALFAREFEMAS R3F
FFEEEIRTER . EFEmELZE G MBI T . Aichholzer 1 Aurenhammer [AA96] {F A
W& terrain R8T (G).

The terrain T (G) consists of plane facets that have a slope identical to the inverse of the
propagation speed of the wavefront edges, which is 1. An edge of T (G) can either be
convex or reflex. In the ordinary sense, we call an edge e of T (G) convex if the
intersection of a small disk at any point in the relative interior of e with the points below T
(G) is always convex. Areflex edge e of T (G) is defined likewise.

HIET(G)EFIAR , XLEFEARSKIMSERREENEBAERKIKE , B1. T(G)K
BRI AEMA., BEEN L, R TeMNEKET—R LR/ NARST(G) T A
REATERIGARROR , MBAIFRT(C)Hdendhifl, T(G)HIMLAerK)E LA,

Definition 1.6 (reflex/convex arc, valley, ridge). We call the arcs of S (G) which are traced
out by reflex (convex) wavefront vertices reflex arcs (convex arcs). We call a reflex edge
of T (G) a valley and a convex edge of T (G) a ridge.

EX 1.6 (MR, &, F) INTOL, FMIFREM (D) KATHREEHKS (G)RIAM
g (A0) o FAFRT (GRS, T (G)MMAAH .

Observation 1.7 ([AAAG95, AA98]). The straight skeleton S (G) is the projection of the
valleys and ridges of T (G) onto the plane R2 x {0}. Moreover, the valleys correspond to
the reflex arcs and the ridges correspond to the convex arcs.

WER 1.7 ([AAAGY5, AA98]). ELEZR S (G) & T (G) MAFMB I R2 x {0} LRI,
Besh  AXFNTFMEN , H XTI,
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Figure 3: The straight skeleton S(G) (blue) of the planar straight-line graph G (bold). The
wavefronts at three points in time are depicted in gray.

F3 : FHAKEG (IK) WEBRSG) (@) . LURAMAT =M ARIMAT.

Figure 4: The terrain T (G) of the graph G which is illustrated in Figure 3. The ridges and
valleys are in blue.

&l 4: & GHIMIE T (G), & 3 Firr, WHEMLARIERARR.
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roofs of polygons Aichholzer et al. [AAAG95] discussed the roof model of simple polygons
P in more detail. They investigated more general roofs R on P which fulfill the property
that each facet lies on a plane that contains an edge of P and has slope 1. The question
arises whether such an R is equal to T (P). It turns out that this is not necessarily the
case. However, R and T (P) are equal if all valleys of R are incident to P, or alternatively, if
for any point x € R the path of the steepest descent leads to P. In other words, Aichholzer
et al. [AAAG95] showed that among all roofs, T (P) has the peculiar property that it does
not accumulate water when it is raining.

AichholzerZ: A[AAAGO5]I R T B Z MK ETURTRIP |, F3H1TT EVFAMER, ]
HRTPLE—RNENR , XLETUHE N TR : S0 EEMC T —ME S PR E
L, FEMBZEAM, REE , XHFRREDREFTT(P). 44RKRHA , BAFHELSEM. &
M, MRRUFFBRESPAE , Bl , MRS T(EMAXx € R, RETFEHNKFERP , N
RAT(P)AE%E. #%/ANEY , Aichholzer® A[AAAGI5)REE , ZEBEIRT , T(P)EB4HHN
MR, I TR EASFK,

Following the notation of Cheng and Vigneron [CV07], we denote by a" the edge of T (G)
that corresponds to the arc a in S (G). Analogously, we denote by f(e) the facet of T (G)
which corresponds to the face f (e) of S (G).

7& A Cheng #0 Vigneron [CVO7] S , FA1A a" F[/AR T (G) Kb , EXNT S (G) K
9 a, 2Bt , I f(e) =R T (G) Wil , EXNT S (G) WE f (e),

1.2.4 The motorcycle graph

1.2.4 BEFE5R

A straight-forward approach to computing the straight skeleton is through the simulation
of the propagating wavefront. While edge events can be handled in a relatively efficient
way the opposite holds for split events, see Section 1.4.2.1. It turns out to be non-trivial to
efficiently determine which reflex wavefront vertex crashes into which wavefront edge.
Let us consider for a moment only the simultaneous movement of the reflex wavefront
vertices. In order to compute the straight skeleton it is important to know which reflex
wavefront vertex is cutting off the trajectory of an other reflex vertex by reaching the
common crossing point of their trajectories earlier. In order to extract this sub problem of
computing straight skeletons, Eppstein and Erickson [EE99] introduced the so-called
motorcycle graph.

TEELBEN—NEEAARBIEIMERIK. RRDEHT AN BB A AL
H, BNRE4NMER , 205514217, BSUEH , BEHEHAN MK ATTR A iE A
KEAFIESE, WLERNEN R EZEMFERIRARKENEs., ATIHTEELER , EEX0
FEEZANEWRAN MR AT TR s )8 I 5 R BRI A A s Sk 55— AN M TR s B
&, ATREUTEEZEEEMXANFa@ , EppsteinHiErickson [EE99] 5| X T ATBHIETE
A,
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A motorcycle is a point moving with constant speed on a straight line. Let us consider n
motorcycles m1, . .., mn, where each motorcycle mi has its own constant velocity vi €
R2 and a start point pi € R2, with 1 <i < n. The trajectory {pi +t - vi : t =2 0} is called the
track of mi. While a motorcycle moves it leaves a trace behind. When a motorcycle
reaches the trace of another motorcycle then it stops driving — it crashes —, but its trace
remains.

Note that it is possible that motorcycles never crash. Following the terminology of
Eppstein and Erickson [EE99] such motorcycles are said to have escaped. It is easy to
see that there can be up to (n2) intersections among the motorcycle tracks. However, no
two motorcycle traces intersect in both interiors, which leads to at most n intersections
among the traces.

EREREEL FLUEEREMIN A, ILEAIZERNEELEM, ..., mn , HPSHE
FEMEEHEBSMECEE Vi € R2FM— M ietampi € R2 , HF1<isn, Hilpi +t - vi
St OMEFRAMIHE, YERESHN , EAESRE TRE., Y—HELEIXS—
WEXENIEE , EAEILETH—e4EF—BENHRPAEE. BEE , BT
A REKIE N AR ARTE, 1RIR Eppstein 1 Erickson [EE99] IARVE |, XA EEFEH AR
HEZRkKR., RESEL , BERENEZARZUTRER (n2) M m. AW, IKEWEERL
FHRAEMANNENEAL , XSEBWEZ EREZE n MR

Definition 1.8 (motorcycle graph). ) The motorcycle graph M(m1, . . ., mn) of the
motorcycles m1, . . ., mn is defined by the arrangement of the motorcycles traces.

EN 1.8 (BEFEZERE)INTO], ) BBFE%E m1, ..., mn ¥ motorcycle graph M(m1, ..., mn) i&
SCABEFEE R RIHES .

In Figure 5 (a) we illustrate the motorcycle graph M(m1, . . ., m10) of ten motorcycles.
Cheng and Vigneron [CV07] presented a straight-skeleton algorithm for simple polygons
P, which is based on the motorcycle graph, see Section 1.4.2.4. They first define a
motorcycle graph induced by a polygon. The idea is that every reflex vertex v of P defines
a motorcycle which starts at v and has the same velocity as the wavefront vertex which
corresponds to v.

#E 5 (a) &, KIVERT B HREEEMARETEEFE M(m1, ..., m10). Cheng #
Vigneron [CVO7] {2 T —MIXRIBAZNE P WELBREL , ZHIEETEREE,
W 1.4247%0, ITEEENT —THZAEASHELER, HEAER , PR/ MIR
RVENT —WERE  GEREN VR, FFREBESXMET v KRR AEEARE,
non-degeneracy assumption Cheng and Vigneron [CV07] explicitly exclude the case that
vertex events appear for the wavefront of P. The authors call this the non-degeneracy
assumption. Eppstein and Erickson [EE99] remarked that perturbation techniques cannot
be applied to transform these “degeneracies” to general cases. A small perturbation
would change the straight skeleton drastically, see Section 2.5.3. On the other hand, such
situations are very likely to occur, in particular if P contains collinear edges. Figure 1
shows a typical example. (We will be present a generalization of the motorcycle graph to
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arbitrary planar straight-line graphs in Section 2.5.) For the matter of simplicity we refer by
the nondegeneracy assumption to the slightly more general assumption that no two
motorcycles crash simultaneously into each other.'

JEIR{R1% : Cheng#Vigneron [CVO7] BAREHERR T TR B 4L IMAEPIFRTAIE L. 1EER
2 FAEIR{RI%. EppsteinFlErickson [EE99] 181t , MBI ARBER TH XL R
BA—RABER . — NI ER AR AL TLE , S 052537, F—HE , XFE
MAEEATREAR L | HRIRUPAS LM, 1 BRT — N HEWETF, (BITEES
25N PNAERERENEEFEBELENMT . ) AT RERN , HOBIERMEBRKTE
RFYHE — R , BNE B ETERMMEMNE, ™

/

(a) (b)

Figure 5: Left: The motorcycle graph M(m1, . .., m10) of ten motorcycles. The velocities
are represented by red arrows. Right: The motorcycle graph M(P), shown in red, induced
by a simple polygon P (bold). Each reflex vertex of P emanates a motorcycle.

&5 : AR TRERFNERFEER Mm1, ..., m10). RERIGAFHRERR. AR : B
BZNF P (K) SHNETEERIMP), DAAER, PHRENIIRRELS —RET
%,

In order to guarantee the correctness of the algorithm of Cheng and Vigneron [CV07], it is
necessary to assume that the motorcycles run out of fuel when they reach an edge of P.
We cover this circumstance by introducing the alternative concept of walls. We assume
that the plane contains straight-line segments which model rigid walls. If a motorcycle
reaches a wall then it crashes and its trace remains. Following our terminology, we define
a motorcycle graph induced by a polygon by specifying the motorcycles and the walls.

AT {RIE Cheng 0 Vigneron [CVO7] BEAMIERME , B LERIRELEIEZT N P HKAZES
FEMRL, B @ 5| ANIREE B ARSI XA MBI, FR(TMREO T B SRR
MR EZE. MREFLFINNEEE , WARESHE NRE, RBEANWAE , BAEd
TEE BT AR EERE X2 A 3 R EFT AL,

Definition 1.9 (motorcycle graph induced by a simple polygon). Let P denote a simple
nondegenerate polygon. Each reflex vertex v emanates a motorcycle with the start point v
and the same velocity as the corresponding wavefront vertex of v. Further, we consider
the edges of P as walls. We denote by M(P) the resulting motorcycle graph and call M(P)
the motorcycle graph induced by P.
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EX 1.9 (BERZDEFESHNELER)NT0], & P RR—ARIEMNIERKZHE. 814
MIm v ZAE— N EESE , HiclamoAa v, BES v INVARIERITRRAAER. o, 31T
P A AEEE, FRITRASRIMEITERIFRRA M(P) , 398 M(P) AR P A SHETE
.

Definition 1.10 (arm of a motorcycle). Let m denote a motorcycle of M(P) that emanates
from the vertex v. We call the two wavefront edges that are incident to the reflex
wavefront vertex emanated from v, the arms of m. The one arm that is left of the track of
m is called left arm of m and the other arm is called right arm of m.

EX 110 (BFEERE) INTOL, & m RANIAR v REH M(P) W—HREEE., BATH
SN v ZHMIERT TR RAERRAIKENL , 7o m 8. T m UEEMRETRA m
WEE , H— B mNEE.

We illustrate the motorcycle graph M(P) of a sample polygon P in Figure 5 (b). Cheng and
Vigneron [CVO07] also presented an extension of their algorithm to polygons with holes.

KAVEES (b) FRIRT —IMFEARZ W FEPREFEEEIM(P). Cheng#lVigneron [CVO7]tH,
e THMNBEIENY & WERATHANZALE

The motorcycle graph has to be extended accordingly: One has to introduce additional
motorcycles at the convex vertices of the holes — which emanate reflex wavefront
vertices within P — and one has to add the edges of the holes as walls, too.

BRI TN Y B - SEL IR AL 5| A BN BT —— X TR R AR
PRI & SR B TR m——3F B IR F LA S AR I A B BE

1.3applications
1.3 VM

In the following section, we present several applications that appeared since the
introduction of straight skeletons. The application of shape reconstruction by Oliva et al.
[OPC96] even appeared at roughly the same time as straight skeletons and, in fact, the
authors referred to the straight skeleton by a different name, namely angular bisector
networks (ABN). In general, straight skeletons inherit many applications from Voronoi
diagrams. Two typical applications — computing offset curves and terrain modeling —
are immediately connected to the original definition of straight skeletons by Aichholzer et
al. [AAAG95] and Aichholzer and Aurenhammer [AA96].

EFETROEDT , RITENBEEELESIARREIK LA, Oliva% A[OPCI6]iE
HHREREZENALIFESESERNEI , F L, (EERS 12, IATHEMLE

(ABN) SRfsREBLE, —MRSRWN , EEL4& T VoronoiBIFZ VA, B A F
— it E R &t B ——SAichholzerZ: AJAAAGI5]A K Aichholzer#]
Aurenhammer [AA9G]XT B B 42 AR X HikM K.

1.3.1 Mitered offset curves and NC-machining

1.3.1 Fkfmis 2 S ¥z LT
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Computational geometry has numerous applications in NC-machining. Computing offset
curves is certainly one of the most important operations. Besides NC-machining, offset
curves have a lot of further applications, like insetting/outsetting15 paths in vector
graphics editors and CAD software, computing tolerance domains around polygons or
polygonal chains (e. g. for approximations within given bounds), computing curves
parallel to a given curve (e. g. territorial domains on the sea defined by some fixed
distance from a coastline), and so on.

WEILAERIEM T A RENN A, TRHESHATEERERZNHRIEZ—. RTHIE
ML, WAL H VS RN A |, I20ER EREYRIELS A CADE - NIE/SME 151K
&, TEZAERZNEERBRAEE (5120, EARECERNSITEM) [ WWEHTT
MHEHIZANERZ, (6120 , IR FA—EIEEE XN LA LTtE) $5%.

First, we introduce some technical terms related to NC-machining. A workpiece that
should be milled by an NC-machine is represented by a simple polygon P, possibly with
holes. The tool in operation has the shape of a disk Dr with radius r and the origin as
center. In the domain of NC-milling such a polygon P is often called pocket and the tool is
called cutter. If we would move the center of the cutter along the boundary of P, we
obviously remove too much material, see Figure 6 (a). The idea is to “shrink” the polygon
P and then move the tool along the new boundary such that we obtain the desired
workpiece, see Figure 6 (b). In mathematical terms, we want to determine a shape P’
such that the Minkowski sum P'+ Dr:={x +y: x € P', y € Dr} equals P (except for
certain portions, e. g., at the convex corners of P). The boundary of P' is called an offset
curve of P with offset distance r. Note that there is only one continuous offset curve in
Figure 6 (b) for that particular offset radius. If the tool did not leave the gap empty at the
bottom of P then the bottom vertex of the hole would be cut off in this example.

B, BN B—LEEBITMIAARNARE, — M EPISIURSEHIK TR —1
MRMZNEPRIR , AIREATL. BITTRIERE— M2, RO OREEDr
R, EBUEHRIUN , SRS ATEPIEE SARAEUNE , M7JEWAR NS T). REAE
BEPHIARBAHNETNF O, BNBARBBRE LMK, SHE6 (a) . HEER K
Y8 %P , RBIREMKNREHNTIE , NMRFAHFHNIME , £0K6 (b) . BEKF
REFRE , BAVEEME —MRP' , R XHEAMP’ + Dr:={x+y:x € P,y € Dr}
FTP (BRTRLRS , St , EPRALL) . PRIAREIHRAPHRISHIL | RIZIEE
A, HEE , HE6 (b) F, TR REFE , RE—FESN WL, WRTIA
IXBFEPIRERE TR, APAIEX BT+, FLARERIR AR Y3

At least two main questions related to computational geometry arise from the task of
pocket machining: (i) how does one compute offset curves and (ii) how does one
compute tool paths in order to remove the material in the interior of P? Held [Hel91]
elaborated the computational problems related to pocket machining. He employs the
Voronoi diagram of

ZOEMANEITE JUTMHEXNEZRBUE TR M IAES () 2T EmRErL |, A
R (i) tnftETIRKZ , DMEXRMSPINEBEAEL ? Held [Hel91] ¥ERE R T SRR T
MRENTERB, X7 Voronoi&]
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P in order to compute offset curves, where the offset curves are defined by the
Minkowski difference P - Dr. Once the Voronoi diagram is available, this technique leads
to a remarkably simple, efficient and robust method to compute offset curves, see
[Hel91, HLA94]. Held [Hel91] also presented algorithms for two basic strategies in order
to compute proper tool paths: contour parallel tool paths and direction parallel tool paths.
Computing sophisticated tool paths is still a vital research area in these days. For
example, Held and Spielberger [HS09] recently presented an algorithm that produces
spiral tool paths which are suitable for high-speed machining. Computing an offset curve
belongs to the first steps in their algorithm.

AT VTEREZ , P, HPERZZBXT]XETEZ P - Dr €Y. —B Voronoi E7]
B, XA A—FAEE @8, SYERREMITERISEZNATE , 0 [Helo1,
HLA94], Held [Hel91] bR E T FEARIE KB L , UBITEESENIRKIZ | BT
T AREMAR T TIARR, TEEZRNTIARREYSNMRE— N EENTRM

15, %140 , Held 0 Spielberger [HS09] HifF12H T f”l” 9k, ZEIFERERTSEML
KZRE SRR, ITERBHARMINEETRNE—S.

Voronoi-based offset curves consist of straight-line segments and circular arcs at the
reflex vertices of P, see Figure 7 (a). Park and Chung [PC03] pointed out that such offset
curves are undesirable if a high machining precision is required. The problem is that while
the tool moves around a reflex vertex on a circular arc, it is permanently in touch with the
reflex vertex, see Figure 7 (a). Oscillations of the workpiece or the tool during this time
period lead to erosions of reflex vertices. Hence, they propose the so-called mitered
offset curves, which are based on the straight skeleton instead of the Voronoi diagram.
The basic idea is that sharp vertices of the polygon P should remain sharp in the offset
curves, see Figure 7 (b). (Park and Chung [PCO03] also mention that the offset curve
based on the straight skeleton leads to long tool paths at sharp reflex vertices of the
input. Hence, at reflex vertices with an interior angle of at least 1.5t the offset curves are
trimmed by an additional line segment in order to shorten the tool path.)

T Voronoift {gi% Hh 2 B4 BRAMPHM TR R KIRITRERL , HEl7(a), Park#Chung
[PCO3HED |, MMRFBESMIAEE , IMMEBHLAE NI, [FEET , LIIALRMIT
RERM LN , BaASMTREm , WET7(). 7EHHE , THSITIANRSHSS
FMTRRKEM, R, ilRE 7T ENFHR RIS , ZHAETHELBSEMARE
Voronoifs], ZAEER L AFEPHIRERINR N MBI RIFRE , WET7(b), (Park
FChung [PCO3]iR4RE , ETHELBRNHIE LA IEMATREAEMTR /LK TIREKE
gk, B, FRAZDALSTHIMIIRL | WSS WESMISEESY , DIEETIR
®iz. )
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The Voronoi diagram of simple polygons with holes — or more generally, of a planar
straight-line graph — can be computed reliably in practice and implementations with an
expected O(n log n) runtime exist, e. g., the Voronoi package Vroni by Held [Hel01]. In
fact, Vroni also solves standard tasks for pocket machining, like computing offset curves,
finding the maximum inscribed circle, or determining the medial axis16. Recently, Held
and Huber [HH09a] extended the algorithms and the implementation behind Vroni to
circular arcs. A nice byproduct of this extension is that the offset curves of straight-line
polygons that are produced by Vroni, can serve as input to Vroni again.!” As mentioned in
the introduction of this chapter, the situation for the straight skeleton is clearly different.
The only implementation available is the code by Cacciola [Cac04] within the CGAL
library [CGA]. It accepts simple polygons with holes as input and exhibits a close-to
quadratic runtime performance and memory footprint.

WRZHE (W) HET XHFEmEZLE R VoronoiE o] AFESKEF R FEMtntE |, FAF
FEHEIIEITREIH0(n log n)#ISRIL |, FlanHeldiVoronoifVroni [Hel01], &38|, Vroni
MARRT QNN AEES |, TR MmN, FHREARVIREE PHZ16, &
I, HeldFHuber [HHO9a]# Vronis fa & IAFSRELY REIRIN, XY RK—MRIFH
AIF=5E | VroniF=4A RN EL LA B NIRIEERZ AT VB IRFE R Vronitis A . 17 IEANAZES| &
RN, ELERMBEAEARR. M—a] FRSIN;E Cacciola [Cac04]#ECGALE
[CGAIF ML, BIZHILNERZAE/ENGA |, IR EFIE XNz T MEREF KN
FhHA.

Park and Chung [PCO03] circumvented the lack of efficient straight-skeleton algorithms by
computing the mitered offset curves directly. Note that the mitered offset curve with
offset distance t is equal to W (P, t). If no split event occurred until time t then one could
simply compute the Voronoi diagram of P. After that one replaces the circular arcs of the
offset curve by straight-line caps in order to obtain the mitered offset, without running
into selfintersections of the offset curves. However, self intersections occur if the offset
distance t is large enough such that a split event occurred until time t. Park and Chung
[PCO3] presented a relatively complex algorithm based on the concept of the so-called
pairwise interference detection. Their algorithm basically puts offset segments parallel to
the input edges and removes invalid portions of the offset curves afterwards.

Park 1 Chung [PCO3] B3 Bt E AR mHEL , M T HRZ SR E SR EILNIR
W, EEE , WBIEEA t NAHE R ET W (P, 1), 20RENE) t ZBNEBAENE|
=4, BARTRAEHEATE P i Voronoi &, ZJ& , AT HISFERER |, TR BELIEEH
WREBZNETL , MASBERSHEANERRE. A, MREZES t 2B X, LET
1ERY[E) t ZRIAAET NEIEH , MSxEBHMI., Park # Chung [PCO3] 124 T —FF4EXS
BRNEL | REIEET AN FHANRKSES., iMEEER ERESH LT
ITHRIRISERER | SR JafslRmts rh 2 ToaER o) .
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(a) (b)

Figure 6: Milling a simple polygon P with a hole (bold). Left: Simply tracing the boundary
of P with a tool removes too much material (shaded). Right: Tracing the offset curve
(dashed) removes the correct amount of material, except for some remaining material at
convex corners.

& 6 : FHI—MHILNESAZDE P (EK) . ZE& : WHEMATIRIBER P )Rk

TZmEL (BARERSY) . BBl BERBBEL (L) SBIREMBENIR , B0H
A IREE— LR

() (b)

Figure 7: Two different approaches to obtain offset curves (thin) of the input (bold). Left:
The approach based on the Voronoi diagram (dashed). The tool is shown in gray for
several positions around are reflex vertex. Note that the tool remains in contact with the
reflex vertex. Right: The approach based on the straight skeleton (dashed). The order, in
which we traverse the straight skeleton to compute the offset curve, is sketched in gray.

7 : TSI O\BRZR (FRIK) BOmTsHhZ (40%k) MRFAREATX. ZF& : T Voronoi
B (B%) A%, LTREMKGERRSTNABBEK/L/MIE. EEE , TRBRSR
SRR iFEm., A ETEER (BL) NAE. KITBHESEITEHEEHZH
AR B 54,
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Obviously, if the straight skeleton is available, the mitered offset curves are computed in
an almost trivial way by simply traversing the straight skeleton in the very same fashion
as it is done for Voronoi-based offset curves. In Figure 7 (b) we sketch the order in which
the straight skeleton is traversed for a particular offset distance. After we start from an
arbitrary input vertex, we basically follow the boundary of one incident straight-skeleton
face after the other and stop at each time when we reach the desired offset distance on a
straight-skeleton arc.

BA , MRELBRETA , WAHREBHAKTE L L—MIEE R R At T , RFE
LS T Voronoikwi% BhZ AR E N A TUB S BB 5B ] . 7£R7 (b) 7, FATAEH T
FFE M5 e BB EZB R, EERNNEEMATRRITIAE , FNER LRRE
—MAFELEREMN R, HESRBIAEL TR LTSN mE RS EL.

1.3.2 Building roofs and generating terrains

1.3.2 B RETAA At TE

Automatic roof generation is an important task in 3D modeling, e. g., as part of an
automatic city generator in a 3D modeling software. Let us consider a simple polygon P
that represents the footprint of a building. How can we generate a realistic roof on top of
the outer walls? A simple method to obtain a proper roof is to compute the roof model T
(P) based on straight skeletons, see Section 1.2.3.

BETRAEME 3D BEFR—TERES , B0, 1E4 3D BAEKR A B3 m A 231
—8B5Y. WLFEKANBR—IRRMZIAE P, EARERYN S HEFR, I 7ESNIRES
ERITRAER—MERENET ? Kiea@ BRI — MR AR TEETEBRNETE
AT P), ZN5H1.2.3 7,

Laycock and Day [LD03] picked up this method and developed heuristic approaches in
order to generate a larger variety of differently looking roofs. The original approach by
interpreting the terrain T (P) above a simple polygon P as a roof results in the so-called
hip roof. See Figure 8 for an example. Laycock and Day also describe how they obtain
so-called gable roofs, mansard roofs, gambrel roofs, and Dutch roofs. For example, in
order to generate a mansard roof, they consider the offset t until the first edge or split
event happens and determine the offset at 0.85 - t, which is W (P, 0.85 - t). The mansard
roof consists of the original facets of T (P) which are restricted up to an height of 0.85 - t
and a top facet parallel to the ground plane. Straight skeletons became a general tool in
order to generate sophisticated and realistically looking roofs, see [MWH+06, KW11,
Hav05] for further examples.

Laycock#1Day [LDO3] ¥ 7T X#Ai% , FHATBEARXAE , MEEREZHUNARE
SMRBETR. IBITRERZ NP EARMIET (PERAEIR , BRIRNRRAIETET
B ETR, £ WEISHIIRGI, LaycockFlDayil#hiA T i 1A H48 FTiB pLLILE ZE TR .
B RN, EREMMETZEN. 620, ATERESEN , 12 EEEEt, EFALE
F— NN EEM , FHHHE0.85 - hHwBE , BIW (P, 0.85 - t), m¥SETNHT (P)HIR
JREAARK , XA IRBIFESIR0.85 - S E , UR— AT THENTNE. EE5EMH
ARERBAIMNEEXNETIREATLR , EZREES LIMWH+06, KW11, Hav05],
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The automatic generation of mountain terrains in the neighborhood of waters is very
similar to roof construction. Assume we are given the shape of a river or a lake and we
want to model the surrounding terrain. If the boundary of this shape is given by a planar
straightline graph G then the terrain T (G) gives a realistic model for the surrounding
terrain. In Figure 9 we show the generated terrain that illustrates the an part of the river
Danube called “Schlégener Schlinge” in Austria. The generated terrain gives indeed a
good approximation of the actual real-world scene.

FE/KIBHMTIE B shA Lt iE S BT EARE ML, BRI ETRSGHARER | It
HBEAVEEAENRAERBE . MRXMREARB— M FRELKEGAL |, At
T(G)AFRBERMER AT — N ERAMER, 7EEOF |, BAVRRT ERKHE , ERRT S
HAH—H#oy |, FERMAIAEAR A" Schidgener Schlinge”. A AEIMIIEAHSEA L T SIPRESK
FRIHFHKRIFIENL

The 3D models of Figure 8 and Figure 9 were generated by our straight-skeleton
implementation Bone, see Section 2.5.3. Our implementation can be used to export the
terrain T (G) of a planar straight-line graph G in a file, which is further processed by the
free 3D modeling software Blender [Ble].

& 8 #1[& 9 i) 3D RV FRA I E B 22532 Bone &R, %2537, KKK A
FHEXHFSEFEELZLE G #E T (G) , &% I#EE?&% 3D Effﬁhﬁt Blender [Ble] 1
—HAbIE,

1.3.3 Mathematical origami and the fold-and-cut problem

1.3.3 AR S & YIRS

Straight skeletons possess an interesting application in the field of mathematical origami:
the fold-and-cut problem. Let us consider a simple polygon P drawn on a sheet of paper.
(The polygon P could illustrate a flower or an animal.) We are allowed to apply a
sequence of folds of the paper along straight lines. Finally, we take a scissor and cut the
folded paper along a straight line into pieces. Which sequence of folds and which line for
the final cut

HEEE %&%iﬁﬁﬁ*ﬁﬁﬂiﬂﬁ—/\ﬁﬁmr H: %'ﬁﬂ*@]%ulﬂﬂi WA E E—ANMAHIELR
KRR Z NP, (ZAEPAURR—FEZ—R3MW)., ) HITBAVEEEBELRXTARKH
T—RIHITE nE'iF : a’lﬂiﬂ‘lﬁi%ﬂ‘)&%—%&ﬁéﬁ@%ﬁ%%ét&% CBHE AL, TF
&I u&ni SEHN IS5
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Figure 8: A hip roof generated by our straight-skeleton implementation Bone from the
polygon that forms the footprint of the walls. Every facet of this roof has an identical

slope.

& 8 : AT ELCE LRI Bone MM AUEAIS BB Z A TEAE BRI PO E TR, BLETRIN S
MEEEARRIEE.

Figure 9: A terrain generated from the boundary of the blue river by our straight-skeleton
implementation Bone. The figure illustrates the “Schlégener Schlinge™, which is a part of
the river Danube in Austria (48°26° 10” N 13°51’ 50” E). The boundary of the river is based

on data obtained from OpenStreetMap [OSM].




& 9 : BRI E L BRI Bone Wi GIAIRIAFAERK terrain, ZERIR

T “Schlégener Schlinge” , ‘& 2 B ithF| Z IS H—EB 4 (48226’ 10" N 13251’ 50" E), Al
B8 B ETF M OpenStreetMap [OSM] #RER fI%KIE.

do we have to apply in order to obtain a piece of paper that has the shape P? This
problem, among others, is discussed in the book by Demaine and O’Rourke [DOO07] in an
illustrative and detailed fashion. They summarize the fold-and-cut problem as follows: (i)
which shapes can be produced by such a fold-and-cut sequence and (ii) how can we
compute a corresponding fold-and-cut sequence if the shape is given?

KN BT ERF ARG — KR APHIZR ? DemaineF10’Rourke £/ ]2 E[DO07]
o A—FR BRI A TS T XA E) B AR EoAthfR) i, b TR & YRRl L g5 a0
T (i) BEXFITEYERIFSR] DAEAERRLAR |, AR (i) RATERK , FEianfit
EAN T EYIEIFS) 2

As described in [DOQ7], Chapter 17, the basic idea is to align the edges of P along
straight lines by folding according to a so-called crease pattern. More precisely, the
question whether a given polygon can be produced by a fold-and-cut sequence is
equivalent to the question whether a crease pattern exists such that the edges of P can
be arranged on a straight line and that any other point of the paper does not lie on this
straight line. A cut through this line cuts exactly at the edges of P. The universality result
states that every planar straight-line graph G can be cut by an appropriate fold-and-cut
sequence [DDL98].

EADOO7IE 7T | HABARBIHRRMBHITREAR TR | EPHNILEL
SHF. AR AN DR EBTUBITFRNEIFIEE , SHTEAFE—H
JREIR | (EEPA TS E— R EL L | 3 A% ERETEEAHA LT XEES
. OREXSEYEESFYEPIA . TRIEEREN , S THELEGHTEE
M ey A 1B IR I[DDLOBTHATHIE,

Demaine et al. [DDL98] presented an algorithm to compute crease patterns based on the
straight skeleton. The input to their algorithm is a planar straight-line graph G. The
motivation to use straight skeletons is that folding a paper at the bisector of two edges
aligns both edges on a common straight line. Note that the arcs of the straight skeleton
lie, by definition, on the bisectors of the defining pair of edges of G. The basic idea is that
the straight skeleton almost poses an appropriate crease pattern (depending whether an
arc is reflex or convex, the paper is folded in one or the other direction). As elaborated in
[DOO07], additional creases, so-called perpendicular creases, need to be introduced to
obtain the final crease pattern for a given input graph G. Demaine et al. [DDL98] proved
that a certain class of planar straight-line graphs can be obtained with a single cut using
their crease-pattern algorithm based on straight skeletons. Crease patterns for arbitrary
planar straight-line graphs can be computed using an algorithm based on disk packings.
However, the crease patterns based on straight skeletons tend to be simpler [DOQ7].

Demaine% A\ [DDLO8HRH T —FMET EABIITEIIREIRNE X, MBIENHAR—
MFHELEG, ERELERNIIE , ARFRANAFOE LI EIGKSE R S0Ax)
FE—HAKEL L, BEE , RIEEN , BB RMIEAT GHE XA X F oLk
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Lt BERBER  BEEABELTFHET M EENTTRER (BURATIZEMAEE DD
H, RSB — A AEITE) . EMDOO7IFHFMERKANKE , FESIAFSMY
iR , BIFMBMERITR , DRSS EMA B GHRRATIREIZR. Demaine® A[DDLO8JUE
B, FRMMNETELAEENITREREE , TUBE X BREE — X FHELE.
ATMEAETREEANE ARTEEE FEOELERNITREISR. AT , £TEZLELEMN
R EIRFAEE A [DO07],

Straight skeletons have also been applied to further problems in the field of mathematical
origami and also to polyhedral wrapping problems, see [DDMO00] for example.

HE 3N BT RS — S ad , MR ZHEEERRE | 6115 1
[DDMO0O].,

1.3.4 Shape reconstruction and contour interpolation
1.3.4 FTEAREAANGE BR (&

Oliva et al. [OPC96] introduced an alternative version of the medial axis, which they
called angular bisector network (ABN) and which turns out to be exactly the straight
skeleton. Their motivation for this skeleton structure originates from the problem of 3D-
surface reconstruction, for which they need to have a skeleton comprising straight-line
segments only. They consider a sequence of cross-sections of a 3D-surface that lie on
parallel planes. Each cross section consists of nested non-intersecting polygons defining
so-called material and nonmaterial domains. The problem is to compute a reconstruction
of the original 3D-surface based on the set of cross sections. This is a typical problem in
medical imaging.

Oliva % A [OPC96] 5| \ 7 ALK —FhEARRA , t1FRZ A FRLMLE (ABN) , 45
RIEAEHRIFEELESR. MR XHMEREMMNSMLIET 3D REERZAEM , Akttt
MNHE— MBS ELBRNELR. MI1E BT TFE LK 3D REK—RIFEEE.
BB E XATE A RMAEA RS AR EIEARRZ L EAE A . [RIELR R T HsE
BitERig 3D RANER., XEEFHEFR—HAERE,
The problem mentioned above is considered to be difficult in the presence of complex
branches of the surface. Oliva et al. [OPC96] interpret the problem as an interpolation
task between two consecutive sections. In the first step the polygonal shapes on two
consecutive sections are projected on a parallel plane. Then they consider the symmetric
difference of both shapes. This difference consists of nested polygons and each polygon
comprises edges of both cross sections. In the next step they compute the straight
skeleton of the difference shape and build a triangulation of the straight-skeleton faces.
This triangulation is lifted to 3D in order to pose a patch of the 3D-surface between the
two cross sections. The nodes of the straight skeleton lie on an intermediate layer
between the two cross sections.

YREFAERRDXN , EREEHIANREMER, Oliva % A [OPCO6] Rk Al i A
P MELEE Z RIRHREES. $—F , RO ESEE NS ARERITZE T FE
L. K, IZBEIDIERNINHRE. IHEFERESORAR , M2 AR
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Barequet et al. [BGLSS04] presented a very similar approach. In contrast to [OPC96],
they consider a different triangulation scheme and assign different heights to the vertices
between the cross sections.

Barequet® A[BGLSSO04Jigth T —MFE MK TTIE. S[OPCO6IML |, Mi15 /8T —Ft
ARM=ABFINAR , FHAREEZ AINTRAET ARMSE.

1.3.5 Polygon decomposition
1.3.5 LNk

Tanase and Veltkamp [TV04b] proposed an approach to polygon decompositions based
on straight skeletons, where the split events define how the polygon is decomposed into
sub polygons. They consider a reflex wavefront vertex v that led to a split event by
crashing into the wavefront edge e. Then the polygon is decomposed by (i) the arc a that
is traced out by v and (ii) the projection line of the endpoint of a that is orthogonal to e,
until the boundary of f (e) is hit. These two paths can be interpreted in the terrain model
as two possible paths of a raindrop that starts at the endpoint of the lifted arc a”, see
Section 1.2.3. Decompositions of this type form the first phase of their algorithm. In the
second phase, further local simplifications of the decomposition are applied.

TanasetVeltkamp [TV04b] 2 T —HMETELABRNZMENMEAIE , HPNBISHE
N TR ZAFEREAF L0, ZR— D REERTRR v , A8 T E TE AT
W% e SBTHEEM. Ra, LAHRBEATARSE : () B vIBLKIa M (i) a
U REKIRRL, , UEERT e , HRIFX f (e) KOAR . 7EHIBAEIH | XPIRERIZAT IR
FAMNERTIN o™ Kiim IR REK ISR AT REIR 12 , 2056 1.2.3 1, XTI fiRM
T M EIENE R, EEZME , MAX O RN — [REbEi.

The decomposition steps of the first phase are similar to the randomized partitioning used
by Cheng and Vigneron [CV07]. However, Cheng and Vigneron [CV07] do not investigate

polygon decomposition schemes per se, but used their partition in order to devise a
randomized straight-skeleton algorithm, see Section 1.4.2.4.

E— RO RS IE AT Cheng F Vigneron [CV07] {& FBRIFENLSMX . AT , Cheng F1
Vigneron [CVO7] AGFHIEEMHRZMENBAR , TEFEAMRIINS XX —FEILE
KERBEL, 2NE 14247,

1.3.6 Area collapsing in geographic maps and centerlines of roads
1.3.6 HE| XSS5 E M

In geographic information systems a common task is the simplification of maps by
collapsing certain areas. Assume we are given a map of a landscape, including rivers,
streets and municipalities. The rivers and streets are given as polygonal areas. The
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problem of area collapsing asks for a method to collapse a certain polygonal area A (e. g.,
a river or a street) to a one-dimensional structure by dividing A among its neighboring
areas.

EHIREERGT , —WE MNES BT & HF LI HIE, BRiRIK115ET —
SKRNE , AR, AREMITEEOR, MAMEEAZDEXENER G, Xigs
FERESKIRH—F AL, BEAEREASXKIBZ EXISA , BENZLDEEIFA (60, 77
MBAENE) &I A—4ELEN,

Haunert and Sester [HS08] introduced a method based on the straight skeleton S (A) of
the polygon A. Each straight-skeleton face f (e) is merged with the neighboring area that
shares the edge e with A. In order to assign larger portions of A to larger neighboring
areas, they employ the weighted straight skeleton, cf. Section 1.5.2. The weighted
straight skeleton allows them to adjust the sizes of the straight-skeleton faces in A
accordingly. Their method respects certain topological constraints, e. g., it maintains
connectivity. For instance, if a river joins a lake then it is desirable that the collapsed river
is still connected to the lake.

Haunertf1Sester [HS08] 5| AT —F&ETZHE ARELEE S (A) WAL, 81N ELE
I f (e) 5HF5h e WARSIXIZA A &3F. AT A W KBRS 9 AL RAIAESRX
%, XA T MRELER , 205 1.5.27, INELERAVFHIERIRE A G
HEBRERK AN, TN FTIESELLRIMGER , 820, BRFRERM. H1a0 , R—
FKIMMICA—NEA , AR EFHRMIARNA S IatE.

Haunert and Sester [HS08] also discuss the problem of computing the centerlines of
roads. They consider a road network of a city, where each road is given by the polygonal
area it occupies. How can one obtain a one-dimensional representation such that each
road is represented by a polygonal chain? Haunert and Sester [HS08] compute the so-
called centerline of a road by, roughly speaking, considering those straight-skeleton arcs
which are not defined by two adjacent boundary edges of the road area. Special care is
taken in the presence of road junctions. If three or more roads meet in a junction it is
rather unlikely that the four centerlines meet in a common straight-skeleton node. Haunert
and Sester [HS08] presented a heuristic approach to detect such junctions and to
connect the centerlines of the joining roads with a common junction node.

Haunertf1Sester [HS08] 1518 7 i+ EE M/ ORI, 04718 R — Nk i )3 (% XN
& HPhELERSEEMGBRZBEXIGSA Y., RS —N—4F~ , F1584K1E
FEAPEE — SR AT ESESRIR ? HaunertMSester [HS08] 1813 ¥ g 2 [ ABLEAN 2 FHIE I X Im )
A AELRA R E XN EBRICHTEERNITET 0. FEFAERZXAMBAT |
FESEE. MRZEABELZSERE—NRXXAMEE |, IPANEFOEAKRTEEE—D
HEMESLT RMEIB, HaunertilSester [HS08] it T —FpE KN A IERK ML AT X
O, FFEEE RN OEES— RN X AT sk k.
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Figure 10: Sorting natural numbers can be reduced to the computation of the straight
skeletons (blue) of a polygon with holes (bold). The nodes that are depicted by small
disks correspond to the input numbers {1, 3, 7, 8, 10}.

&10 : BAKBHEFF AT ARICATILZATE EK) WEZER (Ee) WitE. B/NE
TR R T AT, 3,7, 8, 10},
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1.4 BT ALSE

1.4.1 Runtime bounds for the straight skeleton
1.4.1 EE5RHNE TR R RER

To the best of our knowledge, the currently best known lower bound to compute the
straight skeleton of a simple polygon with n vertices is Q(n). In the convex case a
simulation of the propagating wavefront gives us an almost optimal algorithm using O(n
log n) time, see Section 1.4.2.1. For the more general case of monotone polygons, Das et
al. [DMN+10] presented an O(n log n) algorithm. However, for arbitrary simple polygons,
no algorithm that is even reasonably close to linear is known. Currently, the fastest
algorithm is due to Eppstein and Erickson [EE99] with a worst-case runtime of
O(n17/11+€). This poses a high contrast to the situation for Voronoi diagrams, for which
Chin and Snoeyink [CSW99] presented an optimal linear-time algorithm. Note that in the
convex case the Voronoi diagram and the straight skeleton are coinciding and the
algorithm by Chin and Snoeyink solves the straight-skeleton problem in optimal time as
well. However, for convex polygons also a simpler Voronoi algorithm is known due to
Aggarwal et al. [AGSS87].

EIERAFTR , BantTEAEAn M e E 2L N ERNELBIRNREDLHM TREQMN)., £
BT |, ERERE BRI TRI R T — N LRI E L | FHO0(n log n)it[E] , .5
142177, STFE—RRBFLHEER , DasE ADMN+10[2HE 7 —40(n log n)&
5. R, NTHEEMBLZNE , BRIdRECME A& MR EERE. B
Bl , IRIE L ZEppsteinMErickson [EEQHR A , HmINMEMIETTHIEIA
O(n17/11+€), X5VoronoiEIENIE R T 8£8HXTEE , ChinFlSnoeyink [CSWO9 AV AR
T —IMRIMNEMRBREL, EEE , BT, VoronoBIFEZLEHIEE S/ , Chin
FSnoeyinkf ) BUAM AR AERT[EfFR T Bk 22q)dl, 2AM , XTFih%aE , AggarwalsF
ANIAGSS87HILRH T — N E A2 K Voronoi B .,
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For planar straight-line graphs and for polygons with holes, the best known lower bound
is Q(n log n). This is easy to see, since we can simply reduce the sorting problem to
straight skeletons. Assume n distinct natural numbers a1, . . . , an are given, which have
to be sorted. For any ak, we place a small equilateral triangle that is hinged with its top
vertex at the coordinates (ak, 0). The length of the edges of the triangles are considered
to be less than 1, say 0.9. Then we put a box around the triangles such that the top
vertices of the box have small y-coordinates, say 0.1. The box and the triangles form a
simple polygon P with holes with 3n + 4 vertices and can be constructed in O(n) time.
After computing S (P) we consider the face f (e) of the top edge e of P that is within P. It is
easy to see that the nodes that appear as reflex vertices of f (e) correspond to the input
a1, ..., an and occur in sorted order along the x-axis, see Figure 10. A simple traverse of
f (e) gives us the sorted sequence in linear time.

N T FEELEMGILZAE , BREMR&EFRZEQ(N log n), XRESHE , KA
AT AR RO HEFF RIIFL N BB R, BRRAENMARKBEAal, ..., an , TEXY
bﬂ]ﬂiﬁﬁFF S ESak , BIVEE—NNFN=/ATE , KInH BTﬁ,\\fEﬂ%T‘ Ak PR(ak, 0)

. ZAREKBKEIAFNTT, Lh200.9, RAEKITE=AXABRKE—E&F , F155
%E‘ﬂﬁ PIRREEE/NY-2845 , bE2n0.1., EFM=BEEKL—1EH3n +4/\Tﬁﬁﬂ?ﬁ
FLNRRZAEP , FEFRTUFEOMMENME. 7EITHES (P)2ja , FKi1ZEPHITIHE
mEf (e) , KA TPA. 1&@5&%& BN (e) TR R ELA T = XTF_Z:F%“)\E*]M
,an , FRE-HHRHEFIFHIL , 2 &0, RS RAf (e)stn] AFELMER P91 é'JﬁF
F JRRIFF3Y.,

1.4.2 Algorithms for computing straight skeletons and motorcycle graphs

142 TEESBEMN B EENE X
1.4.2.1 Aichholzer et al., 1995
1.4.2.1 Aichholzer & A , 1995

When Aichholzer et al. [AAAG95] introduced straight skeletons of simple polygons P, they
also presented an algorithm, which simulates the propagation of the wavefront in a
discrete manner. Their algorithm maintains a priority queue Q which contains all potential
edge events for each wavefront edge of P, prioritized by their occurrence time. Assume
for a moment that P is convex, which means that only edge events occur. The algorithm
fetches the earliest event from Q and processes it accordingly. That is, the incident
vertices of the affected edge e are merged to a single vertex v. Note that the velocity of v
is given by the two incident wavefront edges. Hence, the collapsing times of the two
incident edges of v got invalid and one has to (i) re-compute them and (ii) update the
priority queue accordingly. A single edge event affects only a constant number of entries
within Q and can therefore be handled in O(log n) time. For convex polygons P this
algorithm computes the straight skeleton in O(n log n) time.

% AichholzerZ A[AAAGO5]3| AR ZNTERE BLPH | fbItHiRE T —FRAEHA
RINE BT IRINE IR, MR EELE S — Aﬁl‘:ﬁ'ﬁ&ﬁ)&ﬂQ ;ﬁéﬂP@sPEﬁ§4\‘})ﬁﬁﬁiﬂEﬁﬂf7ﬁ
BENEM , FHRHRAEMNEHF., BREPRON , XEREBERREOEHS, ZHEZNQTF
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MN&B , BRI PATEO(log n)HTlEﬂPWJE STFIZ AP |, ZEIETEO(n log n)EYRINITE
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In the presence of split events the situation gets more complicated. Efficiently
determining the first split turns out to be non-trivial. Let v denote a reflex vertex of P. The
problem is to determine in which wavefront edge the corresponding reflex wavefront
vertex will crash. Simple ray-shooting does not solve the problem. The wavefront edge e,
which is hit by the ray, could move off the ray during the wavefront propagation.
Maintaining the wavefront edge that is hit by the ray does not solve the problem either:
another reflex wavefront vertex from aside could cross the ray at any position. However,
detecting such incidents seems to be costly.

HFE éj‘%%%#ﬂ*ﬁ%%‘lt BERARENRSR. ARHMESR XN REFFEER. &Kv
FORPR—A TR . [F1EUE A A8 N A MR AT TR RO AE PN A ERFE . B eEIR
5FHAE bﬁ‘F/jHEJLﬁo %Biﬁ‘ééi%fﬁclﬂE‘]i&ﬁﬁmeTﬁzéE/&ﬁuf?%ﬁﬁqﬂﬁ%ﬁ%ﬁi RIFHOEE
AR R ITIERRREE : kB MK H— N EUERTT R 1) e AL E T k.
SR, RIS EH TR S50 .

The idea of Aichholzer et al. [AAAG95] is the following: Consider two consecutive edge
events at time t' and t > t and assume that the wavefront is free of self-intersections until
time t'. The wavefront becomes self-intersecting until t if and only if one or more split
events happened in the time interval [t', t]. More importantly, Aichholzer et al. [AAAG95]
were able to show that these split events can be determined from the wavefront W (P, t).
In particular, they showed that the corresponding split events can be found and
processed in O(n log n) time.

Aichholzer& A\ [AAAGO5)HEMINT : ZEEUFIt > (BT MESUhEH |, FHRIIEBITE
BEY 2 ANXE BMEAL. M ENHENBEXEL, INERE—NBE NP REEN |, KA S
BMZEZI. FEENE , Aichholzerf;f—;)\[AAA695]ﬁEﬁ]§iEEﬂiz¢:b§a\%%$1¢ﬁfL‘,U)\*}Bzﬁﬁw
(P, A . FFali , MATUEBAT ATRAZEO(n log n)B[RIPNFRENFFAN R N 9 14,

Testing whether a self-intersection is present at the k-th edge event is done in linear time
using the triangulation algorithm by Chazelle [Cha91]. Applying exponential searching,
the first split event can be determined at the costs of O(log k) intersection tests, i. e., in
O(n log k) time, where the first split event happened just before the k-th edge event.
Applying this algorithm recursively on each sub-polygon of W (P, t) after the first split
event leads to a total runtime of O(n2 log n). Denoting by r € O(n) the number of reflex
vertices, one can further refine the runtime analysis to O(nr log n).

£ Chazelle [Cha91] = EINHI% , AJAFEZMIRINTTAITSE k MASHL BB
BTG, MATEBIRAR , MESE— MO REMHRNMAR O(log k) AT , B
O(n log k) B8] , HARSE— N NREMHRAETES kK MASHZH, EE RN REHZ)E ,
Xt W (P, t) AT Z s Ry AR % |, BSEEETIEA O(n2logn). Mre

O(n) F/ARMILRHME , AT AR —B K21 TR AT LE] O(nr log n).
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1.4.2.2 Aichholzer and Aurenhammer, 1996

1.4.2.2 AichholzerflAurenhammer , 1996

Aichholzer and Aurenhammer [AA96, AA98] presented an algorithm for planar straightline
graphs which is based on a kinetic triangulation. Their algorithm accepts a planar straight-
line graph G with n vertices as input. The basic idea is again to simulate the propagating
wavefront, but to exploit the topological changes in a kinetic triangulation in order to
determine the edge and split events.

AichholzerflAurenhammer [AA96, AA98] 2 T —METHAR=ATIN K FHELEE
iR, MEIZRES— M EE TR TFEELERGIE BN, HERTAEMREEIUE
FEREET , (BRI AE=ATI9 T HRINE USRS D BN RHEB 4.

)
(a) edge event (b) split event (c) flip event

Figure 11: The three types of topological changes during the propagation of the
triangulation.

& 11 . =R LRI =FhT MEL.

The algorithm starts with an initial triangulation of G and keeps the area Sttt W (G, t')
triangulated for all times t = 0. Aichholzer and Aurenhammer [AA96] also include infinite
triangles to the triangulation such that the entire plane is triangulated at time zero. During
the propagation of the wavefront, the triangulation keeps the area St>t W (G, t')
triangulated and at certain points in time the triangulation may change its topology:
triangles collapse to a point or to a line. Whenever such an event occurs local
modifications have to be applied in order to maintain a proper triangulation. The essential
observation is that edge and split events of the wavefront correspond to a collapse of a
triangle. Unfortunately, not every triangle collapse corresponds to an event of the
wavefront. Aichholzer and Aurenhammer [AA96] distinguish the following types of events,
as illustrated in Figure 11.

AHEIENGHIYIIA=AEIa T , FRFFEAASt2t W (G, t')7EFTBRTE t 2 0 REFH =AH|
43. Aichholzer A1 Aurenhammer [AA96] REE=AFINFBE T TR=AF , (FFBNF
HENBENH =A%, EEIMERTREY , ZAFINRIFEmIASt2t W (G, t)/ =A%
4, FEEFLRER , ZARIN RS A HIRINGM : —AERE A — R —FK
2., SYREMWEEHN , WIINARTERARFEYN=AF9. EERNERL

i, AN EHNAREMHN N T =AM, AEZHNE | FHFEESN=AFNIEE
SN TR BT — N34, Aichholzer 1 Aurenhammer [AA96] X4 7 AT JLFh R
%, & 11 FioR,
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* Edge event: A triangle collapsed due to an edge event of the wavefront. The
corresponding edge e collapsed to zero length and the one triangle having e as an edge
collapsed with it.

AEM  —AN=ZAEBETIRAKOEAMNE. ANKheRATKE , FFAeAR
=B 8,

* Split event: A triangle collapsed because a split event in the wavefront happened. In the
simple case a reflex wavefront vertex moves into a wavefront edge e and the one triangle
having e as an edge collapses thereby. In case of a multi split event two or more reflex
wavefront vertices meet in a point and again certain triangles collapse.

- PREM  BTIRKATREDRSEM , SB—A 2R, MRNBLE  —TRIK
B IRRIBENEI—NiETAed , FFHUe AN =R LR, EZENRSEHHIEN
T, I EEN KR E— TR , AF2SEREL=AEMNE.

* Flip event: A triangle collapsed because a wavefront vertex crosses an inner
triangulation diagonal. The affected diagonal has to be flipped18 in the triangulation in
order to maintain a valid triangulation. This event does not immediately correspond to a
topological change of the wavefront.

cBEES  BTEITIARFENH=ARIN X AAMSB=AFERE. AT REFEN=
MBI, WIRENE 18 MRS ALk, RS FASLED XS N TR BT ME1L.

The algorithm of Aichholzer and Aurenhammer computes S (G) by keeping track of the
topological changes within the triangulation. This again involves a priority queue Q
containing the events. The runtime complexity depends on the number of events that
occurred. The number of edge and split events corresponds to the number of nodes of S
(G). According to Lemma 2.4, this number'® is in O(n). Each edge and split event involves
the adaption of a certain number of wavefront vertices and, as a consequence, the re-
calculation of the collapsing times of up to O(n) triangles that are incident to these
vertices. Summarizing, all edge and split events can be handled in O(n2 log n) time.

AichholzerflAurenhammerfl) B8 13 R ER = A 5190 F HRFNENSITES (G)., XBIXW
EaEE4NMERNTIQ, ETREERERRTRAENEHNE. DEHMORENS
HIMESTR TS (G)M™ ke, #RIE3IHE24 , XMRTFVROM)BEM. S MASEHNS
HEAES R —EBENKATTNRKEE , FREFTEEFMTERZ 0NN SXLTRR X
KRR =AENRER ., EME2 , IEOSEHMYRHEMERTATEO(N2 log n)i[EIALL
H,

However, finding a sophisticated upper bound for the number of flip events appears to be
harder. First of all, a single flip event is handled in O(log n) time since it only involves the
two triangles that share the affected triangulation diagonal. The upper bound of O(n3) for
the number of flip events is relatively easy to see. Each wavefront vertex moves along a
straight-line with constant speed. Consider the vertices p, q, r of a triangle A and denote
by p(t), q(t), r(t) their positions at time t, respectively. We denote by u, v, w € R? the
velocities of p, g, r. The triangle A collapses if and only if the points p, q, r get collinear.
That is
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SR, BB ETE - EREN LR, &k, MERRN S
[BRXEANO(og n) , KAERBEEKZRZZ N =AEI I ALNR T =AE. BHEEH
WERNLROMNMEM A ZE R, SNKITAREUEEREINELBE. BR=AFAK
Tmp. q. r, FAAApWM). qt). rOFRRENEREEHE. FiMHu. v. wE RPRR
p. q. MOEE. =ABABHEYENYRp. q. risk, WHER
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(1.2)

where the x- and y-coordinates are denoted by subscriptions. This quadratic equation in t
is fulfilled for exactly zero, one, two or all values of t. As a consequence, a single triangle
with vertices p, q, r collapses at most twice. Since we have (n3) possible triples of
vertices the number of flip events is bounded by O(n3). Summarizing, the runtime
complexity of the algorithm is in O((n2 + k) log n), where k € O(n3) denotes the number
of flip events.

HAr , xFly A THRERIR, RTHIXAN ZIR AR TFRIFEAN. —4. IS AHE
AL, AH, BEBTRp. q. RN =AFERLSHEMRR. BT (N3) M ATERTI R
=it BEEHNBESEIOMI)KRE. BME , EIANFEEZEHO((N2 + k)
log n) , Hk € O(N3)FRRENES 4=,

Interestingly, to the best of our knowledge, no input is known that exceeds a quadratic
number of flip events. We will revisit the open question concerning this gap of a linear
factor in Section 2.2. For some typical input data Aichholzer and Aurenhammer [AA96]
observe an actual runtime close to O(n log n). However, no published runtime statistics
are known.

FBHE , BB, BandiZG E MM GES BT XM ENRRE S, KITBE
F22NEHTRRT AR TFERRRRALS, T Lt fiig \¥dE , Aichholzerll
Aurenhammer [AA96] MERZISKFRZ1THAIHEIZO(N log n). #ATM , BRIEIXB ERFMKIZ
1TESESEHERE.

1.4.2.3 Eppstein and Erickson, 1999

1.4.2.3 EppsteinflErickson , 1999
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Eppstein and Erickson [EE99] presented a straight-skeleton algorithm for simple
polygons, which is applicable to planar straight-line graphs and which can even be
extended to compute the weighted straight skeleton, cf. Section 1.5.2. Let us recall the
discussion in Section 1.4.2.1 concerning the determination of the split events. As
elaborated by Aichholzer et al. [AAAG95], a simple ray-shooting from reflex vertices does
not solve the problem of finding the next split event. However, one could consider for
every propagating wavefront edge e the triangle (possibly infinite in size) that is bound by
e at time zero and the trajectories of its incident wavefront vertices. The idea is to keep
track of those pairs of reflex vertices v and wavefront edges e, where the potential split
event of v and e takes place within the corresponding triangle of e. The next split event is
given by closest pair in terms of the earliest split-event time.

EppsteinflErickson [EE99] 2 T — MIX RS2 Z MM EBRE L , ZEXERTF@
HEZE , BEZRY RENVTEMNERSE , £0581.5.27, 1LKRNEM—T5%1.4.2.177F

RKTHENREMHITIR. [EANAichholzerds A [AAAGOS] VA EIAKIARSE , NMITR AT

B ARSI ZILET HABERM RIKEI T — M HEARIE, AT , AT BN TEMEEIK
HIN% e , EARTRIZAK) e RENSHKATRRKHEFIREN=ATE (TREX/NTIR)
HERZRGALMIA R v KRN e XS, HF v #Hl e KIBTED REMRLELE e MM
V=N, T HREGERENSHEANEFERRIIISH.

Eppstein and Erickson [EE99] pursued this approach by employing very powerful
closestpair data structures. First of all, Eppstein and Erickson lift the problem to R3 in the
same fashion as it is done for the terrain model T (G). Every reflex vertex v of W (G, 0)
defines a ray in R3 starting at v and supports the corresponding ridge in T (G). At every
initial wavefront edge e a corresponding (lifted) triangle, which supports f'(e), is
considered. The two other edges of the triangle are given by the supporting rays of the
lifted trajectories of the incident wavefront vertices, see Figure 12. Note that if we
consider the unweighted straight skeleton then the triangles have slope 1, whereas the
rays have a slope of at most 1.

EppsteinFErickson [EE99] XAk , AT IEERANFIL X ¥IRLEM. Bk,

Eppstein#Ericksonf [al#E FAEIR3 , KA SHIEARELT (G EA=AEE. W (G, 0)
FEAMMTRSR v £ R3 FEN—&K v AR [EESE , 3335 T (G) FHENMLE. £F

MHEE RN e &b, BIE—MENK (RFAM) =R , Z=AExHE (). =AFMN
BN ZID BN R R AERSHESESAS | B 12, FEE  RK11E
BRI EL TR , N=AFHRMER1, ﬁﬁ%ﬁiﬂ‘]ﬂ B KA 1,

Eppstein and Erickson [EE99] consider a sweep plane, which sweeps R3 along the z-
axis. Whenever the sweep plane reaches the top of a triangle, an edge event happens.
When the intersection of a ray with a triangle is reached a split happened, including multi
split

EppsteinflErickson [EE99] Z [E— M F W , %P HEIEEZ-HITHR3, 4T HE
X=AENTREE , aREDEH., UHEXES=—AENTREXN , SRENE|, BiF
ZENE|
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The triangle of an edge e and a ray of the reflex vertices
v, as considered by the algorithm

n scholaread.cn/read/EAWGYeo09BMe

Figure 12: The triangle of an edge e and a ray of the reflex vertices v, as considered by
the algorithm by Eppstein and Erickson [EE99]. The lowest intersection of a ray with a
triangle gives the next split event.

& 12 : 38 e =B FEAMMTNA v BIEZ , 20 Eppstein 1 Erickson [EEQ9] & & FT% (&K
Ak, SHEES=—AEMNRRAERAE T FT—10E1EH.

Central aspects in the algorithm by Eppstein and Erickson [EE99] are range searching
techniques that allow the application of time-space trade-offs. Assume we are in
possession of a data structure that supports fast queries but has a high space
consumption and, conversely, a data structure that has high query times but low space
bounds. The idea is to mix those two data structure in a hierarchical fashion in order to
obtain characteristics for query time and space consumption between the two original
data structures. A survey by Agarwal and Erickson [AE99] discusses these techniques in
detail.

Eppstein#Erickson [EE99EAMMZ OETTEEHE RER |, I AR Fu 14 B)- 25 [A)AU T AR R
. RN AR EnETRERSHNEIESEN , kR  ifFE— &

BB A R R(KA ¥R, HREBEUNEANREXHAEIREN , UERENT

PP RAEBELE M 2 (B A E VR [B) A 25 [B) HFEAS M. AgarwalFNErickson [AE99IAILRIA ¥4
TR T XK,

Eppstein and Erickson [EE99] denote by s the space required by a data structure and
express the time complexity as a function in s. One step towards their straight-skeleton
algorithm is a data structure which itself is based on several other data structures and
allows lowest intersection queries among n rays and triangles within O(n1+€/s1/4) time,
for any € > 0. Another main ingredient is a data structure by Agarwal and Matousek™
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[AM94] in order to answer ray shooting queries, again in O(n1+€/s1/4) time. By balancing
time and space complexities, Eppstein and Erickson finally obtain a straight-skeleton
algorithm which uses O(n8/5+€) time and space. They further note that this algorithm is
also applicable in order to compute the weighted straight skeleton.

Eppstein #1 Erickson [EE99] Al s RANBURLEMFTRRITIE] , FEE AR ERITA s ]
R, MNELEREEZN— N PREET I HMBUREMNEIRER | SEIRLE
SVFTE O(n1+e/s1/4) BFEIPNE Y n £HHEM= AT 2 MNRELS , SFEHT e >0, 5
— P ERMIE Agarwal Fl Matousek [[AMO4] RS , ATRIZFHEHEEN , [
BEFE O(n1+€/s1/4) BYEIN, 18IS RS AIFNZSA) R 22 , Eppstein #01 Erickson R4 4k1F
T—MEZEREE  ZBEIEER O(n8/5+e) MEFRIMZSE), fBJH—HiEd  RE AN
ERATTEMNELEEE.

For the unweighted case, Eppstein and Erickson [EE99] prove Theorem 2.7 in order to
devise a slightly faster algorithm, see Section 2.1. In this case, all triangles of the
algorithm have identical slope 1. This fact and the theorem mentioned above can be
exploited in order to use more efficient data structures for intersection queries between
rays and triangles. Using these refinements the algorithm by Eppstein and Erickson
[EE99] has a theoretical worstcase time and space complexity of O(n1+€ +
n8/11+er9/11+¢€) for the unweighted straight skeleton of planar straight-line graphs, where
r denotes the number of reflex vertices.

SPFARMANAINELL , EppsteinfllErickson [EE99] UERA T RE¥H2.7 , UEBIT—MRHIR— =R
RETX , WE2.177, EXMERT , BIENE=AFAAAHRMAER 1, X—FXHM
EREHATAEFIA , DMEFE A EARRBIREMRI THEM =R T Z AR E A,

i X2t , EppsteinflErickson [EE99] FE ATEF H £ B KR MANE 55BN
T, BH O(n1+e + n8/11+er9/11+e) KEFWHRIME N RIMTRERE , Hb r FRoRRSH
TR E.

Eppstein and Erickson also present an approach that uses a simpler data structure by
Eppstein [Epp00] in order to maintain the closest-pair between a ray and a triangle. This
data structure uses a quadtree structure on the matrix of the pairwise distances. Using
this data structure, the weighted straight skeleton can be computed in O(n log n + nr) time
and O(nr) space and the unweighted straight skeleton can be computed in O(n log n + nr)
time and O(n + r2) space. However, no implementations of these algorithms are known
and, in particular, no runtime statistics have been published.

EppsteinflEricksontig2 7 —Fh 777k |, %774 (E FEppstein [EppOOJiE Hi il 5 &) S A %iE
gEr) , DUBEHHP AN =R Z BINRIL X, XABIRLE MR XS IE 2 4604 _E{F PO X

WEEM], {F FXFEERLEM , MAEZ BT RAZEO(n log n + nr)BS[E]FIO(nr) = [BIPNTT

B IEMANEZLEZE T AZEO(n log n + nr)EY[EJFIO(n + r2)Z[EPITE., SR , IXEEE TR
SSHVS R AN, 5702 | IRB A Mz TR EUE.

Similar techniques as sketched above are also used by Eppstein and Erickson [EE99] in
order to compute the motorcycle graph of n motorcycles m1, . . ., mn. The motorcycle
graph was introduced in their paper in order to describe the essential sub problem of
computing straight skeletons, see Section 1.2.4. The idea is that each motorcycle mi
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defines a tilted ray in R3 and a vertical curtain above the ray. The intersection of a ray of
the motorcycle mi with a curtain of a motorcycle mj corresponds to a crash of mi into the
trace of mj. Their algorithm runs in O(n17/11+€) time and space.

EppsteinAIErickson [EEQ9[t{ T 20_E AR AIZEMEA , RO EnBAEEEmT, ..., mn
EEEER], BRI P EEIAN , IR EEASRRNEAR A , WEE
1.2.4%, HEERE  SHEEEMIERIPE N T —RMBRNLURNE EARNERR
. EFEMIRES BT EmMEAIAE R X T misE Amjiaud. i REIELE
O(n17/11+€ )i [E) M == RIPNIETT.

1.4.2.4 Cheng and Vigneron, 2002

1.4.2.4 Cheng#lVigneron , 2002

Cheng and Vigneron [CV02, CV07] were the first to exploit the relationship between
motorcycle graphs and straight skeletons in order to compute the straight skeleton. Their
straightskeleton algorithm accepts non-degenerate polygons P with holes as input.

Cheng#Vigneron [CV02, CV07] RA&FI I EIFEEIMEL B R XAKTRELE
5. ITNELBREFEZTHILNFR UL O P EARA.

First of all, Cheng and Vigneron compute the motorcycle graph M(P) induced by P. Let
m1, ..., mn denote n motorcycles. Further, we denote by pi the start point and by vi the
velocity of the motorcycle mi. They observed that the tracks, on which the n motorcycles
drive, can have O(n2) pairwise intersections, but only O(n) among them actually
correspond a crash. The challenge is to geometrically separate motorcycles that do not
interact. At the first sight this appears to be difficult, since a single motorcycle can be
very fast and cross the tracks of many motorcycles. The central idea of Cheng and
Vigneron is to employ so-called €-cuttings.

B4, ChengHlVigneronitEHPE S EIEEEIM(P), 1Bm1, ..., mnIRRnil B E,
A, B ApiR REFEmINRIE R , AVIRAERE., iTNRE] , nflETEITIN
HIFATBERE B ON2)MNBITAL & , {BEF REFON)ANSKhRXT N FRfHE., BETLAULMAR
NERMEERNETLE. F—F , XIMTREM , RA—@ELEfEIEE R , F5FT
WZ B RHE. ChengHVigneronfilig: O EA8E K R FTE e - BT,

Chazelle [Cha04] explains €-cuttings as follows. Let H denote a set of n hyperplanes in
Rd. An e-cutting is a tessellation of Rd into non-overlapping simplices such that each
simplex intersects at most en hyperplanes of H. Chazelle [Cha93] presented an algorithm
that runs in optimal time O(ne1-d) and constructs a cutting of optimal size O(e—d).

Chazelle [Cha04] fi## e-EMTaN T, & H 78 Rd £ n MEFHENES. —1 BHTE
¥ Rd A NAEBNBATE | RS MRMERZ S H K en NEFEMEZ. Chazelle
[Chad3] 12t T — AR {ERTIE] O(ne 1-d) iz TH MR RAER/N O(e—d) HIEMTHIE X,

Cheng and Vigneron [CV07] use 1/\n-cuttings in R2 on the supporting lines of the
motorcycle tracks. Hence, every triangle of the cutting intersects at most Yn motorcycle
tracks. The cutting of O(n) size can be computed in O(nVn) time by Chazelle’s algorithm
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[Cha93]. Once the cutting is computed, Cheng and Vigneron [CV07] simulate the
movement of the motorcycles within the cutting. They distinguish two types of events:

Cheng#lVigneron [CVO7] FE BEF LIS 52k H{F 1/ n-cuttings , fwFR2%, Fitt
PIRIMEN=ARRS SInKERFPTMHE. K/NROMN)AYIEIRT UBE ChazelleBiL
[Cha93]#£0(nn)BEIPIT Bt sk, —BItEHYIE] , ChengFlVigneron [CVO7] Fiaiil
BEREAYIEINRNZES). WX T RPN SEH

» Switch event: A motorcycle reaches the boundary of a cutting-triangle and migrates to a
neighboring triangle.

[NTO] [/NTO] V)#eZEt4 : —HEFEERIAYIBI=AERARIFTHEIMLN =
» Crash20 event: A motorcycle crashes into the trace of another motorcycle.

[NTO] « [/NTO] Crash20 F4 : —EEEES| H— W ERFNRIE L,
The motorcycle graph can be computed independently within each cell. A priority queue Q
contains each event and the events are processed in chronological order. First, they
compute all potential switch events in advance and insert them all into the priority queue
Q in O(nVn log n) time. Note that a single motorcycle may indeed cross w(¥n) simplices,
but the total number of switch events among all motorcycles is in O(nVn).2" In order to
manage the potential crash events, Cheng and Vigneron maintain for each cutting-
triangle an arrangement on the tracks of each motorcycle that is or has been visiting the
triangle. Initially, each arrangement in a cutting triangle C is built for the motorcycles that
start within C. Using a standard plane-sweep algorithm — e. g., Bentley-Ottmann [BO79]
— this can be achieved in O(nn log n) time.

B E ] DIEF N R ITA N T E . — MERBAY Q BEEAN =M, FEEHR
BIRFFANE. &, MIMCTERBEERNYIREM | IFEEN2EHEAZMLLKAS
Qe , REEZEH O(nVn log n), BEE , BAEHETAHRA T w(n) 8l

¥ . (BFTR BEIEEZ BAYHR S SIAE O(nn).2T dh, AT EIREEMRIES A , Cheng
0 Vigneron AB/NEI= A R4 — N X T B IEESE AR =B EREREITR
H5). &4, EI=AE C e NHIERRE NE C NS EFREMERN. ERMRAERN
FHEIIHEEIE—BIZ0 , Bentley-Ottmann [BO79]——X A A#E O(nvn log n) B [E]PYSE
.

When a switch event occurs for the motorcycle mi they first check whether mi has already
crashed. If it is still driving they insert the track of mi into the arrangement of the new
triangle C. Cheng and Vigneron use a binary tree structure on each cell in each
arrangement, which enables them to insert the track of mi in O(k log n) time, where k
denotes the number of new arrangement vertices introduced. For each such arrangement
vertex they add a potential crash event into Q, depending on which of both motorcycles
involved reaches the vertex earlier. Cheng and Vigneron argue that the total number of
arrangement vertices is bounded by O(nvn). In the triangle C, they consider an
arrangement vertex v on the intersection of the tracks of mi and mj. Either mi or mj started
or crashed within C. Cheng and Vigneron charge mi with v, if mi started or crashed within
C and likewise for mj. In order to bound the total number of arrangement vertices they
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count for each motorcycle mk the number of vertices for which mk has been charged. In
order to do so they only have to consider the cutting triangles where mk started resp.
crashes. We get at most 2n vertices for each motorcycle and O(nVn) in total. Hence, all
switch events can be handled in O(nvn log n) time.

YEEMIREYIREMHN |, tITEEREMERCERANIE. WMRECMIETEE | 1]
BmitHEE AEH =B ECHHSIF ., ChengHVigneronEE NS S T g
T XAREER , XAEMATIBEBEO(k log n)BEIPNAA AmMIEHE , K kRRs| ARFTHES TR
ROBE. MTENMIHRIABIRR | T — B ERRHESARNZIQT |, XEURT
BT R PR BT P I — R S 2K %I m.  Cheng#lVignerom Ay , HEFITR AR A2 EA
O(min)yafR. FE=AFCH , b1 BV — M HEFITR AR | KT T miFimj R3S
mt. mEKMIEECHBENERERMTE, MRMIFECAHEENEEARHE , RChengFVigneron
BmiSvAEREX , mBHEZEBL. AT REHSITIRREE , T ESHEEZEmki X
KT R, ATHEIX—R , IR FEZEBmKENRREMERYIZI=AE. T8
WMEE |, KMNHEZEE20nAN0R , BREFIOMINATRR. Bt , FraYI%E4Ee]
PAFEO(nVn log n)i )P4t iE.,

When a crash event is processed for mi, Cheng and Vigneron check whether mi has not
crashed already. If it is still driving, the motorcycle mi definitely crashed at the
arrangement vertex for which the current crash event has been created. The total number
of potential crash events is bounded by the total number of arrangement vertices, which
is O(nVn), as elaborated above. A single crash event is easily handled in O(log n) time
and hence the total costs for all crash events is in O(nvn log n).

LAMIE mi MAESE RS , Cheng H Vigneron £16& mi @ AR AEMIE, NRENIE
1738, WL mi 5/ YaTES AR NHP TR R A4 T RiE, (SEMHESHRR
PO HE TR BB AORR S , 20 EFTIA | A% {ER O(nn), B REHESE 4] DIRA Sith#e
O(log n) BFAJPNALIE |, RIBLATARITESE AR AA A O(nVn log n),

The space complexity for all arrangements is bounded by O(nVn). Summarizing, Cheng
and Vigneron compute the motorcycle graph of n motorcycles in O(nn log n) time and
O(nVn) space??. This is a slight improvement compared to the algorithm by Eppstein and
Erickson [EE99].

FIEHS N TR E 2 EHLLONN) AR, RS , ChengFlVigneronfEO(nVn log n)&s
[B)FIO(NVN) A ZS BT il BEF T N BEHE 22K 22, SEppsteinAllErickson [EE99]f & %48
Bt X —A VN Bt

Strictly speaking, the discussed algorithm computes M(m1, . . ., mn) but does not
consider the edges of P as walls, i. e., they do not compute M(P) as defined in Section
1.2.4. However, Cheng and Vigneron note that their algorithm can handle motorcycles
that run out of fuel when they reach the boundary of P. In order to bound the length of the
motorcycle traces accordingly, one could apply the ray-shooting algorithm within a
polygon by Chazelle et al. [CEG+91], which supports a single ray shooting in O(log n)
time.
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FERgSR , BB RTEREMMI, ..., mn) , BIRERPHRAIAE , Wi, B
IMEBEITEEE.2.455E LHIM(P). AT , Cheng#lVignerontgi , fibfiJA0EIART AL ER
BEEFEEEAE R NP RFE RRRIE L. AT MRS BRI E | "TIAN A
ChazelleZr A1 L A TENRINEIRGTHIAICEG+91] , ABEIESTIFAEO(log n)E[A) Pt
ITRIR IR .

Cheng and Vigneron [CV07] also mention a randomized and simpler version of their
algorithm, where the supporting lines of the traces of Yn randomly chosen motorcycles
could be used instead of an 1/\n-cutting. Furthermore, they mention a simpler cutting
algorithm in the plane by Har-Peled [HPOO]. Nevertheless, no implementations or runtime
statistics are known for their motorcycle graph algorithm.

Cheng#1Vigneron [CVO7] A& 21 T b 1B XK — M AL B E R SRR , KA T RAER
FEANAERER Vn BRI IR EL | AR 1 n-cutting, 1th4h , {142 % T Har-
Peled [HPOO] 2t (— BB FEYVIBIEIEL. A , MTHNKEEEREEL , Bal
=) L2 A SR B TR S .

In order to compute the straight skeleton of a simple non-degenerate polygon P with n
vertices, Cheng and Vigneron [CVO07] exploit Theorem 2.11. The fact that M(P) covers the
reflex arcs of S (P) allows them to devise a randomized algorithm for the computation of
S (P). In a nutshell, the algorithm chooses random sites on the straight skeleton which
induce a partition of P. The idea is to compute S (P) on each part of the partition in a
divideand-conquer fashion, as described in the following.

ATHEEAN TIRKERIFR WL HTEPHELES , ChengHVigneron [CVO7IFIA T
2.1, M(P)YEES (P)HRHFINX —F(EMBAREB ST — T RIERTES (P).
MEZ , ZAEAEELBR DRI R XTERLsRPRKS. HEBRUSMIAZH
FRITEENKINERD LS (P) , a0 FATIR,

They first choose a point p on a convex arc of S (P) and project p vertically onto the
terrain T (P). The projection point p~ lies on a ridge of T (P) and defines two or three paths
on T (P) that follow the steepest descent and correspond to the raindrop traces in Section
1.2.3. Cheng and Vigneron consider a set E of such ridge points and consider the vertical
projections of the corresponding raindrop paths onto the plane. These projected paths
induce a partition of P, which Cheng and Vigneron call canonical partition of P induced by
E. (Note that these paths do not cross, but may merge in a valley of T (P).) Cheng and
Vigneron observed that the canonical partition of P induced by E can be computed
recursively. Consider a polygon that is partition by E1 and a cell C of that partition that is
further partitioned by E2. They proved that the resulting partition is equal to the partition of
P induced by E1 U E2.

i TESEAES (PR L FE— 1 mp , AERBpEERFEPMFET (P) L. HERpLTT
(P)FLL , FHET (P)LEXTBHFE =S4T | XLMBIEMERIE TEAM , MR T8
1.2 3FHMEPUE. ChengMVigneronE BT XH—AEF RE , 78T ML FHERL

FEFEENERRE. XERFKEIHTPR—1MXRI5 , ChenghVigneron#RZ AFHES|
RRPHRAERISY. (FEE , XERERLTX , BARESET PWLAFT &I, )
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Cheng#Vigneroni5=X2! , FHES|EEMPRIFTEINA FTRUE BT . ZE— M HE1RISHNZ
W, ABZKIS K —EITC |, SBRITTXWE2H— X5, MERR T RAMKIDEFT
FRE1 v E25| i2fPHIKIS .

Cheng and Vigneron presented a method to compute the intersection points L N S (P), for
a line L parallel to the y-axis, by computing a vertical slice of T (P) above L. The resulting
points E are used in order to subdivide P according to the partition scheme described
above. Cheng and Vigneron keep on subdividing cells of the partition scheme using this
method. Once the cells have reached a certain size, they compute the straight skeleton
on this cell by a brute force method. The way how Cheng and Vigneron select the vertical
line L involves randomness. Finally, Cheng and Vigneron are able to compute the straight
skeleton of a simple non-degenerate polygon P in expected O(n log2 n) time if the
motorcycle graph is already given. Since the motorcycle graph M(P) can be computed in
O(rr log r) time they obtain a straight-skeleton algorithm that runs in O(n log2 n + rvr log
r) time.

Cheng#Vigneronfett 7T —FMTE EZL N S (PR AL , HPELLFATTYH , il
WELEAT P)REEV KX, SEINRERTIRE LERDEARMESP, Cheng#l
VigneronZk£5{§ B X Fh A A 0 N B R TTIE, — BB TR E|I—E KR/ |, ffiTshiE
TENMFTE X BT EREL TS, ChengHlVigneromEFEE L LA = R FENIME.
=G, MRERAE T BEHEZERE , ChengflVigneronBEfE TERAEEAIO(n log2 n)EfEIPNITE
E— M BRIER NP EL B L. BT ELEEMP)ATBEEO( log r)EfEINITEH
5k, #1518 T — A FEO(n log2 n + rr log r)ERINIZI T EZ B2 BIE.

Cheng and Vigneron [CV07] extended their algorithm to non-degenerate polygons with
holes. If h denotes the number of holes their algorithm computes the straight skeleton in
O(nvh log2 n + rr log r) expected time.

Cheng#lVigneron [CVO7] R INEIEY REIABAWAER L. MR h FRRFLAEL
& , ffiIABEIATE O(nVh log2 n + rr log r) TAARS BN E th BB 2.

1.4.2.5 Felkel and Obdrzalek, 1999
1.4.2.5 Felkelf1Obdrzalek , 1999

Felkel and Obdrzalek [FO99] briefly presented a wavefront-type straight-skeleton
algorithm for simple polygons that is based on the algorithm of Aichholzer et al.
[AAAG95]. As discussed in Section 1.4.2.1, the simulation of the edge events is simple,
but handling split events is the challenge for a wavefront-type straight-skeleton algorithm.

Felkelf1Obdrzalek [FO99] B ZENAT —F AT HRZMENEIIELTRE L , ZH
JEETFAichholzer# A [AAAGO5] XL, IEANSE1.4. 21T FMT R/ , B HAEIMR
B {BRMESREHRIEIIE E LB E AP,

They again maintain a priority queue of edge events and split events. Felkel and

Obdrzalek [FO99] propose the following procedure in order to determine the split event
for a reflex vertex v of P. For each edge e they determine a point pe on the bisector ray
emanated from v which has equal orthogonal distance to e and the incident edges of v.
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The edge e defines a triangle Ae (possibly infinite) that is bounded by e and the bisector
rays emanated from the incident vertices of e. If pe does not lie in Ae then they ignore pe.
Among all edges e of P, with pe lying in Ae, they select the one point pe whose distance
from v is smallest. They add a split event for v at this point into our priority queue.

i 1B IR AP — W B M A BIE AL EAS . Felkel #1 Obdrzalek [FO99] 2 7 IX
TR, HE P — 1P RETIA v KABIESG. XTE&KN e, IHEEN v AL
A& LER—1 R pe , ZRE) e KIERIEE S v KMESPARIERZIEEASE, B e EX
T—N=RAJ Ae (AJRERTTIRA) , Z=FATEH e FM e MARLPIR AL KIF STLATR
. R pe NE Ae o, ARAMAZEE pe, £ P MFTER e F , 2R pe fuT Ae F , fih
IERIEE v BRI R pe. 1% v 7R RN BIEARINEIERA TSRS IF,
This algorithm takes O(nr + n log n) time in order to compute the straight skeleton.
Unfortunately, the procedure which computes the next split event does not necessarily
determine the correct split event. In Figure 13 we give an example where the split event
of a vertex v is not computed correctly. Different issues concerning the correctness are
mentioned in Yakersberg [Yak04].

ZEIERFE O(nr + nlog n) KB AISKITEELZBE. AEZHNE , TE T 0B/
BEA—EREME EMN D EIEM. £R 135, EiGH T —MIR v KA EIEH R ER
VHREIBIT . Yakersberg [Yak04] 12217 X IEMMRIA R R,

8/20



S bisector of ¢ and ¢

Figure 13: The point pe does not mark the split event of the reflex vertex v. The vertex v
actually causes a crash with the edge €', which happens after v passed pe.

E13 : mpeFHFRImMCRFATNRVRINHEH, TNRVRR ESEShe' KEMHE |, XALETEY
Zdpez A,

1.4.3 Implementations
1.4.3 33,

To the best of our knowledge the only published runtime statistics are due to Felkel and
Obdrzalek [FO99], who published the runtime consumption of their code for seven
datasets. Beside the implementation of Felkel and Obdrzalek, the only implementation
available is the straight-skeleton code by Cacciola [Cac04] that is shipped with CGAL
[CGA]. The algorithm behind the CGAL implementation was originally based on the
algorithm by Felkel and Obdrzalek [FO99]. However, Cacciola has significantly adapted
the original algorithm in order to get it to work correctly.? The current version, CGAL 3.8,
can compute the straight skeleton of polygons with holes. Unfortunately, no details on the
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implemented algorithm are published. In Section 2.5.4, we present experimental results
that yield an O(n2 log n) runtime performance and an O(n2) memory footprint for the
CGAL implementation.

EERAFTH , —ERRISITNEITEIEXR B FelkelflObdrzalek [FO99] , i1 &R T
MEAREC N EURSE LHNETTRIEFE. FRT FelkelMObdrzalekiSKELz 41, ME—R] A
S FaCacciola [CacO4 R I B BARED |, R ELHECGAL [CGAI—#247F. CGAL

SIS R B AR YE T FelkelFObdrzalek [FO99IRIE A, 44T , Cacciolas [Ria% ikt
ITTERER , DUTHAEBIEm T/, 23 YBIERACGAL 3.8a LT EHIL SN ENELEE
. BRAR , BAELMATESMBENHAEE. EH2.547F , HKIVRRT KL
R | XeERRAACCALSHHNEITIMEAEAO(M2 log n) , )7L FZA0(n2).

1.4.4 Summary

1.4.4 HE

The best known lower bounds for the straight skeleton of simple polygons is Q(n) resp.
Q(n log n) for simple polygons with holes and planar straight-line graphs. This poses a
significant gap to the fastest algorithms known so far, see Table 1. The fastest algorithm is
due to Eppstein and Erickson [EE9Q9] with a runtime of O(n1+€ + n8/11+€r9/11+¢€) for
planar straight-line graphs. For simple non-degenerate polygons Cheng and Vigneron
[CV07] presented an algorithm with a slightly better expected runtime of O(n log2 n + r\r

log r).

MFRIBAZHENELETR , ZRELNTRAEQMN). T HFLAERZ DT mEL
&, TREQ(nlog n). XSEATEMANRREIAZ AGFEEEZEIE , 20K, HIRHNE
7XAZh T EppsteinflErickson [EE99] , X FFHELA , Hiz{THEIA0(n1+e +
n8/11+er9/11+€), XTREMIEIRWUZ 1A , ChengFlVigneron [CVOT7] 1 T —FE
% , HFRHBE TR AR LF , SHO(n log2 n + rr log T),

Algorithm Time Space PSLG Impl.

[AAAGI5] O(nrlogn) O(n) No Yes
[AA96] O(n®logn) O(n) Yes Yes
[EE99] O(nlte  n¥/1itef/ute)  O(plte 4 pb/1te/1te)  yeg No
[CV02] exp. O(nlog?n +r\/rlogr) No No

Table 1: Summary of known straight-skeleton algorithms and their time and space
complexities. The input contains n vertices and r denotes the number of reflex wavefront
vertices. The column “PSLG” denotes whether the algorithm accepts a planar straight-line
graph as input. The column “Impl.” denotes whether the algorithm is suitable for
implementation from a practical point of view.

x1: BANEBREERANBEMTRIZRELSS. WABE n MR | r RRRETKA
RKEE, "PSLEIIRRNARIEE BRZFHELKEENHA. ImplYIRRNAE LR
TEE MKIr A EH TR,
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Algorithm Time Space Impl.

[EE99] O(n"/1+€)y  O(n'/M"*+€)  No
[CV02] O(ny/nlogn)  O(ny/n) No

Table 2: Summary of known motorcycle-graph algorithms and their time and space
complexities for n motorcycles. The column “Impl.” denotes whether the algorithm is
suitable for implementation from a practical point of view.

R2 : CHETFERBEIAR A Tl BTN A T R R R ERLE, “Impl " FIFRRaE
ERAEE NKEA TR,

On the implementation side there is the straight-skeleton code by CGAL which accepts
polygons with holes as input. It is a wavefront-type algorithm which is roughly based on
the algorithms due to [AAAG95, FO99]. The only straight-skeleton algorithm which is
suitable for implementation and accepts planar straight-line graphs as input was
presented by Aichholzer and Aurenhammer [AA98]. However, no implementation is
available and no runtime statistics have been published.

EILAH , CGAL 1Rt 7T BE#a 3oL |, AR ESHILZMEMAENHAN. EE—FIK
BIAVETL | REET [AAAGYS5, FO99] FE A, E—ERAT SIS B & EER
N\ E 525 74/ Aichholzer F1 Aurenhammer [AA98] 124, 4RTM , 1XB 0] FBIISE
I, IRBEMEITRGITEE.

1.5generalizationsandrelatedproblems
1.5 HET SHAKR)
1.5.1 Linear axis

1.5.1 £ttt

The linear axis is a variation of the straight skeleton for simple polygons P introduced by
Ta- nase and Veltkamp [TV04a]. The difference between the linear axis and the straight
skeleton is a more general definition of the initial wavefront at reflex vertices of P.

LM R H AL NFEPRELA TR —FAK , FATa-naseMVeltkamp [TV04a] feih. £tk
A EZ B 2 BN X AETPHRIM TR R AL FILATR BT E — iR ENE X.

The idea is that a reflex vertex v of P does not emanate a single reflex wavefront vertex
but k reflex wavefront vertices v1, . . ., vk, with 1 < k. The wavefront edges connecting
two consecutive vertices vi, vi+1 propagate with unit speed and for each vi the two
incident edges span identical angles, see Figure 14. The skeleton structure which results
from this initial wavefront and the ordinary straight-skeleton wavefront propagation is
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called linear axis. For k = 1 the linear axis is identical to the straight skeleton. Denoting by
a € [, 2m) the interior angle at the vertex v of P, the speeds of the reflex wavefront
vertices are given by

HEERE  PR—MUNR v A ASKE AN MFRITIR , A k MEDERTTRSR v1, .« ..
vk, HA 1 sk, EEEMESTRR VI, vit! RIRBTAGARALR 5% | SR TEAN
Vi, I ASTASEBARRNAE , S 0E 14, REAEERIANE B E 53R 4
B REEMFR NS, Fork =18 , ZM5EELRME. A o € [m 2m) FRIRR v
PANA , MIERTRKEER TS

(%]

A

Figure 14: The wavefront (gray) of the linear axis at a reflex vertex v of the input polygon
(bold) for different numbers k of emanated wavefront vertices v1, . . ., vk, withk =1, 2, 3.
The angles between consecutive wavefront edges are equal.

& 14 : SITWMAZAFE GBE) BRSTIR vAL , &MEHMKE (kE) | SN TR
Bk RHRKATIRR v1, ..., vk, HF k=1,2, 3, EEIKETASGZ [AINMH EARE,

1
COS

Wl\)j

(1.3)
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Note that this expression tends towards 1 for large k. In particular, the speeds are
bounded by V2 for k = 2, whereas for k = 1 the reflex wavefront vertices can get arbitrarily
fast when a gets close to 21. The larger k gets, the better the wavefront approximates a
circular arc. Tanase and Veltkamp [TV04a] proved that the linear axis converges to the
medial axis as k grows for all reflex vertices. The concept of the linear axis has later been
generalized to planar straight-line graphs by Vyatkina [Vya09al].

EE, STRAMK , REREm T, F, Tk 2, RERN2AR , mxdFk =
1, YoFr2nht , REFERTTRATRMESMR, kK , KrEEL TR, Tanasel
Veltkamp [TVO4aliElR , STABERHFINR , BEKE , ZtEHKEE]F5H. Vyatkina
[Vya09a]/a >k EM it S 2 FImEZE.

Since the linear axis follows the same wavefront propagation process as the straight
skeleton, one can basically apply the algorithms known for straight skeletons in order to
compute the linear axis. For k € O(1) at all reflex vertices, we obtain the same time and
space complexities. However, Tanase and Veltkamp showed that if k is chosen large
enough such that the medial axis and the linear axis differ in a sufficiently small amount
then the linear axis can be obtained from the medial axis in linear time.

ATV HEES EABRMERINIKRTEEITE , REEAR LTV A E%ﬂﬂ‘]ﬁ@iﬂ””%ﬁ
ERVTESM ., SITAEMIRRLK k€ O(1) , ENRSMRIKKEMTBRRE, A
1 , Tanase A Veltkamp 3R87 , a0RGESE k BBK , EFTHLMNIMHNER B/,
AR AR AFELR MRS 8] P R AR IS 3

Of course, we can further generalize the linear axis by not requiring that consecutive
wavefront edges in Figure 14 have identical angles. Basically, we can emanate any
polygonal chain as wavefront as long as the wavefront edges have orthogonal distance to
v that is equal to the time elapsed so far. We also refer to the discussion in Section 1.2.2
on various types of wavefront polygons emanated at isolated vertices and terminal
vertices of the input graph.

YR BATAT AT — 4 et , MAZSKE14TESIRITAS A A ARNA K. ZEA
£, BATATRORAHT 2 A TR NI BT A S /\%/B‘ZHIJL%@JVEGE*EE%%:FE B AR
L ESTE]. BABERTASEE1.2.275 5 KT 72 A\ BT R AR U T R )45 7
KAV Z A FERITIR,

The advantages of the linear axis compared to the straight skeleton are all, more or less,
related to a reduced speed of the reflex vertices. From a practical point of view, we expect
that the linear axis is easier to compute in terms of numerical stability. Tanase and
Veltkamp [TV04a] mention that the polygon decomposition application from Section 1.3.5
would also benefit if the speed of the reflex wavefront vertices is limited. Finally, we want
to review the mitered offset application for NC-machining, see Section 1.3.1. A tool path
based on the straight skeleton can lead to long paths at very sharp reflex vertices. The
offset curve based on the linear axis would give us a shorter path while still avoiding a
continuous contact of the tool with reflex vertices, as it would be the case for the medial
axis.
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SHEEEMAL SN AR Z S DEBE RFTIROREFREER. WREHNAEX
F, BRI EEMHMAREREM AN ESSITE. TanaseFVeltkamp [TV04a] 322! , 20
REFFEHTRRARESZZIRSG) , 81.3.5THHRZAENMEYROESZE. &5, KI1E
ER—T AT IR EEN A, IE1.3.17, ETELEREMNTIAKRTESE
R REA R ST R IR K R R . BT ARSI ZR AR IR S E AR
12, ERPARE ST A5 RSTRRAESSER , BT HZMIEIL—HF,

1.5.2 Weighted straight skeleton

1.5.2 M EZEBLE

Eppstein and Erickson [EE99] were the first to mention the weighted straight skeleton,
where the wavefront edges are allowed to propagate at different speeds. The geometry
of the weighted straight skeleton has not yet been systematically investigated and, in
particular, its relation to the motorcycle graph is unclear. However, one can observe that
basic properties of the unweighted straight skeleton do not carry over to the weighted
case. For example, in the unweighted case every straight-skeleton face is monotone w. r.
t. its defining wavefront edge, cf. Lemma 2.3 in Section 2.1. As Figure 15 (a) illustrates,
this is not necessarily the case for the weighted straight skeleton. Moreover, important
theorems concerning alternative characterizations of the straight skeleton do not hold for
the weighted case. Eppstein and Erickson [EE99] presented a simple polygon for which
Theorem 2.7 does not hold in the weighted case, see Figure 16. The same figure also
serves as a counter-example to Theorem 2.11.

EppsteinfErickson [EE9Q9] B 422 T MANE L& BE2 , HPanhsa] ALAR BEHE E %
&, MNEZLBENIAMREREREN R , R ESEERRN KA NG,
SR, ATRAWSREY |, SR ANANE B 2R AN AN BE B HEHET 2IMAUE R, 20 , ZER0
BT , 8ANELESEAANTHEXNEIASE R[N , 2058217 FK538

2.3, ME15@)FTR , SITFMNELEEE , BOAA—EEXHE. o, RTFTELEENER
A EEEIENERT MRS, EppsteinflErickson [EE99] 12 T —MEIHZATE |
STTFALBFE , EIR2.7FEMBUE R FTABAL , S HE16, F—3KEW ] AEREIE2.114]
TR

Beside the fact that certain properties do not carry over from the unweighted straight
skeleton, we observe that the definition of the weighted straight skeleton is tricky in the
presence of parallel input segments. Figure 15 shows two wavefront edges e1, e2 that
propagate with unit speed and e3 that propagates with speed 2. Let us rotate the edge e1
around its right endpoint such that e1 and e3 become parallel in both subfigures. In the
limit we obtain two identical inputs in both subfigures, but in subfigure (a) the straight-
skeleton arc between e1 and e3 is pointing to the left, whereas in subfigure (b) this arc is
pointing to the right. This example poses a singularity in the naive wavefront-based
definition of the weighted straight skeleton. Also note that in subfigure (a) the arc between
e1 and e3 is convex, but the arc encloses an angle greater than 11/2 with e3. Analogously
for subfigure (b), where this arc is reflex but €3 and the arc encloses an angle less than
/2. For the unweighted straight skeleton, however, we could characterize reflex and
convex arcs by the angle enclosed with its defining wavefront edges.
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BT LM AN T E LB RMA Z 5, IR EFEFATRMALKERE T ,
MNELELRME NIRRT, B 15 BRT RARARADR EERERIERNS e, e2 F1—4
W\ETE 2 B3R e3, RN H A R iEEh% el |, (FSEMNFEF e1 # e3 13T
T. FERRIELT , FKNERDFEF RS HEERRA |, BEFE (@) F , el F el
ZIETJEGE%%E“””%TEW M, MEFE (b) &, ZIldEm AN, XANMEFIEMRELEE
RANRIERIE X FRE T — 1M R. AFEE E%IE (@) F , e1 F e3 Z[AIAIIE Y
A, BZIS e3 BERMAEART m/2, S5FEl (b) 24, HPZIEZMK , 18 e3 Fixil
EIRRIA E/NT /2, 8M , ST IAELER , ?iaﬂ]—fu\l_ S SHE I AN E A
A SR RALMSIAN LI,
Lemma 1.11. Let v denote a wavefront vertex incident to two edges ea and eb, where ea
propagates with speed a > 0 and eb propagates with speed b > 0. Further assume that ea
and eb span an angle of a € (0, 21) at the side where the wavefront propagates to. Then
the trajectory of v encloses with eb an angle ab and the wavefront vertex v has a speed of
sin1ab , where

FIFE 1.11. % v RR— DM AHRIFS5H ea F eb figRITR S , HF ea LUEE a > 0 1£3%
eb DUEE b > 0 {£4%, #H—H{RiR ea # eb FEHFEEM—MEH— M BE o € (0,
2m). v LS eb BIR—AAE ab , FFEIFATIA v IR E A sin1ab , HA

a
b

oo o+ O
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sin

a

(1.4)
Proof. Let us consider Figure 17. Simple trigonometry leads to x = —-a - sina, y = a - cos
a, z = tan(b2+1y—a) and finally to ab = 11/2 + arctan x+b z .

WERR, 1EERNEEE7, BERN=—AFHSE x=-a -sina,y=a-cosa,z=

tan(b2+my-a) , &x/a15%ab = /2 + arctan x+b z,

In the unweighted case, i. €. a = b, we obtain ab = a/2 as expected. If we consider a/b
fixed but less than 1 we observe the following behavior of ab at a = 1.

EXRMNERT , Bl a=b , FKAEE] ab = o/2 , IFNTREIROBREE. WNRIR(1EE alb 2
BIREHE/NTF 1, FKATUERE] ab #£ o = m BREPAFITA.

lim

a

N

o Q -

3

Q

v

o Qo -
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0.
(1.5)

Both equations correspond to the two cases illustrated in Figure 15, with v denoting the
wavefront vertex on the arc between e1 and e3 and eb = e3. The left equation is related
to Figure 15 (a) while the right equation describes the situation in Figure 15 (b).

XA FTRES T B 57 BB AL , Hpvakore 1 e3z BIN_ERKATIRR , Heb
=e3. ZNWAESENS (a) X , MAAKHIEMATENS (b) FHIHENR.

€1

€1

e €2

€3 €3

(a) (b)

Figure 15: The weighted straight skeleton of three input edges. The edges e1 and e2
propagate at unit speed, but e3 propagates with speed 2. If we rotate e1 such that e1 and
e3 become parallel, we obtain two different straight skeletons in the limit for the two
subfigures.

B15 : =N AN EZL L2, el Me2ll ik EL#E | Be3blik F2154#%, RK
iliedte1(Efse 1 Me3ZLFFAT , MBAERRIBAT , HFTXWNFE , KITLKEEBNHA
FERELEE.
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Figure 16: Assume all edges propagate with unit speed, but e has speed 4. Then the
edge slab of e cuts off the shaded area from the terrain, i. e. the edge slab reaches below
T (P) at point p. (This figure is based on Figure 6 in [EE99].)

&l 16 : RIXFTANEBABAGI R BEALHE | (B e MIEREA 4. B4 e HIARS WthFEF YIH=[H
X, BIAMRFER p BNA T (P) T, (BLEIET [EE99] FHIE 6. )

Figure 17: The speed and direction (gray arrow) of a vertex v which is incident to two
edges ea and eb. The edge ea is propagating with speed a and eb is propagating with
speed b.

B17 : TR v NEEM AR (KREEK) | AIRSMEA ea M eb XEX. 4 ea PUE
& a &4k , T eb URE b %3,

As mentioned in Section 1.4.2.3, Eppstein and Erickson [EE99] presented an algorithm
for the weighted straight skeleton of planar straight-line graphs with n vertices which uses
O(n8/5+€) time and space.

FANEE1.4.2. 355 f1iA , EppsteinflErickson [EE99] 12 T —/ &% , BT ItEAEnNIR
REFHELERNINNEL TSR , B IAFEHAO(S/5+¢e )R Ef(a)F1zsE].,

1.5.3 Straight skeleton of polyhedra in R3
1.5.3 R3FZHIKIKE B

Straight skeletons of three-dimensional polyhedra have first been mentioned by Demaine
et al. [DDLS05], who investigated so-called hinged dissections of polyhedra. A dissection
of two polyhedra is a tessellation of the first polyhedron into polyhedral pieces such that
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the second polyhedron can be built by the pieces of the first one. Demaine et al.
[DDLSO05] discuss so-called hinged dissections which are special dissections where the
polyhedral pieces are hinged together at points or edges. It is an open question whether
there exists a hinged dissection for every pair of polyhedra. However, the straight
skeleton of polyhedra is used by Demaine et al. in order to compute hinged dissections
for a certain class of polyhedra.

=L RN E B SR FH Demaine F A [DDLS05] fg & , fth{i1WF5T 7 B A
fi#s, P ZEERRTEERE— D ZEEMAN AL EER , FEEZNZEETTUB
THE— N ZERRRKAE, Demaine F A [DDLS05] 18 T FNBHISHEMER] , XE—7
FRARMIAES , P 2 EEAREREBON EBHRE—R, MTE—X L2 mEESFERHERE
), XE—NEMARKEE, 48T , Demaine A FRZEANESERITETE—%%
T AP B

The straight skeleton S (P) of a three-dimensional polyhedron P is defined by a wavefront
propagation process, where the faces of P move inwards with unit speed in a self-parallel
fashion. The set of points which are traced by the intersections of two adjacent faces is
called the straight skeleton. Demaine et al. mention that S (P) gives a decomposition of P
into cells such that one cell belongs to exactly one face of P. Further, Demaine et al. cite a
personal communication with J. Erickson, in which it is mentioned that the straight
skeleton in R3 is no longer uniquely defined, because at certain points in time one can
make multiple decisions to continue the offset propagation.

ZHZ PRI EBES(P)RIKAMEFIAEE X , K PHEARAIRERNEFTE3),
AT HESERNRZ REFNRERNEESR. Demained A% , S(PY¥PHfiEAET A
T, RN RTRIFETPR—1 M. 4, Demaine®s A5| BT 5J. EricksonfiIFAARZ
M, AP RERSFTHEBEAFEE—HEN , RAEFELNAEIR , AT A 2R
ERIKESARTLEHE.

Barequet et al. [BEGV08] were the first to investigate algorithms for the straight skeleton
of polyhedra P of certain types. Firstly, they mention a lower bound of Q(n2) for the size of
S (P) of polyhedra with n vertices. Note that the medial axis and the straight skeleton are
identical for a convex polyhedron and the lower bound of Q(n2) due to Held [Hel94] can
be applied. Secondly, Barequet et al. mention O(n3+€) as the best known upper bound
due to Sharir [Sha94].

Barequet® A [BEGVOSIZ IR T LA L MAPHRIEL B IE L. Bk, biliRE,

SHTFEEMTIARRZEE , S (P)HKA/NMEEQM)N TR, EEE , TN HEK , i
MELSEEMRR , RHETAN AHeld [Hel94BREHKQ(N2) FH&. H¥k , Barequet® A
$2F|Sharir [Sha94)i2 H 1O(n3+€ ) B EAMNRELR.

Furthermore, Barequet et al. [BEGV08] presented a straight-skeleton algorithm for a
certain class of polyhedra. First, they start with polyhedra made of voxels, i. e. axis-
parallel cubes of identical size. Second, an extension to polyhedra with axis-parallel
edges is presented. In the latter case the complexity of the straight skeleton can be
bound to O(n2). Barequet et al. [BEGV08] present two algorithms for n-vertex polyhedra
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with axis-parallel edges. The first runs in O(n2 log n) time, the second in O(k logO(1) n)
time, where k denotes the size of the straight skeleton. Putting both algorithms together
results in a runtime of O(min{n2 log n, k logO(1) n}).

4 , Barequet? A[BEGVOSHEH: T —Fp4t XS E R Z MAME T RE L. B, A1)
MERERARM L EATHE , B/ MARRAFATILA R, Hk , fRET— M REIAS
M THRZEENAZE, ER—MELT , EBRMEZRETARGIZEO(n2), Barequet
F AI[BEGVO8igit: 7 P4t Xt B A THMININ R 2 EARE X, SB—FREIZEO(n2
log n)EE]NIZTT , B FEIEFEO(K logO(1) n)iFEINIZTT , HFKFREBLRMAN. ¥
MRS SRR | 152IKE1TEH0(min{n2 log n, k logO(1) n}).

An interesting result of Barequet et al. [BEGV08] is that general simple n-vertex
polyhedra exist, where the complexity of the straight skeleton is super-quadratic, namely
Q(n202(n)), where a(.) denotes the extremely slowly growing inverse Ackermann function.
Furthermore, Barequet et al. shed more light on the ambiguity issue of straight skeletons
of polyhedra.

Barequet® A [BEGVOS|—MNE#MERRE , MMM EANRIAZEK , HPELSEE
REREZETIXM , BIQ(n202(n)) , HHa( )RS KRHFIEM R M2 R, s,
BarequetZ A3t— IR T L AR S B 22 Ak MR,
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1.5 generalizations and related problems 33

a scholaread.cn/read/j45QEVGOe5RP

1.5.4 City Voronoi diagrams
1.5.4 3§71 Voronoil&]

The straight skeleton was used by Aichholzer et al. [AAP04] in order to compute the
socalled city Voronoi diagram which is presented as follows. Let C denote a planar
straightline graph with c vertices and edges that are axis-parallel. The graph C models a
public transit system like the subway. The problem is to find the shortest path between
two vertices x andy in the plane, where the distance measure on R2\ C is given by the
Manhattan metric. Furthermore, one may enter and leave the public transit at any point of
C with zero delay. The public transit is assumed to move on the edges of C with speed v
>1.

Aichholzer$ A\ [AAPOAYE A T B4 B3k E MBI Voronoil®] , HatdinT. RCK
R MEBATNRIMMNFEELE , XETR AL SR T. BCHEMT — a3t
TIBARL: , gk, [REZTREIFE LRI Ry 2 BfREREE , A+HR2\ C_EHE
BEERSWRIUTESTH. A, AMTATAECHEM REt \MIEFAHZE , BiRAE
B, REALZBUREY > 17ECHIA_ L3,

Aichholzer et al. [AAP04] define by QC(x, y) the temporal distance according to the
quickest path from x to y. This distance measure QC induces a Voronoi diagram on a set
S of n vertices, which is called the city Voronoi diagram VC(S) of S w. r. t. C. Aichholzer et
al. show that VC(S) is a subset of the additively and multiplicatively weighted?* straight
skeleton of an input which is based on S and C. This enables Aichholzer et al. [AAP04] to
compute the city Voronoi diagram by using straight-skeleton algorithms. Interestingly,
Aichholzer et al. were able to show that the input to the straight-skeleton algorithm has
sufficiently nice properties such that the framework of abstract Voronoi diagrams of Klein
[KIe89] can be applied. Note that for general input it is not possible to interpret the straight
skeleton as abstract Voronoi diagram, see Section 2.1. This observation finally leads to
an algorithm which uses O(n log n + c2 log c) time and O(n + c¢) optimal space.

Aichholzer$ A [AAPOAIRIE MBIy IRERZ | W ISTEREESE LAQC(X, y). XA ESE
EQCHE—EN T SARNESS EESE—/ Voronoi® |, X E#FR Acity Voronoi
diagram VC(S) of Sw. r. t. C, Aichholzerss AFREH , VC(S)2E T SHIChti A\ ¥ IEHINME
MMM ELBLRMF 4. XE{FAIchholzers A [AAPO4RERS BT ff AE A B S HIx
et &Ik Voronoi®l, B#EE , AichholzerZ A BEBIFIIE & B2 B AN\ BE 2%
FFHOMER , AZE T RTRAY FKlein [Kle89]IHhZR VoronoiEIHESE., EEE , SITF—RHMA |
RA e EL B IR A% Voronoi®] , £R582.17., X—MERLSHT —MEEL
ZEIEEAO(N log n + ¢2 log ¢)BfEFIO(n + ) RALESE].
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In order to make straight skeletons applicable in practice we seek an algorithm which is (i)
easy to implement and (ii) exhibits an actual runtime that is relatively close to linear in the
input size. Fortune started his introduction [For00] to the 27th volume of Algorithmica with
the following words:

ATHEELBRERBTER , HOFK—FEL , 2&ix () ST, #B (i) [N
H S AR MO MR SKIRz1TH[A], Fortune 7£ Algorithmica 2% 27 HH)/148
[For00] 7 A2 T 37k -

It is notoriously difficult to obtain a practical implementation of an abstractly described
geometric algorithm. This difficulty arises in part from the conceptual complexity of many
geometric algorithms, which often use sophisticated data structures or require other
complex algorithms as subroutines. The difficulty also arises because many algorithms
are designed and described to achieve good asymptotic behavior in the worst case,
ignoring behavior in more realistic situations.

R, BRFHS AR UTEIRNSKRSRILZ R MR, XFRER Y IRTHZ
JUMRIEREE Rt | XERIREE AR RNEIRE MR G R MR RE A EA T2
Fr. EARMEIRT IS BIARNBOT AR AT ERIME FSRELRFHHIEITA , M
BT B KIMEN THTT AL,

In this chapter we present a novel straight-skeleton algorithm which is (i) easy to
implement, (ii) exhibits a runtime that is close to linear in practice, (iii) accepts planar
straight-line graphs as input, and (iv) has a lower worst-case runtime complexity than the
triangulationbased algorithm by Aichholzer and Aurenhammer [AA98].

EAREF , PR T —FFARNELB R L |, ZEIX () BT, (i) FEREF R
HHEIRAMERNZITINE) |, (iil) X FEELEEABA , FFE (iv) EBLL Aichholzer A
Aurenhammer [AA98] HTF =TI W E L F{KHworst-caseiz{ THT[B] 8 Z2 &,

We start with an investigation of the number of flip events that occur for the algorithm by
Aichholzer and Aurenhammer [AA98] in Section 2.2. We first show a few results regarding
the gap between Q(n2) and O(n3) for the worst-case number of flip events and prove that
we can exploit Steiner triangulations in order to completely avoid all flip events. This
insight motivates an algorithm for straight skeletons of non-degenerate polygons that is
based on motorcycle graphs, see Section 2.3. In order to generalize this algorithm to
arbitrary planar straight-line graphs we introduce a generalization of the motorcycle graph
in Section 2.4 and present an extension of our straight-skeleton algorithm in Section 2.5.
Extensive runtime experiments in Section 2.5.4 reveal that our straight-skeleton
implementation Bone exhibits an actual runtime consumption of O(n log n) in practice.
Most results in the Sections 2.2 to 2.5 have been presented in the following publications:

FRITE S 2.2 0P a5 AichholzerflAurenhammer [AA98]E % A& A FRIEIEE =04

2. KTakRRr—EXTRFEN TR EHRERNQN2)FO0(N3) 2 A ZEERILESR | FF
WEBAFKATAT AR FSteiner=fF | kT2 A8 EMH. X— IR RERIRE T —
METERERNIERUZ OAEEL TR L , WE2.3T., AT EIEL#E EHEEFm
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HEE , FAMEE2.4TP5| N7 EEERIHT , FHES2.5THRE T EABREEN
YR, $£254THRENGITIRERNA , KNKNELELRKIMBoneEXEFRILH O(n
log N)HISFRETTHTERE. 22T E2.5TFHAZSHERESEUNTHRIF ALK :

* [HH10b] S. Huber and M. Held. Straight Skeletons and their Relation to Triangulations.
In Proc. 26th Europ. Workshop Comput. Geom., pages 189-192, Dortmund, Germany,
Mar 2010

 [HH10b] S. Huber #1 M. Held. Straight Skeletons and their Relation to Triangulations. In
Proc. 26th Europ. Workshop Comput. Geom., pages 189-192, Dortmund, Germany, Mar
2010

* [HH10a] S. Huber and M. Held. Computing Straight Skeletons of Planar Straight-Line
Graphs Based on Motorcycle Graphs. In Proc. 22nd Canad. Conf. Comput. Geom.
(CCCG 2010), pages 187—-190, Winnipeg, Canada, Aug 2010

* [HH10a] S. Huber 1 M. Held. & T EFEEMtE FRELEMNELELR. AR TH22)F
MERITEJTLIX (CCCG 2010), 5187-190T0, ML XI&RB{H, 20104E8 8

* [HH11c] S. Huber and M. Held. Theoretical and Practical Results on Straight Skeletons

of Planar Straight-Line Graphs. In Proc. 27th Annu. ACM Sympos. Comput. Geom., Paris,

France, to be published 2011

* [HH11c] S. Huber #1 M. Held. 9&?¥ﬁ§%l’§lﬂﬂﬁﬁiﬂ”“Eﬂfiiﬁniﬁﬁ% KFRTH
27T EACMITE JUAIF4ES | AEER | FHER , 2011

21geometricpropertiesofthestraightskeleton

2.1 BEEBRNIU RS

In this section we build a collection of geometric properties of straight skeletons and their
relation to motorcycle graphs. Most of the following geometric properties were presented
in [AAAG95, AA98, EEQ9, CVO07]. Throughout this section, we denote by G a planar
straightline graph. It turns out that the terrain T (G) is often useful to prove various
properties of the straight skeleton and its relation to motorcycle graphs. In many cases
the proofs become much easier when the scene considered is lifted to R3. The following
lemma is a simple but useful tool for proofs of this kind.

EATH , KINMETELBRENABMHES  MRENSERERRNXR. UTXZ
LT BMEAE[AAAGYS5, AA9S, EE99, CVO?]EF'?EH:'. AT BIBCER—ATHEHE
%A, FXUEH , ETG)EE A TR EAERN&EMEM RS EEFEERNXA.

EEZIBRT , YIEENIZGRFIEFEIRIN , IFAATEERS. UTsIEE—ME®
BEANLTE , TRTIESE.

Lemma 2.1. Consider two distinct points p, q on T (G). Then the straight line through p
and g has a slope of at most 1.

313 2.1. BB T(G) LA ARR p, 9. WEE p M q KELKFIRELA 1.
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Proof. We project p and g onto the plane R2 x {0} and denote the results by p' and q". The
intersection of T (G) with a vertical curtain above [p’ q'] results in a plane polygonal chain
that starts at p and ends at q. All segments of this chain have a slope of at most 1,
because each segment results from the intersection of the vertical curtain with a facet of T
(G) and all facets have exactly slope 1. As a consequence, the supporting line pq through
p and q has also a slope of at most 1.

WERR., FATEpMFE R EITFHER2 x {0}k , FLERFZ R A pH. T(G)S[p' qlEAER
B EFTE—NTFEZ A |, ZEMpFE | BlofhR. XEERMBEBRMNER
2R, FASNMEBHEEEEDTST (CO)RN— N HEHRAERER |, FETBEAIMNZRED
WHira1, A, BT pFaiELpatME MR Z A1,

Definition 2.2. We denote by e(t) the set of points that are occupied by the wavefront edge
e at time t and by e(t) we denote the supporting line of e(t). If e is emanated by a terminal
vertex or an isolated vertex v of G then we define €(0) := limtN0 e(t).

EN 2.2, FKAA e(t) /oRAEM(A] t B, IKANNLK e TS IEMRES | A e(t) &R e(t)
L. R e BH G W— MR REINLIRR v REH) , APAFKITE X e(0) :=
limt~O e(t),

Note that the propagating wavefront edge e can be split at certain points in time. That is,
e(t) can be expressed as the union of straight-line segments. Furthermore, we get that f
(e) = St=0 e(t). For a terminal vertex v we obtain that e(0) is equal to the supporting line of
v that is perpendicular to the single incident edge of v.

TR, EEIRETNG e AIUAERELREIR AR, BWHER | ) ATFRRAELERNIT
. LA, KSR f (e) = S0 e(t), MTARIRIAR v , FN1FE) e(0) F=T v FISHFL
GXHELEET v RBRZASIL.

Aichholzer et al. [AAAG95] proved the following lemma for general bisector graphs of
simple polygons instead of straight skeletons. These graphs correspond to generalized
roofs as discussed in Section 1.2.3. Aichholzer and Aurenhammer [AA96] presented this
lemma for planar straight-line graphs G. We rephrase their original proof using Lemma
21.

AichholzerZ A[AAAGOS[ERR T AT SIEE | A5 ERTH R LM EN—R —oL%E , ™
AEBELEEE, XEEXTNTE1.2.3 0SS XETR, AichholzerflAurenhammer
[AAOBHEH T 4 X FE EZ&EIGHILLS 118, FAMEASIHE2.1%E T b1 R IAUERR.

Lemma 2.3 ([AA96]). Let e be a wavefront edge of G. The face f (e) is monotone w. r. t.
e(0).

513 2.3 ([AA96]). % e & G H—NKAA%. H f(e) XT e(0) 2 HFH.

Proof. It has to be shown that an intersection of f (e) with a line perpendicular to e(0) is
connected. Assume that this is not the case for a line | that is perpendicular to e(0). One
can find two points x and y on the boundary of f (e) such that the open segment (x, y) is
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not contained in f (e). We lift the problem to R3 and put a vertical curtain on [xy], intersect
it with T (G) and obtain a polygonal chain L. Let us denote its endpoints with x™ and y~,
which are contained in f'(e). The supporting line of X", y" has a slope of exactly 1, but note
that L is not contained in f'(e) by assumption. Hence, L contains at least one segment
which has a slope that is greater than 1. But this is a contradiction to Lemma 2.1.

UEER. WURIEEAf(e)SEE Te(0)WELMATERIERN, RN TEE Te(O)WELI , 15
DUHERNEL. FTRAFREIf(e)i R LB mxAly | (FISFFEAER (X, y) N EE1Ef(e)F. FKITH
[EERFAFIRS , XY EME— N EESS  BHET(GHER , 1§8I—&KIT&L. K118
XMy FRHImR , ENBEE(e)F. X\, yHRIELARFARRIFAT , BFEE , RIERE
R, LNBEE(e)F. Bt , LEDEE—IMRERATINGE. BX55382.148F .
Lemma 2.4 ([AA96]). The straight skeleton S (G) has exactly 2n + t — 2 number of nodes,
where t denotes the number of terminals in G.

SI3E 2.4 ([AA96]). HEZBR S (G)1a1FE 2n +t -2 MR, HA t RIR G PRA %L

=,

Similar to Lemma 1.2, the lemma holds if the degree of all nodes is three. In the presence
of multi split events the degree of the resulting nodes have to be taken into account
accordingly.

LMTSEE 1.2, RABETRNERCH 3, MASEM, EFEEZENNEHHNENR
T, DIRAERIE FRETS T R

The proof of Aichholzer and Aurenhammer is based on the analysis of their algorithm, see
Section 1.4.2.2. Recall that their algorithm computes a constrained triangulation of G and
then simulates the wavefront by maintaining the triangulation. A topological event of the
wavefront corresponds to a decrease of the number of triangles by one. Note that the so-
called flip events leave the number of triangles invariant. Therefore, the number of events
happening to the wavefront corresponds to the number of triangles collapsed. The
number of triangles that remain after the last event happened corresponds to the number
of unbounded arcs resp. infinite nodes of S (G). Aichholzer and Aurenhammer [AA96]
argue that the number of initial triangles equals the number of nodes, including the infinite
nodes.

AichholzerflAurenhammerffEBAEEFXS B IAMI AT , & H.5E1.4.2.2, BFE—T , 1ih
MREIERTEGHRAR=ATIS , REEITU4 = AFI0 KIEHINEET., IKETRFRTNEEXT
NF=AaHER—1. FEE , MBI EHE=ATENBERTAE. Eit, &
BIRENBHENNTISEERN=AEHR. 28— 1SHEERRKRN=-AEKENNT T
Hile%E |, BIS (G)WTRT A, S (G)WTIRITA. Aichholzer%DAurenhammer [AA96]
AR, VIIE=ATENHRE %:J:ﬂﬁk,\\ﬂ*]?z‘ﬂli BFETIRTT =

Proof. One observes that the initial triangulation tessellates the plane into 2n - 2
triangles. Let us consider an embedding of G onto the three-dimensional sphere, in a
local neighborhood of the north pole. We identify the north pole with the origin of the
plane and we consider the south pole as an additional vertex which models the locus at
infinity. Then an induction-type argument easily shows that any triangulation of n = 3

5/18



vertices plus the infinite vertex comprises 2n — 2 triangles. Finally, each terminal vertex
gives rise to an additional triangle in order to take the additional wavefront edges at
terminal vertices into account. Summarizing, the initial triangulation comprises 2n - 2 +t
triangles.

UEER. FTRAMIERE , Mia=A R TFEAEIE 2n - 2 M=/, LKRNZER G #AF)
=4imE L, AR FEREMEA . FITRIARFAFERNIRR | PRI A— 0
SMATRR , EREMTHS T REE, Ae  —DMENEBKBIERS SR , n 23 NRR
MEXFERSRET=AZINEES 2n -2 =A%, &F , 8RB REa4E—
MMO=ATE , ERRIRIRLNBSNETDA S EBEN. B48—T , Ylila=/A%1459
BE2n -2+t N=HF.

the straight skeleton as a voronoi diagram An obvious yet essential question is whether
the straight skeleton can be interpreted as a generalized or abstract Voronoi diagram. The
benefit of such a connection is obvious: Voronoi diagrams have been extensively studied
in the past decades and there are efficient algorithms for a wide variety of
generalizations of Voronoi diagrams [Kle89, KMM93, Yap87, AS95]. Aichholzer and
Aurenhammer [AA96] considered the abstract Voronoi framework by Klein [Kle89] in
order to investigate this question. The idea of Klein is that one does not consider a
distance function in order to define the Voronoi region of each input site, but to define
mutual bisector curves between each pair of input sites. Klein [Kle89] gave a set of
axioms that need be fulfilled by this set of bisectors, in order to define an abstract Voronoi
diagram. The generalized Voronoi diagrams of points, straight-line segments and circular
arcs are covered by this framework as well. In addition, generalizations to other distance
functions can be represented within this framework. Recently, Klein et al. [KLNO9]
revisited this framework and presented a conciser set of axioms for the bisector system.

¥EBLRAAVoronoiE] : —MEMSNEEXBENREAR , EBRESTAEMEAT
Nk HVoronoilEl . XFEXARMZALE B MSA N : VoronoiBlfEd XL+ 2155
TTIZMER , FASTTFRFFVoronoi BRI~ , TFEESMKEIX[KIe89, KMMI3,
Yap87, AS95], AichholzerfllAurenhammer [AA96] & &7 Klein [Kle89] 135 VoronoitE
22, RMERFFXANMAE, KleinfhEAR R 2% SiEE & R ¥R E LB Ml ik s3I VoronoilX
1%, TRE XS R Z BMEEFAhZ. Klein [Kle89] 4t 7 —A FTEHIXAT
NETHERINE |, PUEE L —Mh% K Voronoi®], m. BEEERMEIA X VoronoilElth,
BEEXMESRS, oAb, SEAEEH RIS AT ATEXMESEARIR. &I, Klein
FEA [KLNOQ] EHFTEAL T X MES |, FFAFALARGRE T —EREENAIE,
Unfortunately, Aichholzer and Aurenhammer [AA96] pointed out that the framework of
Klein cannot be applied to define straight skeletons. Let us consider a bisector between
two input sites a, b motivated by the straight skeleton. That is, the bisector is the set of
points that are reached at the same time by the wavefronts of a and b. The claim is that
the resulting bisector system does not fulfill the axioms of [KLNQ9]. Following the notation
of [KLNO9] we denote by J(a, b) the bisector between the site a and b. The bisector
tessellates the plane into two halves. The half which belongs to a is denoted by D(a, b)
and the other by D(b, a). The Voronoi region V (a) of a is defined by the intersection
Tsl1=a D(a, s) among all input sites s. See Figure 18 for an example. We observe that the
Voronoi region of e1 is influenced by the presence of e3. However, the straight-skeleton
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wavefronts of e3 are blocked by e2. Note that if we would remove e2 then J(e1, e3) would
pose a correct part of the resulting straight skeleton. The basic reason for this strange
behavior is that the bisectors motivated by straight skeletons do not fulfill the axioms of
Klein et alii. In particular, their axioms include that D(e1, e2) N D(e2, e3) < D(e1, e€3),
which is clearly not the case in our example: The point p is contained in the set at the left-
hand side but not in the right-hand side. Moreover, p is not contained in any Voronoi
region at all.

MR |, AichholzerflAurenhammer [AA96] F5 , KleinfAEZERBEN BT E N BEL T
2 UERNZERBEELEFREIMH MM MAR a, b ZEKFANE. MER , FRL%EH
a # b RIFEIRINEIARN RRES. ZRHTRE , BT ERTFAEK RGN HE [KLNO9 #
NIE, iRAE [KLNO9] FTS , AT J(a, b) F/nm a fl b Z [BIKFEN Lk, A FNEKTF
HAEIERANEFE,. BT a W¥FmEA D, b) &/~ , 5—1F D(b, a) ®/x., a il
Voronoi Xi%, V (a) X AMBEMAR s Z A3 Tsl=a D(a, s). £ W& 18 I/RfBl, K
I1IERE e1 B9 Voronoi XI%5%1) e3 FZLEMIFZIRE. SR , e3 KEL B2 BI# e2 [A#Y.
BIEE  RIKNFBMR e2 , AVA J(el, e3) MMM AT EL B I MIEMRE Y. XFFERT
FHERFERZE , HELFRKNKFELEANHE Klein EARNE, 712 |, MM
IH43E D(e1, e2) N D(e2, e3) c D(e1, e3) , XFEKNTMBIFFEARRNBXFERL : = p B
BHELMPEST , ENEEEANRNESS. S, p IREARNEELE(L Voronoi X1,
|,

Voronoi region of e;

€1

i\P J(e1,€2)

€3

](elr 63)

Figure 18: An attempt to define S(G) using abstract Voronoi diagrams. The bisectors J(e1,
e2) and J(e1, e3) are depicted in blue. The attempt fails because €3 influences the
Voronoi region of e1. In particular, the point p is not contained in the Voronoi region of e1.

& 18 : =3{{F % Voronoi BIEN S(G)., FN%k J(el, e2) Fl J(e1, e3) DLk A4,
K kM, Fh e3 #7T el i) Voronoi X, 455 , i p AEA7E el (¥ Voronoi
Xigeh,
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The concept of abstract Voronoi diagrams by Klein et al. [Kle89, KLNO9] distills the very
essence of Voronoi diagrams from an abstract point of view. Having this interpretation in
mind, straight skeletons are essentially different to Voronoi diagrams, even though they
share common properties at the first sight. Nevertheless, Aichholzer and Aurenhammer
[AA98] mentioned that for special case of rectilinear polygons P, the Voronoi diagram of P
in the L«-space and the straight skeleton of P coincide.

KleinZE A [Kle89, KLNO9J#E t fIHh5 Voronoi Bl IS , WIS A 14k T VoronoilEl K
A, ZERXFRER , REELBRE—FSVoronoiEFHXFEMMRE , (BEMNAR LR
REf., 4R , AichholzerflAurenhammer [AA9SHEZR! , I T HEZ D TERUSIKIZ AP |, P
1EL-space ¥ VoronoiE SPI EL SR E S .

the terrain model and piecewise-linear functions Aichholzer et al. [AAAG95] investigated
whether partially defined linear distance functions could be used in order to obtain an
alternative, non-procedural way of defining the straight skeleton S (G). More precisely, the
idea is to define for each wavefront edge e a real-valued linear function de(.) on a subset
of R2 such that the lower envelope of the graphs of these functions forms the terrain T
(G). For a point p € R?, the value de(p) would indicate the time when p is hit by the
wavefront edge e. Aichholzer et al. already showed that the domain of de cannot only
depend on e: In Figure 18, the domain of de3 must somehow take care for the presence
of e2. We can summarize this insight as follows:

AichholzerZ A[AAAGOSIH R T FEAR BRI EREMEeR ¥R , BRVTHE A AT AE S E X
MR B RFCRRIGE X ELBFRS(C)N A —MAEd R AIA. Bt , HEERR
BNk eTE L — P RELMEREde(.) , KERHUE LAER2MFE L | (15X LR ¥
MTAEEBRMIET(G). XTFmp € R?, Ede(p)Fa oMK RTINS et TR,
Aichholzer AE 43R , defIE UBABEUKKITe : FEE187 , de3HIE XIF ML S
FARERe2MFE., FATTEX—NAMELEMT ¢

Observation 2.5 (JAAAG95)). If one attempts to define a partially linear function for each
wavefront edge e of G such that the lower envelope of their graphs is identical to T (G)
then the domain of each function de cannot only depend on the defining wavefront edge
e.

WER 2.5 ([AAAGOS)). I REFA NGB N IR ANALeE X — MBI ZMEERE , (F15 (IR
R TEELS T (G) AE , ABAT R ¥de kIR REUKRT E XK AN e,
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slab on ¢

lower chain

of f(e)

Figure 19: The slabs in R3 are bounded from below by the lower chain of f'(e).

& 19 : R3FHIMREAF (e) W T EM T TPRE.

Let us consider the face f (e) of a wavefront edge e of G. By Lemma 2.3, the boundary of
f (e) consists of two monotonic chains with respect to e(0).

A1 BGHIK BRA e Ef (e), HRIESI3H2.3 , f (e)MIAR X Te(0)MPN &AL
18

Definition 2.6 (lower/upper chain of a face). The lower chain and the upper chain of f (e)
are the two monotonic chains w. r. t. €(0) that constitute the boundary of f (). The lower
chain contains ¢(0).

EN 2.6 (HHIT8E/ LSE) [NTO], f(e) I T8EM_LEER KT e(0) KPR ERESE , B1M
BT f(e) BiaR., T4EEE e(0).

For the lower chain C of a face f (e), we denote by C” the projection of C onto T (G). For
each wavefront edge e we define an infinite slab that lies on the supporting plane of f(e)
and is bounded from below by C" and by two rays at both endpoints of C" that are
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perpendicular to e(0), see Figure 19. Eppstein and Erickson [EE99] proved the following
theorem.

X T HEf(e)¥ FHEC , FKATAC FRIRCET(C) LR . WTEBMNERAL%e , FKITEX—1
TRRAR , BT (e) X HEFE L , FHCHCH MmN AER Te0O)MHENT A
fRAE , 2 IL&I19. EppsteinflErickson [EE99] WFEA T AR EIH,

Theorem 2.7 ([EE99]). The lower envelope of all slabs of the wavefront edges of G is
identical to T (G).

REIE 2.7 ([EE9Q))INTO], GHIKBIALMITEIRK FEELS T (G) HE.

Proof. We first note that for any wavefront edge e of G, the lifted face f(e) is contained in
the slab that we defined for e. Hence, it remains to show that the terrain T (G) is not
above the lower envelope of the slabs at any point.

R, FNTELEER , X TGHREKANe , IRFMES ()BT e LIRS,
R, # TR IERHIET(G) IR R L&A S TR T AR L.

Assume that p is a point on T (G) that indeed lies above the lower envelope. Hence, we
can project p vertically onto the lower envelope and obtain a point p’. Then we can project
p' along the steepest descent of the slab, where p’ lies on, until we hit a point q. Clearly, q
and p are on T (G). Note that qp’ has slope 1 and, thereby, gp must have slope greater
than 1. This is a contradiction to Lemma 2.1.

1&&DET(G)J:E4]—/\,5“ R T FTELANER. Bt , JITTUEpEEREE
TELKLL , 52— Rp. Rfa , FITUEEFRREN TEA@RE , Hp {ﬂ:
R E EEIJ&{IEIJL—/\, 9. B, oMpEET(G) L. FIEE , apIRIEA1,

I, apBIRIER MR T, X552 1MFE.

In the original work by Eppstein and Erickson [EE99] the theorem above is presented for
polygonal input, but it is claimed that it also extends to planar straight-line graphs.
Further, they actually used the following set of slabs: For every edge e they defined an
edge slab, which is bounded from below by e and by two perpendicular rays at each
endpoint of e. For every reflex vertex v of G they defined two reflex slabs each of which is
bounded from below by the valley incident to v and, for each, two rays that are
perpendicular to the two incident edges of v. Strictly speaking, in their original phrasing
they did not consider that vertex events could happen, i. e., that a valley of T (G) is not
incident to a vertex of G. Nevertheless, the basic idea of their proof also works in the
general case, which is based on a careful consideration of the relative positions of the
moving wavefront edges. We presented a proof that is based on Lemma 2.1 instead. Our
proof appears to be simpler and immediately applies to arbitrary planar straight-line
graphs G.

1EEppsteinFIEricksonfl [RIAZE/E[EEF , LR FIR B4 LA M NRER |, {Bfthfi1FE
HAEHEOERTFIELE., b, 1K EERT A Tslab&d : XTE&ile , B
ITENXT —/Mislab , H TR Ke , ER A NeE N MRAER S, X TFGHREANM
TRAY, iIEX T A Mslab , &/ Mslabf) TR ASVvAESHNA , FEXFE&4Mslab ,

AMEESVIREABSMAER NS, TN , FEMIRVIETET | i1 E RN
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REMARERLE |, IT(G)MAARSCHTRRMLE, AT , BATARNERREABAANERT
—RRAFI , XEETHBEANAGNEX L ERFEER. KL 7T —NET5352.1
FIUEER. ZRATANERRMANFE R R |, FFETUEEN AT EEFEELEG.

As Eppstein and Erickson [EE99] mentioned, Theorem 2.7 leads to a nice alternative
interpretation of the straight skeleton S (G), based on a partially defined linear functions.
The following corollary formulates this interpretation, where d denotes the infimum
distance, that is d(A, B) := infx€A,yEB d(x, y) for two point sets A, B  R?.

IF4NEppsteinflErickson [EE99] FTIZZIN , EHF2.753| H T W EL B 2ES(G)N—MEIFH
BB BT 59 EXHE&MHRE., UTHSER T XMER , P dRR FHREE
= | BIXFRASEA, B cR?, d(A, B) :=infxeA,yeB d(x, y).

Corollary 2.8. Let e and e’ denote two wavefront edges. For any point p € f (e), whose
orthogonal projection line onto e'(0) intersects the lower chain of f (e'), holds d(p, e(0)) <

d(p, €(0)).

HER 2.8. 1% e Ml e RARBINIEANDLZ., S TEAmp €f(e), BHE e'(0) EAMIEATHRZL
5 f(e') WT4EAE3Z , W d(p, e(0)) < d(p, €'(0)) L.

This result enables us to define a point set that is similar to the cone of influence in the
theory of Voronoi diagrams, cf. [Hel91]. That is, for each wavefront edge e we define a set
Cl (e) by the projection of the slab of e onto the plane. Next, we define a distance function
de between a wavefront edge e and a point p by

XMERFEINREBEN — I RE , BT Voronoi BRI HIFIRGHE , £ [Hel91].
MRV , T ENIKENA%e , FELHeMRITEEIFE LEREN—1EECI (e), KT
5k, BATEL AT 0E AT Sl mp 2 [RIREE B ek ¥ de

d

e
(
P
)

—
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(2.1)
Using these distance functions de, we can rephrase the previous corollary to

i X LEIE B R ER de , TR RAT L 2 RTHIHE R A A
f

(
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(2.2)

where E denotes the set of wavefront edges. At the first sight, this result seems to be an
alternative characterization of S (G). However, we want to remark that the sets ClI (e)
depend on the length of the reflex arcs of S (G). In other words, the representation of the
faces via (2.2) does not serve as an alternative characterization of straight skeletons.

Hep E RRERANES. F—F , ITMERUTE S (G) KB —FhRiE. A , FA4E

TEHAE , %A Cl (e) BURT S (G) MR FMHIKE, Handiy , BT (2.2) RNEIFHFAEE

TEAEZBE RN S —FFERALE.

Eppstein and Erickson [EE99] remarked that Corollary 2.8 does not pose a contradiction
to Observation 2.5: The domain of the distance function de depends on the length of
certain reflex arcs and, therefore, does not only depend on the wavefront edge e.

EppsteinfErickson [EE99] 5 , #1£2.8 5M5R2.53 A F & : BEES R ¥R de IR SUBER
FHRL R FIMAKE , R UEBUR TR aTA%e.

Lemma 2.9. The lower chain of the face f (e) of a wavefront edge e is convex.
5138 2.9, IENA% e HIE f (e) T EEE T,

Proof. The lemma asserts that the interior angle at each vertex of the lower chain C of f
(e) is at most 180°. The segment e(0) encloses with its incident arcs an angle less than
180°, because these arcs lie on the bisectors of e and adjacent edges of e. Hence, it

suffices to show that the interior angle at any straight skeleton node on C is at most 180°.

We assume the contrary: Suppose that there is a node v on C whose interior angle is

reflex. Without loss of generality, we may assume that v is (i) closest to €(0) and (ii) on the

left part of C w. r. t. e(0), see Figure 20.

WA, XSIEEWTS | f (e) ITF4E C ENTRRHNAZEZL A 1807, 4B e(0) SENS
Ffrlﬁlzﬂﬁﬁa JE/NF 1807, RAXLEENAE T e A1 e ARSIk k. lltt , AEEBA C
M TELERET “E*]Wﬁaiyjq 180°, FEAMBRMREMEN : BRTE C EHFEE—IT R
v, ERNfARA. RE—RHE , FOTRMERER v (i) &=3FIE e(0) , 3FA (i) f27F C AW |
X e(0) , A 20,
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Figure 20: The vertex v on the lower chain of f (e) cannot be reflex.
& 20 : f (e) W FEELHTIR v AATBER RE .

We denote by a1 and a2 the arcs on C that are incident to v such that the sub-chain from
a1 to e(0) is convex. Further, we denote by e1 and e2 the other two wavefront edges
whose faces contain the arcs a1 and a2, respectively. The supporting line of a2 intersects
e(0) at a point q. There exists a supporting line | of q such that a2 lies on the bisector of |
and e. Hence, the edge e2 lies on |, by construction. Further, we note that e2(0) lies
behind e(0) and also behind e1(0) w. r. t. the corresponding propagation direction.
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KATHa1F1a23k/RC_ESVRELIIN , {£15Ma1E)e(O)WFEERMM. sk , FKiTHe1fe2
RRFBINAKIERTNL , ENTNE LA AEE a1 Ma2, a2 FELSe(0)MEZ TR, 7
QN —&RTELI , (F15a2(uTIMe I Fas L. Bt , IRIERE |, ey Tl L, I
Hh, BEAVEER) , XRTAMMEREAT , e20)uTe(0)z/a , izTel(0)Z/a.

Since e2 reaches v after some time, the lower chain of f (e2) contains a polygonal chain y
that connects €2(0) and v. We note that y is monotone w. r. t. e2 by Lemma 2.3.
Furthermore, y is monotone w. r. t. the propagation direction of e2 because the points on
y are swept by the propagating edge e2. The curve y contains a point p that can be
projected orthogonally onto e1(0). Corollary 2.8 implies that d(p, €2(0)) < d(p, e1(0))
because p € f (e2). Let us denote by I' the bisector between e1 and 2. That is, I' consists
of all points e1(t) N e2(t), with t =2 0, and all points left to I are first reached e1. However,
since p is left to I" it follows that d(p, e1(0)) < d(p, €2(0)), which is a contradiction.

T e2&8d —ERIS(A) [FEIAY , FHIS (e2) M A & iEHke2(0)FviHT Ly, FKITEESR ,
RIES13H2.3 , yXTe22 HAR. WA, BTV LR #EEhe23d , mittyxTe2801%
FEAMEREAN. HERyEE—NITUEREZEe1(0) L Rp. #E1£2.8%KBAd(p, 2(0)) <
d(p, e1(0)) , Ep € f(e2), ILFKAMIAIRRIF2ZAIFNL. MEEY , IBHTHL20
Kmel(t) Ne2()A , FEMBATIZMNREEHXe1, A , BT e TIHZAN ,
Hitkd(p, e1(0)) < d(p, e2(0)) , XE—FJE.

Lemma 2.10. The lower chain of a face f (e) consists of €(0) and reflex straight-skeleton
arcs.

5|3E 2.10. T f (e) T 4EE e(0) IR ST EHZ B 29I 4A A%,

The following theorem was proved by Cheng and Vigneron [CVO07]. It establishes an
essential connection between the motorcycle graph and the straight skeleton.

PAF eI Cheng #1 Vigneron [CVO7]iEBH., BN 7 BEITEERNEL B4 2 B4 FiBk
A,

Theorem 2.11 ([CVO07]). Let P denote a simple non-degenerate polygon P. The reflex arcs
of S (P) are covered by M(P).

R 2.11 ([CVO7])NTO], & P F—MASRRAFRUZATE P. S (P) KRITIH M(P)
Em.

Proof. We slightly rephrase the proof in [CV07] in order to fit our setting. First, we declare
that S (P) and M(P) are restricted to the interior of the polygon P rather than being defined
on the whole plane.

UERH. FNFHMME TCVO7TIFHIERR , PUENIKITHRE. &5t , FITEHS(P)FM(P)
WIRBIAEL D TEPRINER , TAZE LAEEAFE L.
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Figure 21: Reflex arcs are covered by motorcycle traces. The set T turns out to be convex
which leads to a contradiction concerning the height of T (P) above p.

&l 21 REFMEEEENSEE. &6 TEREON , XSBTXTTP) Ep LASE
X &,

Cheng and Vigneron lift the problem to R3 by means of the terrain model. Let m1, ..., mr
denote the motorcycles from M(P), where r denotes the number of reflex vertices of P.
Further, let si denote the trace of the motorcycle mi and let s”i denote the lifted trace of m”
i by interpreting the third spatial dimension as the time. Recall that each motorcycle mi
starts at a reflex wavefront vertex v of W (P, 0) and mi and v have the same velocity.
Hence, the valley a” that belongs to v has the same inclination as the lifted motorcycle
trace m”i.
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Cheng#Vigneron{&Bith FEARRLIG B2 FHEIRS, &m1, . . ., mrRISEEM(P)REFES ,
HArRrmPRRSTRRAEE. S, ’siRREEEmIFHE |, &s izkomm” it T
I, BB =A A4 LR AR R, AT, SWEEEmIERAW (P, 0)i R 5T AT
Timvits , FFEmFvEFHRNERE. Rt , BTvHSa SRAMNELEREM iAF
HERIRAE.

Now assume that the statement is false and there is indeed a reflex arc a of S (P) that is
only partially covered by the motorcycle trace si. Since a continues on the track of mi, the
motorcycle mi crashed into another motorcycle, say mj. Let p denote the intersection
point of si and sj and let t* denote the height of T (P) above p. Among all reflex arcs that
are only partially covered, a is chosen such that t* is lowest. Hence, up to the height t,
all valleys of T (P) are covered by tilted motorcycle traces.

MAABRBOAFR BERN , FFEMREFE—S (PR HMNa , BN ERENLsIH N E
. FHTaZKEEmINHIE L , B EEmilER| T B—WEFESE | thinmj, &pRRsiflsjiKaz
R, FERGFRT (P EpLARNSE. EAAEHAEENRIINF , EFafE it
K. Rt , HEISEtx , T (P)KATBAERMM N ETEN L E S,

The trace sj starts at a reflex vertex v of P and contains p. Let T denote the intersection of
a vertical curtain that is put on the segment [vp] with the set of points below T (P), see
Figure 21. The claim is that T is convex. Assume, to the contrary, that T contains a reflex
vertex on its top chain. Let g denote such a reflex vertex that is closest to v. The vertex g
cannot be at height zero, which would mean that mj crashed into a wall — that is, an
edge of P — at q. Note that T and s”j start with the same inclination, which means that q
is below or just at the same height as s”j. Because q is a reflex vertex of T, there exists a
valley at g, and because each valley is covered by a motorcycle trace until height t*,
there is a tilted motorcycle trace s’k at q. So either sj crashed into sk or the valleys
corresponding to mj and mk meet at q. Both cases are a contradiction to the initial
assumptions. It follows that T is convex and hence below s7j.

P sj 6T PR—PRHFMR v, FEBZ p. WTRREERM (WETE [vp] LBLE)
S5T((P) THRENIE , Z0E 21, ZelE TEAM. Rz , RR T FEHTREME LA
B RHETR. W q RRZHF—NE v RENRSFTIR. TR g AR ESEATR
B, XERE mj #8)7 — S —WHE P W—5FA—7E q &b, FEE , TH s A
FRIRRA ETTAE , XERE q RTEMNRFS sTATHRNSE. BT & TH—TRY
TR, AWAE q fFE—S  HERTENABRETENLERZSE tx , FAMIEq
REFE—MAMEILENE sk, AL, B4 s 827 sk, BAXET mj # mk NATE
q 2HIE, XMABERESSHEYINEEMAFE. BN, TRON , AT sTHF
e
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GEOMETRIC PROPERTIES OF THE STRAIGHT
SKELETON

n scholaread.cn/read/gabgXNaOVB60

slabone

left arm of
mise

Figure 22: The slab at e is bounded from below by e and the tilted motorcycle traces of
motorcycles that have e as an arm. Left: two motorcycles have e as an arm. Right: Only
one motorcycle has e as an arm.

& 22 : e &bHIRE e AR DA e HEHRFEFRENENT AIRE. Z£K& : MERELL e
HE. AE  RE—WERERL e AE.

The height of T (P) at p is once given by the valley a”, on one hand, and by the height of T
at p, on the other hand. But this is a contradiction, because a” is strictly above sj, which

itself is above T.

—AE, pAM T (P) WSEBRS a B/t ; H—AE , Hp &N THSELE., BXE—
NFE, Bha TReT s, MsTAFXST T,

The following corollary is a byproduct of the previous proof.
LT 2 AT — MERAREI= 5.

Corollary 2.12 ([CVQ7]). Let P denote a simple non-degenerate polygon P. The tilted
traces s” of M(P) are above or just at the same height as T (P).

HE® 2.12 ([CVO07]).i% P RAR—NMARMIEIR LT P, M(P) BAEE s (2T T (P)
Z S HEEMAMA.
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Let us revisit the slab construction from Theorem 2.7. Cheng and Vigneron [CV07]
presented a different slab construction scheme that is based on the motorcycle graph.
For the matter of consistency, we reformulate their construction as follows.

WERAIEIPR— T B3 2.7 AR #MIE. ChengVigneron [CVO7] 4@t T A—FhET EFE
FRIKFIRMERR. ATRIF—BM , BATRMBNKNMEERRENT.

Let P denote a simple non-degenerate polygon. Each motorcycle m in M(P) starts from a
reflex wavefront vertex vin W (P, 0), which is incident to two wavefront edges. Recall that
we call the one wavefront edge that is left to the track of m the left arm of m and the other
wavefront edge the right arm of m. To each wavefront edge e, there can exist one
motorcycle whose right arm is e and one motorcycle whose left arm is e, see Figure 22.

WPFRA—MARRKAFR M Z N, MP)FHEHELE AN R STIRATTR R VT4

RAUTWP, 0)F , FESMFIKETAMEE. BT, ﬁﬁ]ﬂ%{f]:mihiﬂ&wﬂ‘]/&HIJJJF’T\
jﬂmEﬁEE*‘ : ﬁﬁ%_tl&ﬁllLﬂj‘ijq;EEE DS R TPV REFE—WERTENEG
BiEe , MEA—WERENEE Ze , ZNE22,

Definition 2.13 (lower envelope). Let C™ denote the union of ¢(0) and the tilted traces of
the motorcycles that have e as an arm. For each wavefront edge e we define a slab that
lies on the supporting plane of f'(e) and is bounded from below by C" and two rays at the
endpoints of C" that are perpendicular to e(0). The lower envelope of these slabs is
denoted by L(P).

REX 213 (FELKLK)INTO]. £ C K e(0) ARK e EAB IR RIRAEIIFE.
ST ENIEETNS e , TN —MLT f(e) FISHEFE EAMR , AR TR C, ER
A C U RALHBISRERT e(0) L. XLARM T BRI A L(P).

Lemma 2.14 ([CV07]). For a simple non-degenerate polygon P holds L(P) =T (P).

5138 2.14 ([CVO7])NTO], SF—MEERRHERMZHEP , 3L L(P) =T (P),

Proof. Consider a point p on T (P). Because p sits on a tilted face f*(e) of a wavefront
edge, it follows that p is also contained in the corresponding slab of and, thereby, not
below L(P). It remains to show that a point p of T (P) is not above L(P). Assume, to the
contrary, that p is above any slab of an wavefront edge e, see Figure 22. One can project
p down onto the slab and obtain the point u. Then one can project u along the steepest
descent of the slab until the lower boundary of the slab is hit at the point v. By Corollary
2.12, the point v is above or just on T (P). Hence, one can project v onto T (P) and obtain
g, which is below v or identical to v. The slope of the line pq is at most 1, by Lemma 2.1.
On the other hand, the slope of pq is strictly greater than the slope of uv, which is exactly
1. This is a contradiction.

R, EET (P)LM—4mp. EAp TIRANASNRME ()L , Flpth A EFEAN K
WEF , BHAETLP). MEFTZUEAT (P)LR— T RpASTLP). BEMR , p&T
KBTI eEMAR S , WE22, TR pa FREEIMREL |, 1FRIRu. RERTRUGER

%Eﬂ%ﬁ?ﬁ%?‘u‘rﬂﬁwu HEERVAARIXRFTOR, RIEHL2.12 , RviaTEHGET
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7T (P) L. EIb , ATRLRVIRRZEIT (P)L |, 158q , ERTVvES VAR, RIES1H21, B
LpaIARRZ A1, F—AE , paflIRIERTRE KT uvsER | uviRZREIFA1. X2
— XA,

Cheng and Vigneron [CV07] pursued the approach of Eppstein and Erickson to define
their set of slabs. They reuse the term edge slab from [EE99] and, instead of reflex slabs,
they introduce the so-called motorcycle slabs. The approach presented above, however,
extends more naturally to arbitrary planar straight-line graphs, see Section 2.4.

Cheng#Vigneron [CV07] /& F T EppsteinFlEricksonf /774K E XA TR EES . bl 1A
AT EENFHAEUNR , FEIZFBFERRSR , MESIATMERN EFEER". Am ,
ERENARA X AE BT BEWEETFEELRE , 205247,

Let us revisit the discussion concerning an alternative characterization of straight
skeletons after Corollary 2.8. Recall that the lower envelope of the slabs of Eppstein and
Erickson [EE99] does not lead to an alternative characterization of straight skeletons,
because the sizes of the slabs depend on the length of reflex arcs. The slabs of Cheng
and Vigneron [CV07], however, do indeed lead to an alternative characterization of
straight skeletons: Their slabs only depend on the motorcycle graph. Again, a single slab
is not only locally defined by the corresponding wavefront edge. Nevertheless, the
contributions of Cheng and Vigneron [CV07] only apply to non-degenerate polygons,
whereas the results of Eppstein and Erickson [EE99] apply to arbitrary planar straight-line
graphs.

WEFERNER—T#® 2.8 ZE X TELBEN S —FRIEATS. BIZE—T , Eppstein #
Erickson [EE99] ik i N B &I B 5| H ELBLHN F—FRAL , R AR K/NURT
RYEIHKE. 4R , Cheng F Vigneron [CVO7] BiRABSLE| T HE B2 A—Fhk
fiE - AR T BB R, RAE , MR MM IR REIE . AT ,
Cheng #1 Vigneron [CV07] amt{ & A TIEIR Z 8T , T Eppstein #1 Erickson
[EE99] WLERERTEEFEELE.

We want to give three reasons why Theorem 2.11 appears to be important. Firstly, the
motorcycle graph is an extraction of the “essential sub problem” of computing straight
skeletons. Hence, it is important to know the geometric relation between straight
skeletons and motorcycle graphs. Secondly, the motorcycle graph helps to devise
algorithms to compute the straight skeleton. Thirdly, the motorcycle graph helps to devise
an alternative characterization of straight skeletons. Aichholzer and Aurenhammer [AA96]
already remarked that it is desirable to find a non-procedural definition of straight
skeletons. For this reasons we consider our generalization of Theorem 2.11 to arbitrary
planar straight-line graphs in Section 2.4 as important.

KIMABLELEIE 2.1 BREZN=17EH. &, BERERENTEELAB RN ARF
[ HREE. Et , THESBEREMETERZ BN UTXAFEFTEE. Hik , BEXERE
FOTRNTEELAERNE L. £= , BERERBWTRTEL BN FH—FRIE.
Aichholzer #1 Aurenhammer [AA96] B2 1EH |, TXEIE & B2 AEFE R E 2 AT EU ),
AT XERRA , FEE 24 THEHE 2.1 # FHEETFHELENANEE.
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Cheng and Vigneron [CVO07] presented a randomized straight-skeleton algorithm for
simple non-degenerate polygons P, which is based on Theorem 2.11, see Section 1.4.2.4.
They also present an extension of their algorithm to non-degenerate polygons P with
holes. It is easy to see that Theorem 2.11 holds for these slightly more general polygons
as well, after generalizing the definition of the motorcycle graph induced by P accordingly.

Cheng#lVigneron [CVO7] 21 T —MX R BIFR 2 AT P MBI W ELBREIX
GHIEETEH2.11 , 205%1.4.247, MTERE TRHEEY RETAILNAFR S
Wik P, RESE , FEMNHHET B P AESNETFRNE N G, €2 1MHERTX
LM E RSO,

22thetriangulation-basedapproach

22 ET=ARIENFIE

In this section, we study the number of flip events that occur in the triangulation-based
straight-skeleton algorithm by Aichholzer and Aurenhammer [AA98]. The upper bound of
O(n3) is easy to see, cf. Section 1.4.2.2. However, to the best of our knowledge, no
nvertex polygon or planar straight-line graph is known that exceeds a quadratic number of
flip events. This circumstance constitutes a gap by a linear factor and the question
remains open, whether the number of flip events is actually bound by O(n2). Besides,
note that processing edge and split events already takes O(n2 log n) time: Even though
there are only ©(n) edge and split events in total, a single event requires up to O(n log n)
time, because the collapsing times of O(n) triangles may need an update in the priority
queue. In fact, even a modest convex polygon can lead to a runtime consumption of @(n2
log n), as illustrated in Figure 23.

EARTF |, FKWFR T Aichholzer #1 Aurenhammer [AA98] ETF=ATH M E B LLE A+
REMBHREHNEE. On3) W LERBRASEL , 0% 1.4.227, KM, BN
o, BApEZBEEHNK n MR ZAESHFHELERE X MERNTHESMH. XHEM
BT —NEMREFRZERE | RIBDARRMAR , IR SEHHNBERSXF RS O(n2) 4
R, M EEE  AEDFSEIEHELFE O(n2 log n) BfE) : BIESLEFRE O(n)
MAMDEEH , BANEHFWMATEERESX O(n log n) KIEFE] , Ek O(n) N=£ FERIEE
BB O] BE B EEMAEKNS IR EF, FERE |, BMFE—MEENMMZ NN ITEESE O(n2
log n) KIE1THIEFE , 2NE&] 23 Fi7R.
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Q(n) triangles

% ()(n) edge events

€1

Figure 23: A convex polygon P with n vertices that causes a ©(n2 log n) runtime for the
triangulationbase straight-skeleton algorithm. Triangulation diagonals are shown in blue.
Part of the straight skeleton is depicted in gray. The edge events for the edges e1, . . .,
ek, with k € Q(n), occur in the order e1, . . ., ek. For each edge event, the collapsing
times of Q(n) incident triangles have to be updated, which consumes ©(n2 log n) time in
total.

& 23 : =P EA n MIRKAZNE P, ESB=ARINEELEREIENIETIIEA
O(n2log n), ZAEIDWALUERER. BIELABRUKEHSZ. Kel, ... ek (K
F ke Qn) KSR e, ..., ek KIFFRE. XTEMAESF , WIAEFH Q(n) T4
LP=A IR, XEHLIEFE O(n2 log n) B E],

2.2.1 The number of reappearances of diagonals
2.2.1 SYALEIXE

In Section 1.4.2.2, we explained the O(n3) bound for the number of flip events, by
observing that three constantly moving points do not get collinear more than twice and
every flip event corresponds to a collinearity of a triple of vertices. But note that not every
collinearity does necessarily correspond to a flip event. Let us consider a triangulation
diagonal between two vertices A and B. This diagonal may disappear because another
vertex S crosses this diagonal during the propagation process. However, it could be
possible that the diagonal is restored by subsequent flip events as illustrated in Figure 24.
In order to have the diagonal AB restored, the vertex S has to back off such that A and B
see each other again, as illustrated in Step 2. Hence, the vertices A, B and S got collinear
twice and S cannot cause a flip event for AB again. In other words, S cannot flip the
diagonal AB twice. Nevertheless, Figure 24 does not prove that the diagonal AB can be
actually restored. We just considered the necessary topological changes and not the
proper geometric setting that leads to these topological changes. How often can a single
diagonal, say AB, actually reappear? If this number would be in O(1) then we would
conclude that the number of flip events is in fact in O(n2), because there are only (n2)
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pairs of vertices that can be connected by a diagonal. Unfortunately, the following lemma
does not even state that a single diagonal can reappear Q(n) times, but Q(n) diagonals
can each reappear Q(n) times, which leads to Q(n2) flip events in total.

EFE1.4.2.2709F |, FAVER T BIEESEHHEKOMNI) AR , BT WRE| =/ MEEH s a~
SHEREMKX , FESNESHET N T — MR = TARLEME, EFEE , FH3E
FNHEMEV ARSI N T — 8B4, LR BERNAN TN RANBZ B =B TN X/
%, XEALRITEESRANF NI R SEEETETFEXEXNBLAMIBL. M , 0K
24F 7R , AN AL RESH SNBSS HRE. AT HENALRABIRE , TiaSi/a
1R, F1SANIBEIXMEEER , 2a0BR2A7R. A, THmA, BIMSHELZTEK , FFESAEE
BIREIEABRIBEE 4, ARG , STBERIFEXTALABIIX., SR , El24FFANgEUEBAXY
ALABFR L] RAMIRE . FAUULE R T BERFRFNVEN , TIRE RS BOXLARTNE
WHIEY JTRE., —FEMHEXT AL, thanAB , KR ETUEHHILZ ik ? anRax 4
WFRON) , BAFKNTTUABE LS |, B EHNBERF_LEZO0(N2) , AARE (n2)%Th
R PUBTE X ALIERE. TER0E , THRSIEEZE I SERIA—&KBMRXS AL DB
HILQN)X , TIRQNEX ALK BEHLILON)KX , XSBELFQN2)BlHESE
%,

Figure 24: A sequence of flip events which leads to the reappearance of the diagonal AB
between the vertices A and B.

&l 24 : SEIAR AR B Z[EXS AL AB EFTH I — R IR =4,

Lemma 2.15 ([HH10b]). There exist polygons P with n vertices and triangulations T of P
such that Q(n) diagonals each reappear Q(n) times during the wavefront propagation.

513 2.15 ((HH10b]). FAEEA n NARKNZATE P UK P N=A%I7 T , (ESEKATE%
A, 4 Q(n) SIAEEFEI Q(n) Ik,

Proof. We prove the statement in three steps. In each step we give a geometric setting of
moving vertices, for which a specific sequence of flip events occurs. At first, we describe
how a single diagonal AB reappears twice. In the second step, we extend the construction
such that AB reappears Q(n) times. In the third step, we show how k diagonals A1B, . . .,
AKB reappear each Q(n) times, with k € Q(n).

WA, EMNHA = HIERRRR. £ EHRT |, HEBAELE — N EahaWUTRE |, K
hRE—NMEERBIFE MRS, B IR BN ALKABITEFLIMBIR, 1E5
Zibth | AW RZME | FEABEFEINQMN)K, EE=HT , HIVBRT AfA{EkS
STALZAIB, . . ., AKB& B EFHEIQ(n)X , HFk € Q(n).
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Let us consider six vertices A, B, S0, S1, NO, N1. The goal is to carefully construct start
points and velocities for these six vertices such that the topological transitions, as
illustrated in Figure 25, are executed. We denote by V(t) the position of a vertex V at time
t. The basic building block of this proof works as follows: We want that the vertex SO flips
the diagonal AB and after that backs off such that the vertices A and B see each other
again. All vertices are bound to move with constant speed. We let A and B drive vertically
upwards and we assume that A(0) is at the origin and B(0) at (1, 0). We denote by vA and
vB the speeds of A and B and we further assume that vA =2 and 1 < vB/VA <K 2.

HNEBSNTRA, B, SO, S1, NO, N1, B FHAMEX SN TS RMRE |,
EPITAE 25 FTRBFR NS . FROTAVOFRRINR VIR ERGE . XMIEBRAE AL Y,
BT FKANVFLEINRSORIFEXTALAB |, RFIRME |, F15TIRAMBERBILAT W, T

AR BMECEERS). BINLANBERR L3, FHBIRAOITES , BOYT(1,
0). FKANTHAVARIVBRRAMIBIE K , Fdt—H{RIRVA = 2811 < vBIVA K 2,

The movement of the vertex SO is completely determined by choosing the loci of S0(1)
and SO(1 + A), where A € (0, 1/4) is fixed. The locus of S0(1) is chosen to be on the
straightline segment [A(1)B(1)] and SO(1 + A) is chosen to be on [A(1 + A)B(1 + A)]. We
further require that SO moves to the north-east, i. e. that SO(1 + A) lies strictly to the right
to SO(1). The determinant det(A(t), B(t), SO(t)), which is

TR SORIZENTTL FREEFESO(1)FIS0(1 + AR TE , HFA € (0, 1/4)2EEH]. SO(1)
RSO EZBIA(B(1) L |, TS0(1 + AERFFEIA(T + A)B(1 + A)l k., Ffilt—
HERSOMAKRIL A @3N , BISO(1 + A)EREALTSO(HAEM. 1751zNdet(A(t), B(t),
SO(t)) , BP
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o

_\AAVH-Ag<

(2.3)

is a quadratic polynomial in t and its sign corresponds to the orientation of the three
vertices. (The x- and y-coordinates of the vertices A, B, SO are denoted by subscripts.)
We observe that for some t > 1 + A the points A(t), B(t), SO(t) are in clockwise position.
This is because the vertex SO moves to north-east and vB/vA > 1. Knowing that det(A(t),
B(t), SO(t)) is a quadratic polynomial with roots {1, 1 + A}, and by observing that A(t), B(t),
SO0(t) are in clockwise position for some t > 1 + A, we conclude that the triangle A(t), B(t),
SO0(t) is clockwise for all t < 1, counter-clockwise for all t € (1, 1 + A) and clockwise again
forallt>1 + A. In other words, we constructed a vertex SO which indeed executes the
first two transitions in Figure 25.

B ZRZMR , AFSHNT=ATNANAE. (TARA, B, SORxFyA4r A THRrER
TNe ) TR, SPFHELt > 1+ A, RA), B(t), SO)ZIMEEHIE. XERATNARSO
MR A @&z , BEvBNVA> 1, BE4det(A(t), B(t), SO(t)Z—IA{1, 1 + ALARKIZIXZ
M= , FEIBE MRS TELL > 1 + A, A(t), B(t), SOM)ZIETSHE |, FKiIGHLE
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w1 ZAIBAQ), B(), SOOX TR < 1Z2IREEt 3 , TRt € (1, 1+ AZEI4E
@, THAt> 1+ ABREIRNE M, iR, KITMET —NRRS0 , B
177 B257F BT 44

Ny Ny
1
A " B
5, S0
Ny
y B
¢ A '
0
o ' So
1
NO Ny P
A
| 1 e s SA _____ ]
X ' 1+3A+ 0 ———— 1+ 2A
S S ) 1+1A . .
| et 4 14 1A T_(_) ----------------------------------
b Jy4 1+04 4
0
A B

51 S

Figure 25: Step 1 of the proof of Lemma 2.15: The diagonal AB reappears twice since the
geometric setting at the bottom produces the sequence of flip events at the top. Bottom:
Every black dot denotes the position of a vertex at the time given which is depicted in
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gray. A cross mark indicates collinearity for A and B with SO resp. S1. Top: Each figure
illustrates a topological transition. The second reappearance is caused by the sixth
transition.

&l 25 : 538 215 WEBARIS IR 1 XIAL AB EFTHIMPIK , EAKRSRJUAREET IR
BRSBTS KD BORRRTRAENANINARMAE  UkEf#L, 3ZXARCE
R AR B 2715 SO # 81 K&, TEp : SAMRURERGE] T —MAFMNEE., B TXEHH
RSB S]EH,

According to our desired sequence of transitions, we need a vertex NO such that NO(t)
gets collinear with A(t) and SO(t) forsomet>1+ A, sayatt=1+ A+ §, where 6 € (0,
A/2) is fixed. (In the sequel, we have to choose & small enough.) We place a vertex NO
that moves southwards and parallel to A. Furthermore, we choose NO,y(0) = 8 such that
NO(0) is strictly above B(1 + 4A). Next, we request that NO(1 + A + d) is on the supporting
line A(1+A+0)B(1+A+0). Hence, at time 1 + A + d the vertex NO causes the
recreation of the diagonal AB by flipping the diagonal NOSO.

RNV S, FKATHRE N TRRNO |, {F1ENO(t) SA)FSO()HE |, XFTHEA
>1+A, PRaNfEt =1+ A+ O , HAd € (0, AR)ZEIEM. (FEFXH , I IuksF
BBNRIS, ) BFITHE—NIRNO , EREHshEFTTA. 1o, FRITEFEN0,y(0) =

8 , F1INO(0) AR TB(1 + 4A)Zz £, TR, FRATESKNO(1 + A + OYU TXHLKA(1 + A
+3)B(1+A+03) L., AL, ERET + A+ S8, TR ANOE IS EIHE T A ZNOSOK S BNt
L ABREE.

In order to conclude the first step of the proof, we repeat the life-cycle of the diagonal AB,
by using the vertices S1, N1 instead of SO, NO. We place the vertex S1 between A and SO
and let S1 move parallel to SO. The locus of S1(t) is chosen to be on [A(t)B(t)] fort € {1 +
2A, 1 + 3A}. Applying the same argument as for SO, we observe that the triangle A(t), B(t),
S1(t) is clockwise for all t < 1 + 2A, counter-clockwise for all t € (1 + 2A, 1 + 3A) and
clockwise again for all t > 1 + 3A. Note that SO is already behind A(t)B(t) fort > 1 + A.
Hence, S1 causes a flip event for the diagonal AB att = 1 + 2A and falls back att =1 + 3A
such that the vertices A and B see each other again for t > 1 + 3A. Also note that the
introduction of S1 does not interfere with the transitions caused by SO0 and NO, since S1 is
behind the supporting line of A, B, SO att =1 + A. Hence, by choosing & small enough,

S1 is also behind the supporting line of Aand SO att=1+ A + 0.

KT ERIERARNE—H |, RNEEXALABRAGER , B EATRAST, N1k~ ESO,
NO. FKANTETRRS1MEEAMSOZE) , FLES1FATTS0%3N. S1(HARHUEHEERTE
[AMB)L , Tt € {1+2A,1+3A}, MASSOMEIKILUE , FKATIEREI=ATEA®), B(t),
S1OXTFEt <1+ 2AZ M4t AR , XTFAt € (1 +2A, 1+ 3A) R4t AMm , 3FH
XFEFAt> 1+ SAFREIES AR, EEE , XTt>1+A, SOELTAMNB()Z/E.
FL , S17Et = 1 + 2AK S| REXT A LABIBITE 4 |, FE1Et = 1 + SAR[EI% |, {F13 TR AMB
Tt > 1+ SABMRIKECAT AL, FEEE , STHEIARSTHESOFNOG| e ffsik , FA
£t =1+ AR}, S146TA, B, SONX Iz fa. HIL , @it mFE BB/ MU , fit=1+A+0
B, ST FARSORISTHE 2 A,
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Finally, we place a vertex N1 between NO and A which again moves southwards and
parallel to A. We assume that NO and N1 start from the same horizontal line and we
require that N1(1 + 3A + ®) is collinear with A(1 + 3A + &) and S1(1 + 3A + d). Hence, the
diagonal AB is recreated again by an edge flip of the diagonal N1S1.

BJ5 . BIENOFIAZ [KE —MNRENT , EEAMRIHSIHFTTTA, BRIVEENOFIN
MRE—KFEIFLE | SFEFATERNI(1 + 34 + 5)TA(1 + 34 + B)FIS1(1 + 3A + S)IE4.
B, , SHBAABEIT X ALNTS M B B E Al

To sum up, we are able to construct a geometric setting of moving vertices such that the
diagonal between the vertices A and B reappears twice. However, in order to finish Step 1
of the proof, we have to guarantee that there is a polygon P and a triangulation T of P that
realizes the sequence of transitions in Figure 25. First, we note that we can choose A
very small such that the speeds of NO and N1 get arbitrarily close. Next, we note that if
we choose vB/VA > 1 but arbitrarily close to 1 then the points S1(0) and S2(0) approach
the supporting line of A(0) and B(0). Hence, we can construct a polygon P, as in Figure
25, such that only the vertices A, S1, SO, B, N1, NO of P are reflex and connected by
convex chains. By choosing the incident polygon edges of each of these vertices
accordingly, we obtain the desired velocities for the propagating wavefront vertices. The
initial triangulation T of P contains the edges given in Figure 25 and the remaining faces
can be triangulated arbitrarily.

BMEZ , TNEBME—IBNARNUTEE , EFIRATIBZ BRI ALRENHIL
B, AT, AT SERGERARIES IR , BANMAREFE— S AEPH— PR =fHE2
T, HSGT B25Fh AH FFFI. B4 , FOTEERIFRATITUEEIEE /MRA | E13NOA
NI EAEERIE, Tk, WIVEER , RFADEFEVBVA > MBAEEKILT , PAR
S1(0)AS2(0)iZITA(0)MB(O)H ¥ Lk, AL , FATATME—NZATEP , ANEI25FTK
EFPHRABTARA, S1, S0, B, N1, NOZMK) , FFHALGEEE, BTN MERES X
LETNRMAF LN, BAIHRG TERERTIRNPERE. PRYG=ATINTEEE
257G A, RISRHE AT MEE=MFID.

For Step 2 we extend our construction by adding vertices S2, . . ., Sm from right to left
between S1 and A, with m € Q(n). We repeat the construction scheme presented above
for these new vertices. Furthermore, we choose A < 1/2m+2 in order to make the new
vertices fit. Likewise we add vertices N2, . . . , Nm from left to right between N1 and A. In
general, for each i € {0, . . ., m} the vertex Si causes a flip event for the diagonal AB at
time 1 + 2iA and falls back behind A(t) B(t) attime t =1 + (2i + 1)A. Attimet=1+ (2i +
1)A + & the vertex Ni gets collinear with A(t) and Si(t) and causes the recreation of the
diagonal AB.

XTHER2 , HITBINGEIAESIMAZ BIRINIRS2, . .., Smky RIEKNAOME , K
m € Q(n), KX XLEHMAES ERAMEFR. o, FKATERA < 12m+2 , DUEH
TRAREBEN, [, FKNEN1FAZ BAERIARMITAN2, ..., Nm, —f&SkiR , XF
BN E{0, ..., m}, TRRSIHERTE1 + 2N S BT ALABR ARIFE S/ |, FF7ERTEt =1 +
(2i + NARSE[EIA(L) B(t)z Ja. FERS(E]t =1+ (2i + 1)A + OB , TREANISA()FISI(t)HL |, IF
ST HLABRIERE,
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The basic idea of Step 3 is to rename the vertex A to A1 and to carefully place copies A2,
..., Ak of A1 from right to left. In the following, we only consider a single reappearance

cycle for each diagonal A1B, . . . , AkB, caused by flip events due to vertex Si and the
subsequent restoration due to vertex Ni, for an arbitrary i € {0, . . . , m}. We illustrated the
topo-

HIR 3HWERTEERR IR AEME A AT, F/VIE A1 KEIAR A2, ..., Ak NARZE
WE. EFXT , BIMCEERENNTALZ A1B, . .., AKB RN EIER |, ZEHBETIS
Si SR ABIFE B UK E GRS Ni SRR ERSE , HF i€ {0,..., m} 2TEHN.
KATRER T HFMEM
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Np...

[rews

Figure 26: Step 3 of the proof of Lemma 2.15: We place copies of A1 in order to obtain
diagonals A1B, . . ., AkB. By arranging the vertices A2, . . ., Ak almost collinear with A1B
the diagonals A2B, . . . , AkB behave like the diagonal A1B from Step 2.
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&l 26 : 5|3 2.15 ROUERARIEE 3 5 : FKATHE A1 KEIAE , DMERISII AL ATB, .. .,
AKB, EIIRIAR A2, ..., Ak HESIRJLF5 A1B HEL | XML A2B, . . ., AKB KfTAZE
BAF36 2 o IIXS AL A1B.

logical transitions in Figure 26. Let us assume that the points B(0), A1(0), . . . , Ak(0) are
arranged on a horizontal line, see Figure 26. Furthermore, assume that B(1), A1(1), . . .,
AKk(1) are almost on a straight line, by arranging A2(1), . . . , Ak(1) accordingly. However,
foranyj&€ {1,..., k- 1} each Aj+1(1) shall properly see the vertex B(1) and every
supporting line Aj(1)Aj+1(1) shall intersect the trajectory of B in an ascending order.
Moreover, the intersection points shall be below but arbitrarily close to B(1), see Figure
26. The idea is to arrange A2(1), . . . , Ak(1) very close to A1(1) B(1) such that the
diagonals A1B, . . ., AkB behave almost the same as the single diagonal AB from Step 2.
(Note that if B, A1, . . . , Ak are collinear at time 1 then they are collinear at all times, due
to the intercept theorems.)

&l 26 SFAZEERH, {RIRM B(0), A1(0), . .., Ak(0) HIPIFE—&KIKFL L , W& 26, it
Sh , BRET A RHEHES A2(1), . .., Ak(1) , 1E48 B(1), A1(1), ..., Ak(1) LFE— & EZ
. B, MFEEMjE{(1, ... k- 1}, BN A+H(1) MAXpEESERTNR B(1) , 7FH

BRIEL A(NAH(1) MZRLBIERIRFS B PSR, ks , X mNAKT B(1) 1B1F
SR B(1) , K& 26, HEABEME A2(1), ..., Ak(1) IFE IR A1(1) B(1) , {F1EXT AL
A1B, ..., AKB IIT AL 555K 2 PR AL%k AB MR, (FEE , 2R B, A1, ...
, Ak 7ERF8]) 1 BF L | IRARTEGEEIE , BN EMARaERLL. )

We recall from Step 2 that det(A1(t), B(t), Si(t)) is a quadratic polynomial in t with roots {1
+ 2iA, 1 + (2i + 1)A}. Furthermore, A1(t), B(t), Si(t) is in clockwise position for allt < 1 +
2iA, in counter-clockwise position fort € (1 + 2iA, 1 + (2i + 1)A) and again in clockwise
position fort > 1 + (2i + 1)A. Consider 1 € (0, d) to be fixed. It follows that the triangle
A1(t)B(t)Si(t) is in a strict counter-clockwise position for t = 1 + 2iA + 1. Recall that Si

crosses the diagonal A1B att = 1 + 2iA. We now choose B(1), A1(1), . . ., Ak(1) as close
to collinear as possible such that Si also crosses the diagonal AjB beforet=1+ 2iA + 7
forallje{1, ..., k}. That is, Si causes a flip event for each diagonal A1B, . . ., AkB

within a temporal tolerance of 1 after t = 1 + 2iA. Hence, the first topological transition in
Figure 26 happened aftert =1 + 2iA + 1.

FKANTMBER 2 [BIZEE | det(A1(t), B(t), Si(t)) X T t IR ZIIN , HARDD {1+ 2iA, 1+
(2i + 1)A}, Bt , SITEIE t<1+2iA, Al(t), B(t), Sit) & TIREEHE ; ST te (1+
2iA, 1+ (2 + DA) , e THESHUE ; T t>1+ 2+ 1)A , BRATISHIE., EE
EE T E (0,8), BLATAN, SHF t=1+2iA+ 1, =HTFE A1()B(1)Si(t) AT =& E S B4+
B, BEAE—T , SifEt=1+2ANFIXHL A1B, IAEKITEE B(1), A1(1), . . .,
Ak(1) , FERATREREIAHE, , FHEXMTHEE{1, ... Kk}, SiEt=1+2iA+T1 ZHIEF
TxAL AB., MEiEW , Et=1+2IAZfF, SifE THNBEREN , AN XTALZ A1B,
..., AKB BlfEe— Ik EE S, W, B 26 FRIE—IRIFFNEE R EE t=1+2IA+T 2
I=R

According to the second transition in Figure 26, we need Si to fall back behind the former
diagonals A1B, . . ., AkB. However, in addition we require that Si also falls behind the
supporting lines of AjAj+1 for all j € {1, . . ., k = 1}. This circumstance leads to flip events
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of the diagonals A2Si, . . ., Ak—-1Si such that all A1, . . . Ak are connected to Ni. From
Step 2 we know that Si falls behind A1B at time t =1 + (2i + 1)A. For Step 3 we choose
B(1), A1(1), ..., Ak(1) as close to collinear as necessary such that Si falls behind the
supporting lines AjAj+1 untilt =1+ (2i + 1)A + 1.

IRYEE] 26 REEZNIEE , FKNFE Si BT AT AL A1B, ..., AKB, A1 , It
SMERATEESK INTIISIINT WZERT B j € {1, ..., k- 1} 0 AJAj+1 B3THEE, XFiE
MGBXAL A2Si, . .., Ak-1SI REFRIFSEMH |, (F15TH A1, .. AKEREERINI, \&
k2 3{mE , ERA t=1+ 2+ 1)A R, Sid&/5T A1B. XJTF IR 3, Tk B(1),
A1(1), ... Ak(1) RATREIRIE RS, |, #15 Si R TEA AJA+HT , EFt=1+(2i+ 1)A+
T,

In order to execute the third transition in Figure 26, we finally require that Ni crosses the
supporting lines Aj Aj+1 until t =1 + (2i + 1)A + & + 1. After that, all diagonals A1B, . . .,
AkB are restored and we completed the reappearance cycle caused by Si and Ni.

ATPITEZ6FRFE =1, BATRAESKNIFESTHELA A+1, BRllt=1+(2i+ 1)A
+0+1, ZJa , FIBXALAIB, ... AKBERIRKE , FFEIKIZEMR T FHSIFINIS] K=
ILEGR

To sum up, we can arrange A2(1), . . ., Ak(1) as close as necessary to A1(1) B(1) such
that the topological transitions in Figure 26 are executed for all Si, Ni, with 0 <i<m,
within a temporal tolerance of T € (0, 8). Furthermore, we observe that at time zero the
vertices B, A1, . . ., Ak are on a horizontal line. In order to enable diagonals A1B, . . .,
AkB in the initial triangulation, we start our simulation at time —€, for a sufficiently small €
> 0.

BMEZ , FITATREA2(1), . .., AK(HFIIRRATRERIEA1(1) B(1) , {15 &1265 KA TH
ST TRIASH NI, R0 <ism , 721 € (0, )R A ERNMIIT. St , HATNREE
FTHZI, TARB, A1, ..., AKUT—&HKFE L, AT ENBR=ATINTERAMHLAIB, ..
., AKB , ZANFERT[E]-eTHHATRAIAAESL , HFe > 02 B/,

2.2.2 Good triangulations and bad polygons

2.2.2 I =ARINFARRNZ N

As a byproduct of Lemma 2.15, we obtain that polygons P with n vertices and
corresponding triangulations exist for which Q(n2) flip events occur. Besides the actual
shape of the polygon, this result also hinges on the specific initial triangulation. If the
initial triangulation from Lemma 2.15 would not contain the diagonals A1B, . . . AkB, but,
for example, the diagonals SONm, . .., Sm Nm then we would easily avoid the
occurrence of Q(n2) flip events. Can we always find for a polygon P a “good” initial
triangulation, for which only a few number of flip events occur — say, at most o(n2) or
even O(n)? Or, conversely, are there “bad” polygons, for which any triangulation ends up
with a large number of flip events?

YEASIHE 2.15 WA= 5 , BAVRRIGFAERSA n NMIRNZAE P UEHENK =TI ,
MNTXE=AFIN , RKE Qn2) KBRS, [RT ZNBRKIRERSS , XANMERIEE
RTFENVIA=FHTIY . R5HE 2.15 FRAVG=AFTIN A B MAL A1B, .. . AKB,
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MEAEBEI AL SONm, ..., Sm Nm , BBAFKNTAT AR SHE R AL Q(n2) KEHE:
E, BANEBEREAN—NZAF P HREI— N FRIB=AFS , E/AREDHILX
S —Tba , &% o(n2) HZE O(n) X ? 8% , Rk , BAEGENW LSO , 3T
XELNE , HT=HEINREBEIBRENIEEM ?

[ 4 s
Ym
Ny
Ny

-

i

Figure 27: An n-vertex polygon for which any triangulation leads to Q(n2) flip events.
& 27 : =P nTRZAE , ST AL , AA=ATDE<ITH Qn2) KEIFESE4.

Lemma 2.16 ([HH10b]). There exist polygons P with n vertices, for which any triangulation
leads to Q(n2) flip events.

513 2.16 (HH10b]). FHEEBANNTRRMZNEP , ITRXYELAFE  AA=HRIN T
HQ(n2)R BIFEE 1.

Proof. Let us consider the polygon illustrated in Figure 27. The polygon has k € Q(n)
vertices E1, . . ., Ek that form a reflex chain. The supporting line E1 E2 is chosen in a
way such that E2, . . . , Ek only see the vertex W (except for their neighboring vertices, of
course). Hence, any triangulation for P necessarily contains the diagonals E1W, . . .,
EKW. The idea is that each of these Q(n) diagonals is flipped Q(n) times by vertices N1, . .
., Nm, with m € Q(n). We choose the vertex Ni fast enough such that it leads to a split
event with the bottom polygon edge before Ni+1 crosses E1 E2. Furthermore, we make
the vertices N1, . . ., Nm fast enough such that the split events for N1, . . ., Nm happen
before any other split or edge event happens.
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WEEA, EFRNERE27THR RN Z AT, %Z0ERKk € QNAMTRRET, . .., Ek, EME
B—NUGE, STIEZET E2RERARERE, . . ., EKXBEITNAEW (44, BT ENKN
HMBIRR) . Bt , PRYEM=AFIDDABEXIHLEIW, . .., EKW, XMEER , XL
Q(n) &I AL RE—FERIARNT, ..., NmEFEQ(n)X , HFm € Q(n). FA1EHFIR
RNIREREZBR , PUEEN+HIZFTEE E2208T , ESBSRMBSABANTRES. I
Hh, FROMETRRNT, .. NmAGREZBAR , PAENT, ..., NmERSREARETEE M HAD
NHRBCNFEHREZH,

If we choose the speeds of N1, . . ., Nm accordingly then we observe that N1 leads to
Q(n) flip events with E1W, . . ., EKW and we obtain diagonals N1E1, . . . N1, Ek. Next,
the vertex N2 flips the diagonals N1E1, . . ., N1Ek and we obtain diagonals N2E1, . . .,
N2EK. (In the meanwhile N1 could have caused a split event already. However, the
corresponding diagonals remain incident to a wavefront vertex emanated from this split
event and will be flipped by N2.) At the end, each vertex N1, . . ., Nm will flip Q(n)
diagonals and we obtain Q(n2) flip events in total.

ANRILNFENMESEE N1, ..., Nm R E |, IBAFKNTIERI N1 S Q(n) mEEEG , B
RS E1W, ..., EKW , FFEIR(TIREXT AL N1E1, ... N1, Ek, 3Tk , Tim N2 &5
XML N1E1, ..., N1Ek , FFEBATIRIGXI AL N2E1, ..., N2Ek,  (SUtREES , N1 "8
BASEHT —MAREM. AW, MNERX ARSI RHEG K RIERTIR AR
BX, FRBH N2.) L, ) &R, SATRA N1, ..., Nm BB Q(n) &X4f% , FEHK]
RIIRTE Q(n2) IREVFEE 1,

In order to reduce the number of flip events it seems reasonable to try to re-triangulate
the wavefront W (P, t) at favorable moments. In other words, we could try to pay the costs
for computing a new triangulating in exchange to the costs caused for a certain number of
flip events. However, we want to remark that one re-triangulation of the polygon
constructed in the proof of Lemma 2.16 at any point in time saves at most O(n) flip
events: If Ni is already below E1 E2 then all vertices N1, . . ., Ni-1 already caused Q((i -
1)n) flip events and Ni+1 is still above E1 E2. Hence, we avoid at most O(n) flip events
that would be caused by Ni itself and pay the costs for a re-triangulation.

AT BB HNEE , ERRNNZIERER =AM W (P t) BFE2EIEK. #
ARER , BATATAZ ST RN = AR HAA , DURER—E B ERNBHE F A ITE )
RS, AT, FAVAETEHE |, 2518 2.16 FERAS , BN A RERT=AHZNER
ZALATT A O(n) MEIEESEAE « anR Ni KT E1E2, BBAFTATR NI, ... Ni-1 8
233 Q(( - 1)n) MEREEAE , FFE Ni+1 (RS T E1E2, AL, HAIRSBE R Ni A5
B O(n) MEEM | FSUITER=AEIDIAE.
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Figure 28: A recursive triangulation scheme for the face f (e) which is free of flip events.
& 28 : [ f (e) WEH=-MHINAR , AARZEWEM.
2.2.3 Steiner triangulations without flip events

2.2.3 TTRIFE A ORTEIA = /AT

Lemma 2.16 tells us that ordinary triangulations do not allow a strategy to keep the
number of flip events below O(n2) for arbitrary polygons. However, we observe that if we
use Steiner! points, we could reduce the number of flip events significantly for the
polygon illustrated in Figure 27. Nevertheless, introducing Steiner points to the initial
triangulation in the algorithm by Aichholzer and Aurenhammer [AA98] obtrudes several
questions: (i) how do Steiner points interact with the wavefront, (ii) how do we determine
the loci of the Steiner points and (iii) how effective is the introduction of Steiner points in
order to reduce the number of flip events? Regarding the first question, we assume that
the Steiner points keep still. Furthermore, it seems natural to maintain the property that
the triangulation keeps the area R2 \ St'st W (P, t') triangulated for any time t = 0. We give
an answer to the remaining two questions by the following lemma.

513 2.16 FHFEA] , M THIEEZ D , EE=ATIN RN AP EHRNBERIFE
O(n2) LAFHOSEME . SR , FATWRE , aRBAMERLATAL &, FATT LB Z B D E 27
FIRZNTEREIE S HE. SR , 78 Aichholzer 1 Aurenhammer [AA98] fRIE LT | ¥
BRI \FITA= BTN A=A LANEE : (i) SR T S RaTMEER , (i) K
IR EATE EOCE | AR (iif) SIASMEL S ER D8I B4 E A ERN SR
i 2 RTHE—ANRE , BAWBRRIIA R IFERLE. B, RIF=AFINREFXIE R2 \
St'st W (P, t') ZE{R{ARIE] t 2 0 W=A KM R 2REAM. FKT@E AT 53R T T
KN RIBHER,
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Lemma 2.17 ([HH10b]). Every simple polygon P with n vertices admits a triangulation that
employs at most n — 2 Steiner points and is free of flip events.

513 2.17 ((HH10b]). &4 EA n MNARKNERSATE P AFHIT=ATI7D , XTI RZE
An-240880a  FFRISEMESM.

Proof. We prove the statement by first presenting a proper set of Steiner points and a
proper triangulation. In the sequel we show that no flip events occur for that particular
triangulation.

R, BATERSE — M EERAHEAREN—IEEN=AT7 , DUCSKIERIARR,
Tk, IR TS E=AT10 , FaRERESMT.

First, we consider the straight skeleton S (P) of P, which has n — 2 inner nodes. Each
inner node serves as a Steiner point in our triangulation. Next, we add the arcs of S (P)
as diagonals to the triangulation. It remains to properly triangulate the faces of S (P).

B, KNEBRBPRELELES (P), BEAN - 20T a. S0 NN aEEAKI=%
FIaRR— MG R, Tk, FKATES (P)RIEEAX ALRNEI=/ARI5T. RT
HIRLE IERBXTS (P)NEEHT=fAFIN.
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23anovelwavefront-typeapproach
2.3 —FhFTRK I A A
2.3.1 Motivation

2.3.1 mh#],

In the previous section we learned that the use of Steiner vertices can be advantageous
in order to reduce the number of flip events in the triangulation-based straight-skeleton
algorithm by Aichholzer and Aurenhammer [AA98]. However, the following question
remained open: How do we find a good set of Steiner points without knowing the straight
skeleton? In the original approach a flip event occurs when a reflex wavefront vertex
crosses a triangulation diagonal. These flip events are avoided for the Steiner
triangulation presented in the proof of Lemma 2.17, because the reflex wavefront vertices
move along triangulation diagonals. The idea is to find a set of Steiner points and a
triangulation such that the trajectories of the reflex wavefront vertices are covered by
triangulation diagonals.

ERT—T , K0T RIS AR IR R AT RE A M TR D E T =A TN EL TR E AT
WS MIE | %HEiLZBAichholzerfllAurenhammer [AABIEH . #ATM , AT [RLEUT4A
BIMAR  AMAEAREEL BRI N RE— A OHTHAA R ? ERIa A AT, 4—
PMERTRRFT=ATIN AL |, e EREENG. X T513E2.170IERFiRH K
WA =TS XL SEEEST , BAMKNTRRIGE=ATISNAaEHEs). H
FEARRIRE—ANE oM — D=/ TS , FEMENIRNEH =AM ALE
o

Assume we are given a non-degenerate polygon P. (Recall, P is non-degenerate if no two
motorcycles of M(P) crash simultaneously at the same point.) By Theorem 2.11 we know
that the motorcycle graph M(P) covers the reflex arcs of the straight skeleton S (P). We
consider the endpoints of the motorcycle traces of M(P) as Steiner points and the traces
as diagonals of the triangulation. Theorem 2.11 guarantees that a reflex wavefront vertex
does not move beyond its corresponding motorcycle trace. Hence, we obtained a similar
situation as in Lemma 2.17, where no flip events are caused by reflex wavefront vertices.
In the following we will discuss these two questions: (i) what happens when the wavefront
meets a Steiner point and (ii) how do we triangulate the remaining faces?

BRENAE—NIERUZAEP, (EAE—T , MRMPREMAMPHELF LA STER
—RENEE , MPRIERMA. ) RIEEIE2.11 , HRAVMEEEERMP)ERZ T ELBE R
S(P)RIMIR, FAEM(P)HKEFTEF LG RAUARHEM R, IR EHUE A A =FEI
XL, 2 MERET MIKET TR A BB MR EREREZ b, B, K]
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2.3.2 The extended wavefront and a novel straight-skeleton algorithm

2.32 ¥ RIKATS— MR E B RAEIA

Consider a motorcycle trace that starts at a reflex wavefront vertex v of W (P, 0) and ends
at an edge of P at point p. By our construction above, we obtain a Steiner point at p and a
triangulation diagonal covering the motorcycle trace that starts at v and ends in p. We
define that while the wavefront propagates, the Steiner point at p accompanies the
moving intersection of W (P, t) and the motorcycle trace. Metaphorically speaking, the
point p “surfs” on the wavefront, along the motorcycle trace, towards v. Analogously, if a
motorcycle trace starts at v and crashes into another motorcycle trace at point p then the
Steiner point at p keeps still until the wavefront W (P, t) meets p. From that moment, p
starts moving on the motorcycle trace towards v. To sum up, we maintain the intersection
of the motorcycle graph M(P) and the propagating wavefront W (P, t) and we refer to the
additional points as Steiner vertices. More precisely, we call a Steiner vertex, which has
not yet been met by the wavefront, a resting Steiner vertex and we call a Steiner vertex,
which already moves on the intersection of a motorcycle trace and the wavefront, a
moving Steiner vertex. Every resting Steiner vertex lies on the intersection of two
motorcycle traces and eventually becomes a moving Steiner vertex when it is reached by
the wavefront, see Figure 29.

ER—DERFRE , ©HRT W (P, 0) MIRSHKAITTRR v , LT P M—Faih L=

p. RIEEN]LEMME , FE p B — MMM R, AR —MEEETENEN =5
BN, GPleT v, FHFLRLET p. %‘tﬂ]mx LAY | p LeRIATIAL R PEE
B W (P t) MIEAEPENBINAT R, LR , = p /ﬁ%@ﬁiﬁtﬂlﬂ TERAIE IR,
HE v g, KO, WR—DEERERESET v aﬁﬁu% mp AR H— D EFEE
i, U p SEARTIELN QU RIFERLE , ERVKAT W (P, t) 25X p. }A%K—?'Jt , p FFHIATEEESEE
P ERIE v s, BME , KIMRIFELER M(P) FERBIKAT W (P, t) IR , 75
XL N AR TR QP\]]JE,\ \ SEAERIIY , BV R BUR ATIE R AT AN TR R AR LE
HBLNTR R , FER EAEERENE IR R LB s TR R AR AT ST TR
R ﬁ4\%$‘itﬁﬁiﬁfm1ﬁ M TR RS R L, I E R TENAR AL A
BEHBEATIR , £ 29,

Definition 2.19 (extended wavefront). Let P be a simple non-degenerate polygon. We
denote by M(P, t) those parts of M(P) which have not been swept by W (P, t') for t' < t. The
extended wavefront W *(P, t) is defined as the overlay of W (P, t) and M(P, t) by splitting
the edges of W (P, t) at the intersection points accordingly.

EX 219 (FRIERNINTOL, & P A—/MERMIERMZAE. FKITA M(P, t) kR M(P)
R W (P t)Et <t HQLZIJTEIHE]Q%K%O extended wavefront W x(P, t) £ XA W (P, t)
A M(P, t) KB , FHFER RIS E W (P, t) B8,
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Figure 29 illustrates the extended wavefront W * (P, t) for a simple polygon P. In the
following, we want to remark that P denotes the filled polygon and not only its boundary.

F29B /R T —MERZDFEPHY BIEEIW (P, t), £ FXF , HKERPRE , PRRNE
FHZ N , MAMULEEHKIAR,

Lemma 2.20. We denote by P a simple non-degenerate polygon. Let p be a point in the
relative interior of M(P). Then a local disk around p is tessellated into convex slices by
M(P).

513 2.20, BAA P FRR—AMHRERRIFRUZATE. & p 28 M(P) HXAEK—T . AP
2, M(P) ¥ p BB ERRZ S ERST F.

Proof. Since P is non-degenerate it follows that p is also in the relative interior of a
motorcycle trace.

UERA. RTPERIFRMLH , Fitpth 7 TR ST IED.
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Figure 29: A non-degenerate polygon (bold) and the extended wavefront (dashed) after
some time. The area already swept by the wavefront is shaded. The offset curves for
three further points in time have been depicted in gray.

& 29 : =P EIERUZ NI (RK) MAT—EREERNY RIKRT (BL) . KACEaAd
MW ER. DURERR T =SB R RS RIZ.

Lemma 2.21. For any t 2 0 the set P\ St'€[0,t{] W *(P, t') consists of open convex faces
only.

S 221 X TFEM 20, &£& P\SUE[0,{] W *(P, t') (NEHFF LA,

317



Proof. Lemma 2.20 and the fact that at each reflex vertex of P the interior angle is halved
by a motorcycle trace, proves the lemma.

e, 5132 20U R PSR TR L NANA BETF LT 02X —FL , I T35
I,

We now tackle the remaining question concerning the triangulation of the faces induced
by the extended wavefront. Recall that we regard the nodes of the motorcycle graph as
Steiner vertices and the edges of the motorcycle graph as triangulation diagonals. It
follows by Lemma 2.21 that during the propagation of the extended wavefront W (P, t)
only neighboring vertices on W *(P, t) can meet, since the resulting faces are at any time
convex. Hence, we can simply determine all topological changes that occur to W *(P, t)
by just considering neighboring vertices. In other words, there is no need for a
triangulation in order to identify the topological changes.

IMAEFRN VKRR R T HRY RIEATSEAEHT=ARINKFRREB, BE-T , FKITEE
FEERRNT OB R |, IR EEERINANA=ATIa ALk, RIE51E 2.21,
Y RIKET W (P, t) B{EREFEF , RE W (P, t) LRSI A AREARIR , R oAt
A EAEEAERHMEERR A, FIL , FRAOTATRUE I (L [EAR B TR Sk R Bt e KA 1E W
*(P, t) ERIFTBHRINVER. #AaER , ATIRAFRIMEK , ARBEHT=AT5.
Summarizing, our approach to compute straight skeletons of simple non-degenerate
polygons is not to simulate the wavefront W (P, t), but to simulate the extended wavefront
W *(P, t). As mentioned in Section 1.4.2.1, the difficult problem when simulating the
original wavefront W (P, t) is the determination of the split events. In our approach,
however, split events are easily determined: A moving Steiner vertex meets a reflex
wavefront vertex and both move on the same motorcycle trace. Moreover, every
topological change in the extended wavefront W *(P, t) is indicated by the collision of two
neighboring vertices. In other words, each topological change corresponds to an edge of
W x (P, t) that collapses to zero length and vice versa. Our algorithm maintains a priority
queue Q that contains for each topological change an event. We fetch all events in
chronological order and process them. That means, we maintain the extended wavefront
depending on the type of event that happened. We distinguish the following types of
events. (A detailed discussion is given in Section 2.5.) Note that the different types of
events are easily distinguished by the types of vertices involved.

BMEZ , BMTERSAIFERUZNEEBLRNFTIERZIENEIIW (P, 1) , TR &
BEEIW (P, t), IEANZE1.4.2 1P 4REIN) , FEARTUSIRIRBIW (P, i, ER3ERRBLEHE
DREM, KM, FENOTET , ARBMHRESHE | — P EINNHHEHTRRBE]—
MRS , FFEEER—KERENE L3, s, T RIFEIW *(P, t)yF K&
ML BRI ML R REHETS R, BANER , S NFRTMVEWERT L TW * (P, t)i—
FKEBEATHA , R2ZIMR. ENWEIEGEF—MUERIIQ , HPaEEMETH

TUHBE. BANRNRIRFRBETASE4HAIEEN]. XEKRE , HIMRIERENEM
KEAEPY RIKHT, BNXDAT LRSS, G ILE2.57, ) BEEE , A
R B REZIET ATIS KT R Bk X 57
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* (Classical) edge event: Two convex vertices u and v meet. We merge u and v to a single
convex vertex and recompute the collapsing times of the two incident edges of W *(P, t).
Further, we add the straight-skeleton arcs that have been traced out by u and v to the
growing straight-skeleton structure. As a special case, we check whether a whole triangle
of W %(P, t) collapsed by this edge event.

o (BH) NFEM BT u B v AR, BT u v &I A—NATRE  HEFITE
W x (P, t) BTN AE LB AIEMGERT (E), ah , BT u A v #44 R B 2B 42 UR N 3
KELB RGN, EA—MEKIEN , KIKEE W * (P, t) IBN=AE R ERZALE
HmIsa.

» (Classical) split event: A reflex vertex u and a moving Steiner vertex v meet at point p
and both move against each other. We add the straight-skeleton arc that has been traced
out by u. In general, W x(P, t) is split into two parts. We create corresponding convex
vertices that start at p connect them with the resulting parts.

© (2H) NREM4  —ARETAR u M—PEIHEENTIR v £ p B , FFEAMIL
HME%sN. FKRMA u RERELERI. BF , W *(P, t) OB, #i1el
BN p FFEHAN TR |, FREENSEREERIEE.

« Start event: A reflex vertex or a moving Steiner vertex u meets a resting Steiner vertex v.
The vertex v becomes a moving Steiner vertex and slides along one incident edge of u.
Technically, we have to split an incident edge of u accordingly.

s TR - — AN MR R — M ETIE N TR R uIB R — a5 EAETIR N TR v, TR mvAT
B— SRR s |, FEBUR— D REGAES). WEA B | IRV N 2
U — AN Bk,

» Switch event: A convex vertex u meets a moving Steiner vertex or a reflex Steiner vertex
v. The convex vertex u migrates from one convex face of W *(P, t) to a neighboring one,
by jumping over v. Technically, the vertex v splits the opposite edge of u and we have to
recompute the speed of v.

c PIREM - — AR u BE—NESRATEN IR RE— M EATEMNTR R v. TR u 1
EHE v, AW (P, t) — N EE ARSI — N hE. WAL, TR v 2R u i
P, FEENPREFITE v R,

* All remaining combinations of vertices meeting are guaranteed not to happen. For
instance, a convex vertex will never meet a resting Steiner vertex, because a resting
Steiner vertex can only have reflex vertices or Steiner vertices as neighbors.

s RIERRETIRAS A SRE. 120, IRRUKEASBEEFERREEATR , Fo0EsE
AIRTEZN T R R RER MR R B HE AN TR R R4 A,

The correctness of the algorithm follows directly from Lemma 2.21 and Theorem 2.11.
The latter guarantees that reflex vertices stay within their corresponding motorcycle
traces, i. e. they lead to a split event before they would move beyond the extended
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wavefront.

ZEIANIERMEE RS 2.21 MIEHE 2.1 18, FEERILET RETNAEBAELNVHK
BEREHLN , B, ENERLY RN ZIISSBOREN.

2.3.3 Runtime analysis and conclusion
2.3.3 SEATH AT S5

Each event involves the recomputation of the collapsing times for a certain amount of
edges of the extended wavefront and subsequent modifications in the priority queue Q.
Note that each vertex of the extended wavefront has degree two or three. Hence, every
event involves only a constant amount of modifications and, thereby, can be handled in
O(log n) time.

FANEEHE RN RIKATF —ERERDRTBER BRI TEMAE | EREXHE
KENZQEATIEY. FEE , ¥ RIKANESNTIRKESCA"H=. Rt , §MFEHS
KEBHERNBY , AL AFEO(log n)ifRINALE.

We know that we have O(n) edge events and O(r) split and start events in total, where r
€ O(n) denotes the number of reflex vertices of P. The number of switch events is bound
by O(nr), because a convex vertex can meet a moving Steiner vertex only once. Note that
the size of the extended wavefront is linear and the priority queue Q contains at most as
many events as the number of edges of the extended wavefront. Hence, our algorithm
runs in O(n) space.

BAVFESHEBOMMAFEHMOMN NN RHMITIaEH , Hfr € O(n)FRRPH RS TRRK)
WE. VMEHNBEIOMNNAN , BA— AR REES— M KATEMN IR QRIS
—IR. FEE , ¥ RIENANEEMN , SFEMEENYIQRZBE5Y RIKATHHER

—HZNESF. B, BAINBEIEEOMN)ZRFEIT,

Lemma 2.22. Let P denote a simple non-degenerate polygon with n vertices, where r
vertices are reflex. If the motorcycle graph M(P) is known then our algorithm runs in O((n
+ k) log n) time and O(n) space, where k € O(nr) € O(n2) denotes the number of switch
events that occurred.

513 2.22. % P FRAR—MEA n MARNEEFRWZ AT , K r MHREMTAR.
REFLFE M(P) E& , RFKAHIFEIETE O((n + k) log n) Bf[EJFT O(n) Z=RAIETT , HF k
€ O(nr) c O(n2) FJIRRAEMVIRBHNIE.

For real-world input, it seems very unlikely that Q(n2) switch events actually occur. This
would mean that Q(n) moving Steiner vertices actually meet with Q(n) convex vertices.

TR RAN |, Qn2)FF REHHNRFRAEMF A KATRE, X EFREQN) B3I
HTBATR R SRR E S5 Q(n) AN Y TR R ARIE.

This observation is also confirmed by extensive runtime tests in Section 2.5.4. However, a
worst-case example, for which ©(n2) switch events actually occur, can be constructed,
see Figure 30. Note that we have to take care that the traces of the motorcycles are
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almost parallel within the whole polygon. Furthermore, we require that the trajectories of
convex vertices do not intersect before the Q(n2) switch events occur. That is, the
trajectories more or less approach the same point. In other words, this worst-case
example is highly contrived.

2.5 4T RRMETHMAMIER T X—VRER . AT , TR — M RIMERAS)
F, HRRIFRAEOMRYIRELE , £ E30, EEE , RINAIUEE BB
MEATRLTRFATH. Bsh , BEROTAAMNABIEQN2) R BB K 4 2 B4
A2, WALRYL , SUEHMBRS R IR R — R, BER , XA RIMEREIF RS
A

Q(n) convex
vertices

Q(n) moving
Steiner vertices

.................................................................................................................................

Figure 30: A polygon P for which Q(n2) switch events occur.
&30 : = ZAFE P, WTAZLAE , RRE Q(n2) KIFREH.

The motorcycle graph M(P) of a polygon P with r reflex vertices can be computed in
O(r17/11+€) time and space in theory, using the algorithm by Eppstein and Erickson
[EEQ9], cf. Section 1.4.2.3, and in O(r\r log r) time, using the algorithm by Cheng and
Vigneron [CVO07], cf. Section 1.4.2.4. In practice, the motorcycle graph can be computed
in O(r2 log r) time by a straight-forward algorithm enhanced with a priority queue. In
Section 3.3, we will present our motorcycle graph implementation Moca, which exhibits
an O(r log r) runtime for practical input.

1Bip b |, {#F8 Eppstein # Erickson [EE99] &% (&M 1.4237%) |, AJAfE
O(r17/11+¢e) IETEJFNZ BT EERER r MUITRRKZ AT P ERZER M(P) ; £/
Cheng 1 Vigneron [CVO7] &£ (S04 1.4.2.47) |, ATRAE O(rr log r) (IR RPNt
B, fEEAF , BRSNS PSRN BRI |, TTATE O(r2 log r) BB [E] NI TE EE
LR, 715 33109, HITENBIRNMNEEERE SN Moca |, BRI AF RILE
O(r log r) FE1TH(E],
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Summarizing, the algorithm presented in this section has a worst-case runtime complexity
of O(n2 log n), while it is still easy to implement. This constitutes an improvement by a
linear factor compared to the O(n3 log n) worst-case complexity of the algorithm by
Aichholzer and Aurenhammer [AA98]. However, their algorithm is capable of computing
the straight skeleton of planar straight-line graphs instead of non-degenerate polygons.

RME2Z , AT RERNEENERIMENZITREE Z2E X O(n2 log n) , ERENAS TR
. 5 Aichholzer #1 Aurenhammer [AA98] FIE /LK O(n3 log n) IMEINE Z<EAMLL |
XR—NMERMERFRISEE. A, tiINEAEBITETIELERNELR TS , MARIE
RBUZNE

In the following sections we will extend our approach to arbitrary planar straight-line
graphs. In the first place this means that we get rid of the non-degeneracy assumption. In
order to achieve this we will need to generalize the motorcycle graph accordingly. As a
byproduct, this will also result in an alternative characterization of straight skeletons of
planar straight-line graphs. Furthermore, the generalized motorcycle graph will allow us to
extend the algorithmic approach to planar straight-line graphs.

FERTROETT , BATHERNNAEY REMESTFEELRE. 5%, XEHERKNE
BRI RER., ATRX—R , RSB EEER. AR , X’
FFEFEHELERRNELERNB—FRIE. WA, [ NERERE AR REIERIEY
REIFmELRE.

24ageneralizedmotorcyclegraph

24 TN ERER

2.4.1 Motivation and definition

241 HHPLSEN

In order to extend the algorithm that was presented in the previous section to arbitrary
planar straight-line graphs, we have to generalize the motorcycle graph from simple
nondegenerate polygons to arbitrary planar straight-line graphs. While a generalization to
nondegenerate planar straight-line graph appears to be straight-forward, the main
challenge is to eliminate the need for the assumption of Cheng and Vigneron [CVO07].
That is, we need to allow that two motorcycles may crash simultaneously into each other.
No matter how the actual generalization is finally realized, we demand the following two
properties to hold for the motorcycle graph M(G) of a planar straight-line graph G:

ATHE—THPRENELY BREWIETHELAE , FNUE BT EE N RS2 AMIER

ZMEHT FMEEFRELE. 2R HERGFHELEEIRKBRESE , BFEERAD
k2 HERXS Cheng #1 Vigneron [CVO7] BZEFEKR. AEYW , RITEEAVFBERLE
EEAERE, TTSmA A SELSIRAHET |, FRNEERS T FmELE G HEEER
M(G) 182 AT PR

1. The motorcycle graph M(G) has to cover the reflex arcs of S (G) and
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1. BEFEFEEIM(G)HE =S(G)BE RN , 3E
2. the overlay of the motorcycle graph M(G) and G has to yield a convex tessellation of
the plane.

2. BFEEFEIM(G) 5 GRIZ M WM™ A FE A K

Following the definition of the motorcycle graph induced by a simple polygon in Section
1.2.4, we have to specify the motorcycles and the walls that are induced by a given
planar straight-line graph G. First of all, we consider the edges of G to be walls. Secondly,
we shoot for each reflex wavefront vertex v of W (G, 0) a motorcycle that starts at v and
has the same velocity as v. Note that if G forms a polygon then we obtain motorcycles
inside and outside of the polygon. Let us consider a planar straight-line graph G, for
which a vertex event occurs at point p. This implies that at least two motorcycles m and
m’' crashed simultaneously into each other at p. Since a new reflex straight-skeleton arc
emanates at p, we need to start a new motorcycle which is going to cover this new
straight-skeleton arc. Hence, it will be necessary to generalize the concept of motorcycle
graphs such that new motorcycles can emerge at certain moments in time. As a
consequence, our generalized motorcycles are specified by a start point, a velocity and,
in addition, a start time.

RIESEN 24T PR RS ARAEINETFRINE N , TAIMIRIEE B4 E N FaEZLE
GEIMERFME. &5t , TMNAAGKIARE. Hik , XTFW (G, 0)fE MK TR R
v, BEH—WERE  GETENITG , FREASVERNEE. FEE , MRGEMK
—ANZNF , PBATKNSEL DTN NERMSNT RS BEEE. LN ERB— N FaEZE
G, TZE , MREMREERPL. XEKREE/DAWRELEMMmM EpAL R E
iE, ATHNMELERINpRY , BNFEEI—WHINELEF , O ERX DK
HEBRI. Fit , BOEHET ERERIE  DUEFTEZE ] IR E A (R &
W, B, BN XETFRE—MER. —PMEREUE— M ERIEE.

For the matter of simplicity we will rephrase the procedure, by which we obtain the set of
motorcycles induced by a planar straight-line graph G. Let us denote by e(t) the
straightline segment occupied by a wavefront edge e at time t. We demand that two
wavefront edges e and e’ of G belong to each motorcycle m and the position of m at time
t is given by the intersection e(t) N e'(t). We call the wavefront edge left to the trace of m
the left arm of m and the other wavefront edge the right arm of m. Obviously, by
specifying the start point and the two arms of a motorcycle m, we implicitly specified the
start time of m, too.

AT EEREN , R EFTETFRERTEOELERGE SN ERFEESMNEFE. Ri1He()
RN ATA L ER AT IR ELE. KIEKGRM N E A %e e BT EEE
m , FEmERERERRZ Re(t) N e'(tEE . FRAITEAIT mEHUE 2 A BT 5 FR A
MRZEE , F—NERASHAMKEE . B2 , BETEE B EmiiE S MEmNE |, 3K
ESTUHIFEE T mAGFFAAETE],

For any reflex wavefront vertex vin W (G, 0) we define a motorcycle m that starts at v
and whose arms are the two incident wavefront edges of v, see Figure 31 (a). Hence, the
motorcycle m has the same velocity as v by construction. Furthermore, we note that each
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terminal vertex of G gives rise to two motorcycles by definition, see Figure 31 (b). If two or
more motorcycles m1, . . ., mk crash simultaneously at a point p then we consider a local
disk D around p. This disk is tessellated into slices by the motorcycle traces. If all slices
are convex then we ignore this event. In particular, if another motorcycle reached p
earlier, the disk is tessellated into convex slices. In the opposite case, there is exactly one
non-convex slice. We may assume that (i) the traces of m1, . . ., mk appear in counter-
clockwise order at p and (ii) the non-convex slice is bounded by the traces of m1 and mk.
We distinguish the following two cases:

XFFW(G, O)EPEMJ_F{"I&ET‘}EZWEI,H v, BATEX—NEREM , ENVITE , HERvNE

MASHKETA , £ A E31(a), Iltlz RIEMIE , BEEEmAG SVARREE, s, 3K
TER, JFE'JEIEX GRS MG REBS AP ELE , £ IE31(b). MRMIKKZ

WELEmL, .., mkﬂHTT,ﬁpLEmﬁ , BABAE RSP RERERRED, KRB ET
FHENEIRS . MRFAVIAARON , ABAFKTBHEEAF. A, MR F—HE

AEEREEp , MRBWAFIROY S, FHRIBERT , wFa— 3Ry H, A9
PABR()m1, . . ., mkiHUBROE B SHIRAF L BAERAL | 3B (i)AR Y] A Eam 1 A mkE L

RE., FHNXZLUTBFHMER,

/\p m’

AN /MT 7/\"%—

(b)

Figure 31: Four different situations for which motorcycles are launched. (a) each reflex
wavefront vertex at time zero gives rise to one motorcycle. (b) a terminal vertex gives rise
to two motorcycles. (c,d) if two or more motorcycles crash at p such that the traces
tessellate a local disc into non-convex slices then we launch a new motorcycle.

& 31 : BEFHF RSN ARER. (a) WEFRESN RIFIKATRE—RETE.
(b) —MRIRTR R AERREITE. (c.d) MRS WETEE p ARHE |, FIFHDH%
FRRENEIRAR Y A, BATN B — W ELE.

1. The left arm of m1 and the right arm of mk span a reflex angle (at the side which has
not yet been swept by the wavefront at this time). Then we launch a new motorcycle m’,
which starts at p and whose arms are given by the left arm of m1 and the right arm of mk,
see Figure 31 (c). This case is necessary in order to cover reflex straight-skeleton arcs
that emanate from a vertex event.

1. mMREEMMkREEEE— N RA (R ERPERTEERME) . AREIE
H—DFRELEM' , ENpITEE , HEEMIRNEENmkNAELE , Z0E31 (c)
AT ERNIREARERRFEFTEN , XA LEK,

2. The left arm of m1 and the right arm of mk span a convex angle. Then we shoot a new
motorcycle m’ which continues the movement of mk. That is, m' starts at p and has the
same pair of arms as mk, see Figure 31 (d).
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2. mPZEBEMmkEEKE—NH . ARG —DHRETEEM , EREEmKHIE
3, WAlEW , mM\pFid , FAFSmKERKN—XE , £ E31 (d) .

Letting the motorcycle m’ continue the movement of mk appears to be somewhat arbitrary
at the first sight. However, by this definition, we obtain the nice property that the arms of a
motorcycle always span a reflex angle at the propagation side. This property, however,
turns out to be useful in the proof of Theorem 2.26.

WEATEmMREmkizE) , F—BUTFBLEE. A, BEXMENX , &NEFRT—1
RIFAMERT , RV FEEARNESZBE— A, Am , XMMERIEEE2. 261 1E
BRI 28 A,

Also note that Lemma 2.25 becomes trivial for the case illustrated in Figure 31 (d).
Indeed, Lemma 2.25 would be also trivial in the case that is illustrated in Figure 31 (c) if
we would launch an additional motorcycle that continues the movement of mk. However,
it is unclear whether Lemma 2.24 would remain true.

FEEE , 51IHE2.255%F FE31(d)F FIRIB I ASMARE., FX L, MREKNE—F
SN B R SR MKz 3 |, 51IE2.257E & 31 (c) AT RItE L PSS MARE. A
m , 5138224 R BRI ARTERE,

We note that we do not have to simulate the wavefront in order to apply the above case
distinction: it suffices to know the propagation direction of the arms of the motorcycles.
Furthermore, it could happen that an arm of a motorcycle already vanished in the
wavefront propagation process while the motorcycle still moves. The terminology of arms
turns out to be advantageous in the subsequent analysis.

HAVEER) , AT MALERERXSY , FI R LHENIRAET « 50 B e m e
BT . W, BAREETENESIN , EItEN— N ECAERAERERETIHK,
EEH , BRANEEREA T EEFIH,

In both cases of the previous case distinction, we call m1, . . ., mk the ancestors of m'. In
particular, we call mk the right-most ancestor and m1 the left-most ancestor. Note that m1
resp. mk can again have ancestors. We define the right-most ancestor chain of m' as the
union of the trace of m’, the trace of mk, the trace of the right-most ancestor of mk and so
on. The left-most ancestor chain is defined likewise.

FERTRBAX BB T , FAEFR m1, ..., mk o8 m' ESE. A , FATFR mk
ARAMELE , m1 ARZMKESE. EE m1 AfRAERAEHEL. mk RHR] AEXHE
BIEE. AR m' BMRANAEEHEE X0 m' )HE. mk HIE. mk BIERA AR S
BEFRFTER. RMETERE XM,

Definition 2.23 (motorcycle graph induced by a planar straight-line graph). Let G denote a
planar straight-line graph. We consider the edges of G as walls and consider the set of
motorcycles as elaborated above. The motorcycle graph M(G) induced by G is defined as
the arrangement of the resulting motorcycle traces.
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X 2.23 (B FHELESLRELFER)NTOL. & G Fon—MFHELE. KT GH
MRS , FERBAN LTRSS, B G SHMEEE M(G) € X AFMEERF
HEROHEZ .

Figure 32: The motorcycle graph M(G), depicted in red, which is induced by the planar
straight-line graph G (bold).

&l 32 : BEFEERIMG) , Al , ERETFEHELE G (FK) SHK.

In Figure 32 we have illustrated the motorcycle graph M(G) for a planar straight-line graph
G. Figure 3 on page 9 illustrates the corresponding straight skeleton S (G).

FEEB27H |, FAVRR T FEELEIGHETERIM(G). FIRKEIBRR T N K ELE S
S(G).

2.4.2 Geometric properties of the generalized motorcycle graph

2.4.2 I~ N EFEEE AR

Lemma 2.24. The motorcycle graph M(G) of a planar straight-line graph G contains O(n)
motorcycle traces.

513 2.24. FERELE G MEFEER M(G) 18 O(n) KEFEEHIE.

Proof. Let r € O(n) denote the number of reflex wavefront vertices in W (G, 0). Each
motorcycle that does not start from a vertex of G starts from the crash point of at least two
other motorcycles. Hence, we obtain that M(G) comprises at most 2r — 1 motorcycles
traces.
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UEB. W r € O(n) /R W (G, 0) P RETKATIARMIE. BMAEMN G WIRR IR E
%, #ENE DN HMEEERHE R e, B, 3A115E M(G) ZZ A4S 2r - 1
FEEYE,

Lemma 2.25 ([HH11c]). Let p denote a point in the relative interior of M(G). A local disk
around p is tessellated into convex slices by the traces of M(G).

513 2.25 ([HH11c]).#& p &7~ M(G) XIINEIFH—1 . ELE p KERRIEH M(G) K
Lobicdii ol 1) Ja

Proof. If p is in the relative interior of a trace, the lemma is trivially true. Let us assume
that p is the endpoint of k = 2 motorcycle traces. We denote the motorcycles that crashed
atp by m1, ..., mk. Consider a local disk D around p. If D is tessellated into convex
slices by the traces of m1, . . ., mk then our assertion holds again. Assume that there is a
non-convex slice. We may assume that the motorcycles are numbered in a cyclic order
such that (i) their corresponding traces appear counter-clockwise around p and (ii) the
trace of m1 and mk bound the reflex slice.

UEEA, BNR p AT EANTRIAETAED , MG EEB ML, 1ERIHEREK p £ k 22 NEFE
EnR. IR m1, ..., mk RIRTE p LAHEREEE., %518 p AERRFEIEE D.
R D m1, ..., mk KRS A A, BBAIKNTKM S BIXAGL, (BRFE—NIED
YA, FOTT MR BRI EHIRFRS | 215 () E0IX N ARE AT R4 77 HINAE p
AR, 3H (i) m1 F mk R E 7MY A

If the left arm of m1 and the right arm of mk span a convex angle then there is a
motorcycle m which continues the movement of mk and the assertion holds again. So,
assume that the left arm of m1 and the right arm of mk span a reflex angle. Hence, there
is a motorcycle m which started from p and shares its left arm with m1 and its right arm
with mk. We have to prove that (i) the traces of m1 and m span a convex angle and (ii)
the traces of mk and m span a convex angle. Without loss of generality, we assume that
m and mk span an angle greater than 1. (The other case is symmetric.) The basic idea is
to prove that under this assumption, the existence of m is contradicted because (i) m1 or
mk crashes before reaching p or (ii)) m1 and mk reach p after another motorcycle was at p
before.

MERMIRNZEEMmkAEMRE— A, BLAFE—BETEM , EELET mkihzEs)
HAZM S BRI, A, REMRESHmKAEMWR—MIFA. Bt , FE—HE
Em , ENpt &, FEELEEEMIAE , AEEmkEE, HNWIUER (i) m1AmEK
MM —A , FE (i) mkFImEHUEMBR— AN, AR, FRAMBEEmF
MkME— PN KTFTHRA. (B—FMEARXFRK. ) EXRTAEZIR , FEXFERT , m
REEMER &I , BA (1) mISimkIERhAp BIALERTE | 5 (i) m1FImkIESR—ME
TEZHEhXp/aZhEp.
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(a) (b) (c)

Figure 33: Convex tessellation at simultaneous crashes. (a) if m and mk span a reflex
angle then the launch of m is impossible. (b—c) a close-up of the vertex v, where v is (b) a
non-terminal vertex and (c) a terminal vertex.

) 33 : [EIRFREERT AR, (a) 205 m AN mk BSH— MBS |, ) m MR STERATAE
(b—c) Tir v IS, Heb v 2 (b) FELIHTHR | (c) LIHTIR.

We denote by el and er the left and right arm of m, respectively. We note that m shares its
right arm with mk and its left arm with m1. Further, we denote by e’ the right arm of m1
and by e the left arm of mk, see Figure 33 (a). Neither m1 nor mk need to start at time
zero. We denote by R the right-most ancestor chain of m1, which contains the trace of m1
and ends at an endpoint of €'(0). (Recall that we denote by e(t) the straight-line segment
occupied by e at time t.) Likewise, we denote by L the left-most ancestor chain of
motorcycle traces of mk.

KA Aelfler R mmRZZEMNEE . KITEFERIMEmMkEZHEE , EmAZ=HA
5. A, KA RImmMIKWAE | FeRmmkiZAE , 2 E33 (a) . mIFImkEARTE
ZAENBEZIE. BNBARTK RARMIKRANELEE , BEEmIKHE , F4LIETFe'(0)Hin
M. (EFE—T |, HiAe(t) R neER G IR ELER. ) RFEE , FRATBLIRIRmMKEK E
FEEPIL R B A AE S 5E.

First we show that e(0) is above €el(0), i. e., €(0) is on the propagation side of el(0): The
point m1(0) must lie on el(0). (If m1 does not start at time zero, we interpret m1(0) as the
extrapolation of its movement before its actual starting time.) Likewise, mk(0) must lie on
er(0). By assumption, mk(0) lies left to the speed ray of m and right to the speed ray of
m1. Hence, the arms of mk span a smaller angle (on the propagation side of the
motorcycle) than the one of m. It follows that e(0) lies above el(0).

B, IR e(0) LT el(0) 2k, BD e(0) T el(0): MEIERM : = m1(0) WAL T
el(0) £. (Z0R m1 RENFRZIFT4E , F1H m1(0) f#R A HFESCIRIT AR A) 2 BTHIE
HKSME, ) FFE, mk(0) IR T er(0) L., RIFRIX , mk(0) iz T m AR ESTEZLM |
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BT m1 REFLAN. Hit, mk WEBEBRAE (EEEEREREN) /N m i
EEHmAE. BEE |, e0) T el(0) 2 L.

We denote by A the triangle enclosed by el(0) and the supporting lines of the traces of m1
and mk. Among all vertices of G within A, we denote by v a vertex that has maximum
orthogonal distance to el(0). Note that at least the endpoints of e(0) are within A. The one
endpoint that is not incident to L has the greater orthogonal distance of both. We denote
by n the propagation vector of el and by | the parallel line of el through v, see Figure 33
(a). The vector n has unit length and is orthogonal to el. If there are multiple vertices of G
that lie on | then we may assume that v is the left-most on | (that is, the closest to the
trace of m1).

AT A FRREH el(0) A& m1 F1 mk LS ZEL BN =/ATE. £ A NK G KET
BIRF , BB v RRE el(0) EARKEAZEBEHNINR. BEE | e0) RNED—Niim
ST AN, 5LAHESHIMNERBEEGRETRARNIEARE., FKI1H n 2R el ERER
2, BIFRRFT vy el BFITE , 20E 33 (a). ME n EFRNUKEHES el I[EX.
MR G HZAMMAMNT | £, BAFANTLMBEER v 2 | EABIns (B, &5EIE m1)
HMIBHITRR) .

Consider | to be a sweep line moving parallel according to the speed vector n. We show
that there is always a motorcycle m’ that emanates from v and which is at any time in
front of the sweep line | (or just coinciding). In order to see that we distinguish two cases:

EZRIA—FIREREREnHTEHNITHE. KINER , EEFE—WETLEM , EMV
A, FEAEAIREM TIMLINEE (REVNEES) . ATHARX—R , 3]
XAPFHEN :

» The vertex v has two or more incident edges. Since no incident edge of v lies above | we
have a motorcycle m' emanating from v, see Figure 33 (b). We denote by e” the left arm
of m'. Note that e"(0) is not collinear with I; otherwise there would be another vertex of G
on | which is left to v.

* TMRVAERREP R LRGN, BATVREMASHAEAEIZ £, FIENBE— TN
RHERETEm', £HE33 (b) . EKiAe"RAmMNEE, FEE , e"(0)5IF L &
N, GHEIELEF MR, IR T VA,

We denote by s the bisector of | and e, which consists of those points that are reached
by the propagating supporting line e€"(t) and the sweep line | at the same time. Any point
right to s is at first reached by e"(t). Since the motorcycle m'is at any time right to s we
see that m' is always in front of the moving line I.

HAA s TR | F " (WATFNL , ERERESTHEL e'(t) MM | ANFIXMRAR. F
7E s AMRRESTH e'(t) Bk, BATEEE m' FEEIRHRERE s KWAM , FKMER m’
SRERTERSENE | FOATIE.

* The vertex v is a terminal vertex. There are two motorcycles emanating from v. We
denote by m' the one whose speed vector has the greater inner product with n, see
Figure 33 (c). We denote by e" the arm of m' which is parallel to the incident edge of v.
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(W.l.o.g. we may assume that this is the left arm. The other case is symmetric.) As in the
first case, we denote by s the bisector of the moving line | an €". Since m' is right to s (or
just overlapping) we see that m' is never behind the moving line I.

s TRVE—MRIRIIR, 75 PREFRENVEL . FITAMKRREERESnEE AN
AETES | %@33 . FAAe"RARMIE , ESVIIASHAFAT. (RER—MRMHE,
?ﬁ1|‘]ﬂl>)d%%‘&ii%&ﬂ¥o %—ﬁ'r%mx%xmaq ) SE—MEA—F , BATHsRIREE
Me"MfFRL, ATmESKAN (RAREE) , FBFIIMKEALEBHLING
[1E18
To sum up, there is always a motorcycle m' that never falls behind the sweep line |. Next,
we note that | intersects R and L in their relative interiors. We conclude the proof with the
following case distinction:

BMEZ , BRFE—WELEM , BEASEETERLL Tk, HKIMEERISH
XS PIFRHIRMLARAZ . FTAL MERX 2 S48 50ED -

1. Assume that m' reaches R or L. We first see that m1 and mk always stay strictly behind
the sweep line I: This is easy to see for m1 since m1(0) starts behind the sweep line | and
el propagates with the same speed as I. (Note that m1(t) and el(t) are coinciding.) We
assume for a moment that mk would overtake | at some time. Since mk started behind the
sweep line |, it follows that mk reaches p before the sweep line does. However, this is a
contradiction, because mk cannot reach p before m1 does.

1. {BE m Bk Rk L, BHRITESLEE m1 A mk 1524 & THE | 2/ 5+ F m1
X, XIRASIEE , B0 m1(0) W& | 2 /FFes |, 3HE el LS | HRIRIR E1EH.

(BEE , m1(t) 0 el(t) EEESH. ) FHIMEER mk EEANFZISHBIT | BT mk A3
& | 2 faFria , A mk T‘Eiﬁéﬂl]ﬁ p ZBIENE p. M, XE—AFE , BA mk Joik
£ m1 21X p ZﬁuélJ

Since m1 and mk stay behind the sweep line | and since m'is always in front of (or just
coinciding with) [, it follows that (i) m1 crashes into m’, or (ii) mk crashes into m’, or (iii) m1
and mk reach p but m’ was at p before. In any case, the launch of m from p is avoided.

FFm1AmkiEB e iilz , FFEARTMHRAEIREE (BB EFSES) | BtEd
e (i) mMERIm', 33E (i) mkiEEm', k& (i) m1FImkEE p,{EmZﬁuE,I
p. FEHTERT , %BﬁﬁaT})\vaiﬁﬁmo

2. Assume that m’ does not reach R or L. Hence, m' crashed within A. The motorcycle m’
did not crash in a wall. (Otherwise, there would have been a vertex of G within A that has
a greater orthogonal distance to el(0).) Hence, m’ crashed into the trace of a motorcycle
m", which must have started below |, because no motorcycle could have come through R
or L. Hence m" is faster than m' w. r. t. direction n. That is, m" is always in front of the
sweep line | after m’ crashed into m"”. We consider m"” as the new m’ and apply again our
case analysis. Since there is only a finite number of motorcycles, we eventually end up in
Case 1 and obtain a contradiction.
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2. BEmEKERARIYL, AL, m7EARNES:. BEEEmMIREERPE. (B, FARSE—
MGHTRR |, TR Eel(0).)MIEAZEHREX, ) Htk , m¥ER| T —HEEEm "M |, &%
B E RN T AT A/ , BN E EfREsegBEREL. Eit , m"#XFAmnbbm’
B, R , EMERIMZfE , m" AR TRMAKIKETE. KITEM " PAFKmM',
HERNBERNEGAD. BTERENRERARN , RITRALSBAE |, 152
— ¥ E.

Theorem 2.26 ([HH11c]). The reflex arcs of S (G) are covered by M(G).

I 2.26 ([HH11c])NTO], S (G) MR FIl# M(G) B =.
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a scholaread.cn/read/jyWKm9z83BNe

Proof. The proof consists of two steps. In the first step we state and prove an essential
claim, which basically states that the tilted motorcycle traces of M(G) are above the
terrain T (G). This proposition is applied later on in a proof by contradiction for the actual
theorem.

A, ZEREERN LR, B, ﬁﬂ]%ﬁa‘ﬁﬁ%—"i?ﬂ‘]?gﬂﬂ , AFEERELA L5
H M(G) 1B EEFE S0 'JT{_L:FiHﬁZ T(G) 2 £, XA a8 Je R 72 SRR EHE AN SOIE A I
.

(1) Let m be a motorcycle and p € R? a point on the trace of m. If all valleys of T (G) are
covered by tilted motorcycle traces up to the height of m” at p then the height of m” is
greater or equal to the height of T (G) at p. Equality is attained if and only if there is a
valley of T (G) that corresponds to m” and which exists until p.

) WmE—HEEEE |, p € RREmMPUE EM— . ART(G)RIFTE B EBHIRFHI EEFE
E%ﬂl%mﬂpiﬂﬁm B, AN KNS EATHETT(C)EpHEE. BERSFE—
MENTFM TGS , FFEAA—EFERIPH , FAMIL.

We denote by e the right arm of m and we denote by m1, . . . , mk the motorcycles of the
right-most ancestor chain of m such that m1(0) is incident to €(0) and mk equals m, see
Figure 34 for k = 2. Furthermore, we denote by pi the endpoint of the trace of mi. We
arrive at the following observations:

HKiNAeRAmEAEE , Am1, ..., mkRImRIERAG MR SR EIELE |, 19m1(0)5e(0)
ME , Bmk&ETm , 53FTk=2, 20E34, 4, HKAVApikImmiPuEinm . KIS
AT SRR -

* The motorcycles m1, . . ., mk share the same right arm e. As a consequence, the tilted
tracesm™ 1, ..., m" k lie on a plane, namely the supporting plane of the terrain face f'(e)
of the wavefront edge e.

cEBEEEm1, ..., mkHZR—FE e, EIt, ML M 1, ..., m k{ZF—F@E
L+, BigkEnh %elﬂﬁiﬂﬁ/ﬁ f(e) W EFMm.

» The angle between e¢(0) and the trace of m1 and between the traces of mi and mi+1,
with 1 <i <k -1, are at most 180° by Lemma 2.25. However, forany 1 <i <k the

motorcycle mi spans with its right arm e an angle of at least 90° by definition of the
motorcycles.

« fRIESIHE 2.25 , e(0) 5 m1 WL AR A , LK mi F mi+1 B2 Rk A (K
Fi1sisk-1) 2R 1807, A, T 1sisk, RIBEAFENEN , BELE mi
SHAE e skAEELDH 907,
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Let us denote by T the polygonal chain that is defined by the intersection of T (G) with a
vertical curtain that is put on the union of the motorcycle traces of m1, . . . , mk. Claim (1)
states that the height of m” k is greater than or equal to the height of T at p. In order to
prove this claim it suffices to show that the slope of T is at any interior point of a trace of
mi at most the slope of the tilted trace m”i. The following proof is an induction-type proof.
We show (i) that T is convex within the interior of motorcycle traces, and (ii) that the slope
constraint is maintained when migrating from one trace to the next.

& T RoRH T (C) SEERBIRAEXNLHAE , REERBET m1, ... mk KA
PRI L. 7580 (1) 15, m™ Kk BEATRET T4 p LNSE. HTERX
AR, AFIER T RORYRTE mi OBLERIEMAALL | RS ATAL m'i R, T
ERAR —MNAAARIHIERR. FRANERA () T EEEERIEPRON , UK (i) 4A—4
HIBEREF— MU | RIEL TGRS .

(i) Due to the existence of m1 there is a reflex wavefront vertex that started from m1(0).
The wavefront vertex traces a reflex straight skeleton arc and has the same speed as m1
by our definition of the motorcycles. Hence T and m” 1 start with the same slope. Let us
consider the part T of T that lies above the trace of m1. If there is a reflex vertex in T then
we consider the one whose projection g on the plane is closest to m1(0). Obviously there
would be a valley of T (G) at g. By assumption there would also be a motorcycle trace
covering this valley at g. Since m™ 1 is above (or just at the same height as) this trace, it
follows that m1 would have crashed at q. This is a contradiction. Hence the slope of T is
non-increasing above the trace of m1. The same arguments suffice to show that T is
non-increasing above the trace of mi if T was below m”™ i at pi—1.

(i) BFHEEM , AFEE—NAm1(0)FF i R SHEETTR R, RIFIRITX EEENE
X, ERTRER—&RFELERN , FEEEMMRKRE. Et , THm® 1LAEE
SRS, EERERTHRETmIHE EARHAT. MRTHEE—INRITRS |, 34
A2 REAFE LR qRFEM10)WIAD. BR , Hab£EF—T (G)WA. RIE
BE , HfotthE4&EF—£ERENREEXITA. BTm 15T EELDS) XETFNS
EME , Altm1sEqb ZARmEE, XE—FE. Bt , Em1REE LR |, TRRERE
IR, REAVCIER RAGRER |, anRT#Epi-14AMETFm™ i, MITEMIKHE_E7r R Ei%E
K,

(i) Next, we show that if the slope of T is less than or equal to the slope of m™ i before pi,
then the slope of T is less than or equal to the slope of m” i+1 after pi. We denote by e’
the wavefront edge which defines T after pi.

(i) # T3k, FKANERRANRAE pi Z AT T MAZR/NTERET m™ i R, ARATE pi 2 /e T #)
FENTEET m™i+1 BRER, KA o F[/RE pi Z/FEN T HIERNAL.

The slope of T before pi can be expressed by the angle between the trace of mi and e'.
That is, the slope increases monotonically as the corresponding angle increases.
Likewise, we can express the slope of T after pi by the angle between the trace of mi+1
and e'. Moreover, we can express the slopes of m” i resp. m” i+1 by the angle between mi
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and e resp. mi+1 and e. Hence, we can rephrase our assertion: If the angle between mi
and e'is smaller than the angle between mi and e then the angle between mi+1 and €' is
smaller than the angle between mi+1 and e.

EpiZ 7T, THRZEAT R AmiE e Z B ARFR. g  SXRMEXTNA K
RIE AN SAVEIE, RAESt , FATAT AR mi+ 1 LT e’ Z B /i kTR Rpiz B THISY
K, WA, FATAT A A Am” iff 2Rk RIR, miflez [BIAR mi+1Fle A A 3715k
AmT i1, FJIE, AT AR RTINS - aRmifle’z B f/NFmifle z B
KA, Aami+1 e z B A/ NFmit 1 e [BHIEA.

= T(G)atp

e

Figure 34: Proof of Theorem 2.26. The terrain T (G) is always below the tilted motorcycle
traces m” k. The proof shows that the slope of the terrain (blue) is at any point at most the
slope of the tilted motorcycle traces (red) since the situations (i) and (ii) (shown in solid
red and described in the proof) do not occur.

&l 34 : EIE 2.26 HOEH. M T(G) AR T MM ELFYIE m™ k, ZILRARE |, #E
(Ef) MMRERMREEL ZMANELEFRE (L6) MR, RATER ) A (i)
(M EBREBRIFEERATRER) FaRE,

Let us consider Figure 35. We denote by | the bisector between e and e’ on the left side
and by r the bisector on the right side. Hence, we have to prove that mi+1 lies right to |
and left to r. Our premise states that the angle between e’ and mi is less than or equal to
the angle between e and mi. We denote by el the left arm of mi and by ti the time when e
reaches pi. Assume that we rotate e’ counter-clockwise around pi until ' is parallel with
e(ti). Then | is falling onto e(ti) and r is perpendicular to e(ti). Vice versa, assume that we

3/18



rotate e’ clock-wise around pi until ' is parallel with el. Then I is on the supporting line of
mi and r is on the bisector of mi and e(ti). We shaded the valid domains for | and rin
Figure 35 accordingly. Since the angle between mi and mi+1 is convex, mi+1 is right to
the domain of I. Since mi+1 and e enclose an angle of at least 90°, mi+1 is left to the
domain of r. Summarizing, for every position of €', which conforms to our initial
assumption, mi+1 encloses a smaller angle with e’ than with e.

1EIRATZ TSR] 35, TK{TA | &R e M e EMMAFNE , A r RRAMKA TN,
B, FRATLZIEER mi+1 2T | BAWAN r WZAEW. FRTWEHRE ' M mi Z [AH E/ N
BET e M mi Z2[AINAE., AT el RR mi WZEE |, A ti R7R e BhX pi AEFE], {BiR
BAVELE pi EESETIES: e, HE ' 5 e(ti) T, APAIREE e(t) L, r BEET e(ti).
Rz BRIKNEL pi EEHIES: e, EE e’ 5 el F4T. A T mi BSTHE&E , r
AT mi F0 e(ti) MBAFNE L, FK1TER] 35 PAERMARL T | # r AWK, BT mi
AN mi+1 Z [ B 2K, B mi+1 AT | KIBRAR. BT mitt fle ZRKKHE
bR 907, EWIE mi+t T r KA M, EMEZ ST e MENFEERIVRERNA
B, mi+1 5 e ZAKRA/NTE e ZEMEA.

Combining arguments (i) and (ii) yields an induction-type proof for Claim (1). Basically, we
showed that the distance between T and the tilted motorcycle traces is (not necessarily
strictly) monotonically increasing. If T and the tilted motorcycle traces are overlapping
until p then equality for the height of m” and T (G) at p is attained. If T leaves the tilted
motorcycle traces at some point then T (G) is strictly below m™ at p.

LEEVE (i) A0 (if) 9B XA (1) KIEIERR, B4R L, IRANEAT T ARG EFEE
HEZ BAEEE (A —E™i&) BASEIEK. R T IR EEENLTESE p ,
A m™ FT(G) £ p ANSEME. R T EENSBHRENETENLE , BBAT (G)
1E p &L= HART m”,

We now return our attention to Figure 34 and use Claim (1) in a proof by contradiction of
Theorem 2.26. Assume that there is a reflex arc a in S (G) that is only partially covered by
a motorcycle trace m'. Hence, m' crashed into a motorcycle m. We denote by p the
crashing point of m'. Without loss of generality we assume that the height of m* "at p is
lowest. (By this assumption we can assume that a is at least partially covered. If a would
not be covered at all, then a was not incident to G and at least one of its reflex ancestor
arcs was not covered completely.) Hence, all valleys of T (G) are covered by motorcycle
traces up to the height of m* " at p. By Claim (1) we know that T (G) is below m" at p. On
the other hand, we know that T (G) has the same height as m" " at p. (See the left side of
Figure 34.) This contradiction finally concludes the proof.

ANV EZE NEERIE34 , FEHASIIE() BT RIERIEIAEIHE2.26, BRFES(G)FFIE
— MU BRI B =N RS a, Btk , mPE LT —HETEm. Fi1BpRnR

MEPREES ., RER—M , BAVREM ZEpt M EEERMEN. (BIEXMRIE , FKA17]

PR aZE D WD B . WRaABAEEWES , Laiia5GHXEL , FEHZED—
MNREFEENEEHTLES. ) Bt , T(C)HATEAEMEENSE=EIm EpitHy

S, WIESIFA1) , HMMET(G)EpAMETM". F—HE , KNAMET(G)FELL S pA

FMHRNSE. (SHE3MMKLEM, ) XNFERALER TR,

4/18



€1

Figure 35: Proof of Theorem 2.26, case (ii). The shaded areas depict the valid domains
for l and r and mi+1 is at any time right to | and left to r.

&l 35 : EI 2.26 MIEER , 1B (il). BARXISIELRT | 1 r ABRUE , FEE mi+1 IR
1REBALT | A UA r ZEM,

Theorem 2.26 extends Theorem 2.11 by Cheng and Vigneron [CVO07]. In their proof they
assumed that no two motorcycles crashed into each other. The idea of their proof is
incorporated into the proof of Case (i) of Claim (1). Claim (1) is a useful tool for its own,
so we can cast it to the following corollary.

M 2.26 Y BT Cheng H Vigneron [CVO7] (83 2.1, FEfBTIHRERRF | fb{i)EB&I%
BB EIEFARERAE, thAREBREABEN N T 8 (1) PR () FEBR. FER (1) &
S —TERNTA , FEAN TR A AITHES,

Corollary 2.27. Let m be a motorcycle of M(G) and p € R? a point on the trace of m. The
height of m” is greater or equal to the height of T (G) at p. Equality is attained if and only if
the valley of T (G), which corresponds to m, exists until p.
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HiW® 2.27. % m 51 M(G) —MEEHER | B p € R0 m MU EI— A ax. m* S EAT
% T(G) 4 p RMEE. LENUKET m i T (G) WAFAEES p i , FRARIL,

2.4.3 The lower envelope based on the generalized motorcycle graph

243 ETT NETFERIN T AR

Let us revisit the discussion concerning the alternative characterization of the straight
skeleton S (G), by using a lower-envelope representation of the terrain T (G) from Section
2.1. Recall that Theorem 2.7 by Eppstein and Erickson [EE99] provides a lower-envelope
representation for T (G), but their slabs depend on the length of the reflex arcs of the
straight skeleton. On the other hand, Theorem 2.14 by Cheng and Vigneron [CV07]
provides a lower-envelope representation of T (P) that does not depend on the straight
skeleton, but their representation can only be applied to simple non-degenerate polygons
P with holes.

UHRMNEFFER R TELELS(G)HN F—FRAAITIE , BEFERASE2ATFHETG)HN T
Bi%RN. [BEIRE—T , EppsteinflErickson [EE9QIAEIR2. 74211t T T(G)K T ELE K , (B
AT FEURTELBSREMNMIKKE. 5—AMH , Cheng#lVigneron [CVO7]HEIE
AR T TP T ELE RN , AR RAKBTELER , (BN RRARENABTHE
LRI RIER 2N TP,

Al slab

bf

Figure 36: The shaded area illustrates the slab defined by the wavefront edge e. The slab
lies on the supporting plane of f'(e) and is bounded from below by the tilted motorcycle
traces that have e as an arm.
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&l 36 : BARCXIBARRAIFATIAL e EXHIMR. ARAT f(e) WEFEL , IFUATE e
AMRAH R A TR

Summarizing, no lower-envelope representation is known for the terrain T (G) of planar
straight-line graphs G, which does not depend on the straight skeleton.

BMEZ , STFEELRIGHHET(G) , BRI A BERESFEMBTELB RN T
BB,

In the following we extend the slab construction, which is based on the motorcycle graph,
to the generalized motorcycle graph, see Figure 36.

FETXF , FPEET ETFRINFRAEY B2 L ETER , 0K 36.

Definition 2.28 (lower envelope). Let e denote a wavefront edge of a planar straight-line
graph G and let a and b denote the endpoints of e(0). If there is a motorcycle that starts at
a and has the right arm e then we consider the whole chain of tilted motorcycles traces,
starting at a and ending at a’, whose right arms are e. If there is no such motorcycle then
we define a' := a. Likewise we consider the chain of tilted motorcycle traces starting at b
and ending at b’ whose left arms are e. We define a slab for each e that is contained in
the supporting plane of the terrain face f'(e) and which is bounded from below by e and
the motorcycle traces mentioned above. At the endpoints a' and b’ the slab is bounded by
rays which are perpendicular to e(0). We denote by L(G) the lower envelope of the these
slabs.

REN 2.28 (FELBL).X e FRFEHELZE G IKRNAZ , 7R a F b &R e(0) Kim .
WRFHE—WN a HRBRERE e NERE , BAKEBLL a Tria , M a’ LRI
BEREYRMENESR , HAE N e, MRTEIHNELE , B2AK(EX a':=a. [
B, FROTBRSA b IF44 , B b’ AR R LGSR , HEE N e, EiTAEAD
e EX—MR , KIRBEIEHIEE f(e) KSHFEFET , FENTHE e M_EARETEFHD
[RE. FEimm a' #l b &k , ZARBEET e(0) KMHAIRE. (1A L(G) FRXLRK TR

Theorem 2.29 ([HH11c]). The lower envelope L(G) is identical to T (G).

IR 2.29 ([HH11c]). FA4 L(G) 5 T(G) 4[.

Proof. Each face f'(e) of T (G) is contained in the corresponding slab of e. It follows that
no point of L(G) is above T (G) and it remains to show that no point of T (G) is above
L(G). Assume, to the contrary, that a point p € T (G) is above a slab of an edge e, see
Figure 36. We project p down to the slab and denote the projection point by u. Then we
project u down along the steepest descent of the slab until we hit e or one of the tilted
motorcycle traces and obtain the point v. If v is on a tilted trace then Corollary 2.27 implies
that we can project v down to T (G) and obtain a point q. If v is on €(0), we set q :=v.
Since the line between u and v has slope 1, the slope of pq is greater than 1. This is a
contradiction to Lemma 2.1.
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8. T(G) MEAE f(e) #HBEELE e FMMNRF. HIATN , L(G) FIXBERETG) 2
L, RRFTEATG) PIRERELG) 2L, k2, REXR p €T(G) 14 e MRz
£, 2 [NT3]36]. KA p M FHREEIMR L , IFRERFTA U KfF  KIEE
REERGE TEEA MR u TR BRIERENE e SURBINERER Tz — , FHRBER
Vo TR v EEAPE L, RS 2.27 ERRERITTRLE v [ TR T(G) HRER
q. ZNR v IE e(0) L, HITRE q:=v. BT uFl v ZEHKEMAZERA 1, B pg AR
AT 1, X553 21 #FAE.

As mentioned above, Theorem 2.29 extends Theorem 2.14 by Cheng and Vigneron
[CVO7] to planar straight-line graphs G. However, Theorem 2.29 also extends Theorem
2.7 by Eppstein and Erickson [EE99] since L(G) is based on M(G) and does not depend
on the length of the reflex arcs of S (G). This difference, however, is essential when we
attempt to compute S (G) via a lower-envelope computation, see below. Besides,
Theorem 2.29 provides an alternative, non-procedural way to define S (G) as the lower
envelope of partially linear functions, as discussed in Section 2.1.

N EATIR | E3H2.29¥% ChengFlVigneron [CVO7IRIEIE2.14Y BRI FHEZLEIG, A ,
2. 29ty & 7 EppsteinFErickson [EE99IIEIE2.7 , RAL(G)ETM(G) , FFHEHAR K
TFSOWRFMHKE., KM , YEN=RABET FTEBEITERITES(G)N , XFHEFEX
BE, LTI, A, T2 2917 —FERHK. IETRUHNAIERENS(G) , BiEA
BB EMERE T AL | B2 1T TS,

computing S (G) using graphics hardware Theorem 2.29 admits a simple method to
render T (G) without the knowledge of S (G). One first computes the motorcycle graph
M(G) by a conventional algorithm (on the CPU) and then constructs the slabs as
illustrated in Figure 36. We paint each slab with a different color. By rendering the set of
slabs, while looking at them from below, one obtains an image which shows L(G). Hence,
by employing techniques described by Hoff et al. [HCK+99], one can compute the
straight skeleton of planar straight line graphs using graphics hardware. The idea is that
each face f'(e) corresponds to a set of pixels of the same color.

ERBREREMTE S (G) BIF 2.29 AVHER—FERMNTIERERT (G), MEAFTH S

(G). BEIELHIE (/£ CPU L) WHEITER M(G) , AJa4nEl 36 iRl fq.
KMNARRRRELFHENY A, BEERXAY S , RN TANEREN , TREE

7~ L(G) fiEER. Fitk , BIEKHA Hoff A [HCK+99] IR OIA | RTRME REIRRE T
HrmELENESTR., HEEES @ F(e) W T —AMRMEKNGR.

25thegeneralwavefront-typealgorithm
2.5 ERIFRIEE L

2.5.1 Details of the general algorithm

2.5.1 B HEERAT

Let us recall the basic building blocks of the simple algorithm of Section 2.3. Firstly, we
require that the motorcycle graph covers the reflex arcs of the straight skeleton, which is
guaranteed by Theorem 2.26. Secondly, we require that the overlay of the motorcycle
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graph and the input graph results in a convex tessellation of the plane.

RN EIPR— R 2.3 AR EIANEAA R, BE  KNEREAEREEELTE
RSN, XEEE2.264RUE, HIX , BATESKEEZE RN A\ KK &N SEF IR
BRHR.

Definition 2.30 (extended wavefront). Let G denote a planar straight-line graph. We define
by M(G, t) those parts of M(G) which have not been swept by W (G, t') fort' <t. The
extended wavefront W *(G, t) is defined as the overlay of W (G, t) and M(G, t) by splitting
the edges of W (G, t) at the intersection points accordingly.

EN 2.30 (Y RIFEHI) [NTO], 4 G FRix—MFHEELKE. KA MG, t) F/R M(G) K
HW (G, t) £ t' <t IZFAEHRE 4. extended wavefront W x(G, t) EX A W (G, t) #1
M(G, t) &N , FANIHTERZ RALAEI W (G, t) k.

Lemma 2.31. For any t 2 0 the set R2 \ St'€[0,t] W *(G, t') consists of open convex faces
only.

5138 2.31. W T{E{AMt= 0, &£4 R2\ StE[0,{] W *(G, t') {NEFF ML EA .

Proof. The assertion follows directly from Lemma 2.25 and the fact that each reflex angle
at a reflex wavefront vertex is split by a motorcycle trace.

R, ZCHTE IR 5112 25 AR B RETIKATTR R AL K R 3 A BB BT T N D B X —
En

We adopt the terms resting Steiner vertex and moving Steiner vertex from Section 2.3. In
addition to these terms we refer to a vertex of W x(G, t) that marks the crash of two or
more motorcycles as multi Steiner vertex, see Figure 37.

BAIKAE2.INHRRAE © RN RS EHTENTI R, R XEREZS , 3]
BW (G, YWTIR , ATRAARSENBSS WMEEEMEN S |, FRAZEFEWIIR , &
W37,

The basic algorithm from Section 2.3 remains the same. Lemma 2.31 guarantees that
any topological change in the extended wavefront is indicated by the collapse of an edge
of the extended wavefront to zero length. We start with the initial extended wavefront W
*(G, 0). For each edge e of W *(G, 0) we insert an event into a priority queue Q if the
collapsing time of e is positive. The events are prioritized by their time of occurrence. After
the initialization we fetch from Q one event after the other and process it. That is, for each
event we apply local modifications of the extended wavefront and maintain the priority
queue Q accordingly. (Note that if we use a maximizing heap as the underlying data
structure for Q we may also remove any element in O(log n) time if we already have a
pointer to the element.) In the following we are discussing the different types of events.

B2 3TPREREIERIFAZL. SIHE2.31RIET ¥ RIEATAEM#RTMENEB Y RIK AT
—FUNIBUR AT RKESRTER, FITIOAY RIKAIW *(G, 0)FFHA. XITW *(G, 0)f&E %k
e , MReHBRUEIEIALE , MEIPE— D FHBAZMLTENSIQF ., SHHRHRLERN
[EHEF. Hlgafeia , KON QFBMRIEHFLEE., Bl , NTEMES , 3]
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N Ry RIEAKFEMEYR , FMNMAEAAEERNSIQ.  (FEE , R MERRAH
TEAQIIREEIRLH , RELF —MERAITTRIFES | AT RTAAEO(log n)B[E]A
BIEREMITER. ) TERITEITISARIZEAREA,

e

K s moving Steiner vertex
edge
event

multi Steiner vertex
j resting Steiner vertex <>
multi split
event /
switch
\vent 2
reflex vertex

/ j convex vertex
= A

Figure 37: A planar straight-line graph (bold) and the extended wavefront (dashed) after
some time. The area already swept by the wavefront is shaded.

& 37 : —MNFEELE (REK) M—EREEERY RIKET (%) . KIEETTERIXE
WA B =

* (Classical) edge event: The edge e between two convex vertices u and v collapsed, see
Figure 38 (a). We remove e from the graph and merge the vertices u and v to a single
convex vertex w. The two edges incident to w determine the new velocity of w.
Consequently, we need to recompute the collapsing times of the two incident edges of w
and adapt the entries in Q.

o (2H) DB AR u v Z[EIKID e 35, WA 38 (a). FKATMNEFFHHR
e, FBIMa uflvE&HIAENTRA W, 5 wHBLHKRSARET wRFIEE, At ,
KNBEEFTE w BT SEMEELARTBNE) , A% Q FHLE.

Finally, we add the two convex straight-skeleton arcs that were traced out by u and v to
the straight-skeleton graph. Altering O(1) entries in Q costs us O(log n) time.

&Ja , BATRBUFIVISBRE AN O E LB RIVAINZIELEREF, EXQFHO()1T
B HBEATTEAO(log n)KIETE]

* (Classical) split event: The edge e between a reflex vertex u and a moving Steiner
vertex v collapsed, see Figure 38 (b). Note that v is the Steiner vertex that corresponds to
the crash of the motorcycle whose trace covers the reflex arc that is traced out by u. We
denote by ul resp. vl the two vertices which are incident to u resp. v and left to the
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trajectory of u. The vertices ur, vr are denoted likewise. We remove the edge e and merge
the vertices ul and vl to a new convex vertex wl. Its velocity is determined by the two
incident edges. As a special case we check whether the two incident edges of wl are
parallel. This means that the entire convex face of W *(G, t), to which wl belongs,
collapsed at the time when the split event occurred. The right side, with the vertices ur
and vr, is processed likewise.

< (2H) DRFEH - RETUR u MBESINETENIR R v Z [AR0 e 8 , 2 W& 38 (b).
BHEE v EXNNTEEEMENATANIN R | KERENLESR T B u R B R 5
9. FRAA ul 70 vl 7HIFRRS u M v B EACT u BB AN TR, TR ur, vr {13%
TRARZEL, B0 e, IETRA ul 7 vl §IFA—DFRNTR A wi, HEEmRmsAE
SPEBARTE . FERN—FMEIRIBRN , AR E wl RSN R BFIT, XEKE W *(G,
t) KMEEANOE (W BT XOH) ERREGRXENE. A0, BETIA ur 70 vr, B2
PRI AL,

Since u crashed at this split event, we need to add the reflex arc that is traced out by u, to
our straight-skeleton structure. Altering O(1) entries in Q costs us again O(log n) time.

T ufE D BISEAR R | FROFERARUEERL R FIURNEFR TR E Za 2245
F. EQTEHO(1)1 5B BIXwTEBAIO(log n)HEE],
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(a) edge event

(b) split event

(c) start event
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Figure 38:'Different types of events that occur during the propagation of thF&tended
wavefront.

7 38 : ¥ RIEATEEE R £ HEEgwitch event
« Start event: The edge e that connects a resting Steiner vertex v and a reflex vertex or a
moving Steingr vertex u collapsed, see Figure 38 (c). The start event occur:
vertex u mo Ié{I&ang the edge e, which lies on the motorcycle trace that cbiie
the vertex u. Th
Steiner veHéx b .
velocity fns the same, we have to assigh a new velocity to v aad recomp t@?we
collapsing ti the incidgnt edges. We consider the situation where e" grld erlap
as a special €ase. In this case the entire convex part collapsed to zero are

FEEE - e S SIREL GV i o s um 38
©). FHEEMR N ERETIS u D e B3 . Yo T XTI u fOBEEH
. T NVESSTERSE b B u BRI L — A 0
AT NG . S8 0 NEERIFT ﬁ&ﬁbﬂﬁVﬁm—Aﬁ I, 3t

altering the O(1) entries in Q costs us O(log n) time.

RILEH T 4wﬁﬁﬂ%EMF$Q#m%%l &&#Vﬁﬂ% 5B ATEBEAIO(og
)R,

» Switch event: The edge e between a convex vertex u and a reflex vertex or a moving
Steiner vertex v collapsed, see Figure 38 (d). That means that the vertex u migrates from
one convex face of the extended wavefront to a neighboring one, by jumping over the
vertex v. As a consequence, the vertex v now splits the opposite edge incident to u. While
the vertex u maintains its velocity, we need to recompute the velocity for the vertex v.

« FFREFMA - OTR u MR REFEESRTEELN TR R v Z AR e 1BiE , 2 0UE 38 (d).
XERETR u A RIFATAE N EDE A EAR I — N im , SR TR v B, TR v
WENES u ALBRAEXTA, HTR v RIFHREN , ZNFREMTER v NEE,

Similar to start events, a switch event does not directly contribute to the straight skeleton.
Again it requires O(log n) time to update the corresponding entries in the priority queue Q.

SRInE RN, YREGACERRINELREE. B, ERNLKSIQT KIS
H & ZO(log n)AIA].

» Multi start event: The edge e that connects a moving Steiner vertex v and a multi Steiner
vertex u collapsed, see Figure 38 (e). That means that the multi split event that
corresponds to the multi Steiner vertex u will not happen, because the wavefront swept
over the vertex u before.
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* ZEENEG  ER-IBHIHENIR R VA — N Z ERRAA TR R UL e |, WLEI38
(e). XEMREXMNTLZEMMBNINRAUNZENNEGHASKE , RAKRERRUZET
o

Let us denote by u1, . . ., ul the other vertices that are incident to u. Assume that the
edges e1, . . ., el, which connect u with u1, . . ., ul, respectively, appear in
counterclockwise order at u such that the edge e is between e1 and el in the mentioned
order. We remove the vertices u and v and introduce new moving Steiner vertices v1, . . .
, vl such that vi moves towards ui, with 1 <i <|I. The new vertices v1, . . ., vl are aligned
on the supporting line of the two other edges that are incident to v. We add new edges uvi
for1 <i<landvivi+1 for1<i<|-1. Besides u, we have two additional vertices that
were adjacent to v. We connect these two vertices to v1 and vl, respectively. The multi
start event does not directly contribute to the straight-skeleton structure. Computing the
collapsing times of the new edges and adapting the collapsing times of old edges
requires O(l log n) time.

S ul, .. ul /RS u B E MR, BEERuS U, .. ulfiiel, ... elfEu
Luﬁlﬁ’# WL, (F150 e £ LJ&JIIM“ th{zT el Fl el zIEﬂ ?jaﬂﬁaﬁé?bf_lm\ ufv,
Fa| NFTHIFSShETELN TR = v, CMAFEFVvim uiFsh , HP 1<i<], TSR v,

VI SEFFS V$H§BE4]%&FW$LE4B'ZT‘=@£J: T 1 <i<|, FATRMFTHLD uvi XT:J:
1<i<=1, IAVRIFRGD vivit1, B&T uZ4 , KITEERANS v #H’%BH‘]%E&HEW
EATEXFAN TR HNEREE) v F v, ZRASHALEEZINELBREM. 1TEHD
HIIRFEET R FHAEE B KRG R T ZE O(l log n) BE],

» Multi split event: The edges e1, . . ., el that connect the reflex vertices v1, . . ., vl with
the multi Steiner vertex u collapsed at the same time, see Figure 38 (f). We assume that
el, ..., el appear in counter-clockwise order at u. The multi Steiner vertex u exists, since
two or more motorcycles simultaneously crashed at this location. Note that it is possible
that a new motorcycle was emanated from this location and hence there could be an
additional edge e incident to u. This edge e lies on the motorcycle trace of the emanated
motorcycle, see Figure 31. If this is the case we assume that e is between e1 and el. Also
note that in this case the angle from el to e1 is reflex.

ZESREM ERMIR VL, .. VI SZERENIR u ki e, .., el R4S,
W& 38 (f). FAMERIX e, eI I/J\JE‘HT EHIRPFEELLE u &b, é’viﬁﬁimp\ﬂﬁ,m ufFiE , A
AR ER S /PF*TEEHHTE uﬁﬁjﬁf‘ BEE , BRI RN E A TR EFEE |, Ak
FJREMFAES u AHSPIF A e, X50H e (U TR REFRFERERE L |, W& 31, 40
REXFEN , HIMRIR e (uT e1 Mel 2B, HFEE , EXFMEIT , NelFlel K
A EREMK.,

Each consecutive pair uiui+1, with 1 <i <1 -1, gives rise to a new convex vertex similar
to an ordinary split event. This new convex vertex is incident to two edges that were
formerly the right arm of ui and the left arm of ui+1, respectively. Similar to the ordinary
split event, we check whether the two incident edges are overlapping. In this case, the
whole convex face of the extended wavefront collapsed as the multi split event happened.
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FMESX Ui+, HP1<isi -1, BEFE—NFRATR , ET—HEBRHEE
. EXANFROIRR S ZRNMEXREK , XRFKASAIRUKAEMUHRNAE ., SEIBMRS
FEHEM , KNKERFARKKLERES, EXMEAT , YEENEEHRE
i, ¥ RIESRENLEESTHS.

If the angle from el to e1 is also convex then there is no additional edge e incident to u
and we proceed as above. Otherwise we have an additional edge e incident to u. If the
right arm of ul and the left arm of e1 span a convex angle than the edge e and the old
edge el are collinear, cf. Figure 31 (d). We remove the edge e and proceed as above.
Otherwise, the right arm of ul and the left arm of e1 span a reflex angle. Then the edge e
lies on their bisector and we introduce a new reflex vertex that drives on the edge e, cf.
Figure 31 (c).

R MelZle 1A ENRON , BARBISMINe SUMREX | MG Em—Hkes, &

0, 1B A —&Suixide, WRUNAEMetWABME— % , AladhedlBiA
elZHZH , ZUE31 (d) . EABkride , FFan LAmALRER, BN, ulBBE e 1A

BHE—1 M., BadeTEAINAFNEL , KITEIA—NHHENSR , ©fE8e £
%3, W31 (c) .

Each ui, with 1 <i <1, traced out a reflex straight-skeleton arc, which we add to our
straight-skeleton structure. Computing the collapsing times of the new edges and altering
the corresponding entries in Q takes O(l log n) time.

FAhui, AP <is], #SE— N REFVESEN , FOTEHIRMEFRITNE B R4
P, ITEIARHREFE R QPN KIS E FEO( log n)ifE],

After the last event occurred, the extended wavefront has the shape of a polygon
circumscribing the graph G. From each vertex v of this polygon that has a reflex angle on
the outer side, there is an incident edge which reaches to infinity and which corresponds
to a motorcycle that escaped. We add these infinite edges as reflex arcs to our straight
skeleton structure and connect the infinite end nodes in a circular manner. This allows us
to assume that the boundary of any straight-skeleton face f (e), including the unbounded
faces, connects one endpoint of e with the other endpoint of e. We also refer to the
discussion on unbounded faces and infinite arcs in Section 1.2.2.

ERE—NEHRER ¥ RIEAE—MMIEIGRZAENER. NEXNZhERE

MRy (HSMUBE—REA) HE , BE—FERETHTHIAGA , N T—iHkk
MIEEEZE. IR XLTTRAEA RS MEIFNN EL BT REMT |, HUHE R E

BEXRimT R, IAFBINRRATELERE(e) AR , BIETRE , Fe— N
SeA—MNprEKLR, HAIESET 51220 X TR mAMTIRINAITFIE.

2.5.2 Runtime analysis
2.5.2 1517 4T

Let us assume that the motorcycle graph M(G) of G is already given. In order to create
the extended wavefront W *(G, 0) at time zero we first create W (G, 0): We start with an
edge e and a vertex v incident to e. We walk around the corresponding connected
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component by setting e to the next counter-clockwise edge of e at v and by setting v to
the opposite vertex of the updated e. We continue this procedure until we again arrive at
our starting edge. At each step, we duplicate the current edge e and consider its
duplication as the wavefront edge at one side of e. At any time when we wrap around at a
terminal vertex, we add an additional wavefront edge. After we arrive again at the starting
edge, we repeat the whole procedure for any edge of G that has not yet a duplicate on
either side. This allows us to create W (G, 0) in O(n log n) time for an n-vertex graph G.
Next, we insert M(G) into W (G, 0) in order to obtain W *x(G, 0). Hence, every motorcycle
that crashed into a wall — that is, into an edge e of G — splits the corresponding
wavefront duplicate of the input edge e. We need to take into account that multiple
motorcycles may crash into the same side of an input edge e. We sort the motorcycles
along e and split the corresponding wavefront edge accordingly. To sum up, we can
construct W *(G, 0) in O(n log n) time if M(G) is known.

FIMREK G KEEER M(G) B&4%GH . AT EFNZICEY RIKAT W *(G, 0) , ZKiT&E
SR W (G, 0) : FMNMN—5h e FI—15 e MR v FFiA. FRITBTHE e ®REF e
1E v T —NERE Am BN |, I vIREAEFEN e MAENTIR , SRESHEMANE
BAEITE. RNMESXNEFE , BEERIEKNNERL. E8NSRF , KITES
LEnd e, FFRHEFIA e —MIAIKATA. MR , LIEAIER— M RiRINRIEH
B, FAVEPS I — N ESMKIE AT, ERBRENREIRAZ G, FA1X G REfE R
EE—MBRFFDAEZE BN, XAWFIKNIFE O(n log n) BFEINA n TRAE G 4l W
(G, 0), #Tk, FlTH M(G) AR W (G, 0) 1, LLERIF W *(G, 0), RHt , SiERI5E
B BT —— R 1ER G Ml e— RN BN e MAENIERTRIA., HKINFEE
B Z MR RERTEE AL e E—M., FKNVEE e X EEZEHTHIF , FHAERIM
NEMENKIKANL, BMEZ , R MG) 241 , FKTATRAZE O(n log n) BHEINAGE W
*(G, 0),

The number of edge events is in O(n) and the number of split and start events is in O(r) c
O(n), where r denotes the number of reflex wavefront vertices in the initial wavefront W
(G, 0). However, as discussed in Section 2.3, the number k of switch events is in O(nr) c
O(n2). Each multi start event and multi split event is handled in O(l log n) time, where the
number | corresponds to the number of motorcycles that gave rise to this event. The sum
of all values | among the multi start and multi split events is therefore in O(r) < O(n).

NEHREAON) , FRMFFIEEHREEAO(r) < O(n) , HFrsRRYLAERTIW(G, 0)
AR SHEBTTR S A0SR E. AT , IENSE2.3TWANTEH , YIRBEHHEEKH O(nr)
O(n2), BNZEFFMFMHMZENHFLHEFEO( log n)ifERNLLE | KBV T3
EHEHNETENEE. Ft, 2ETHANZENREATHEEIKEMAO() c
O(n).

Lemma 2.32. Let G denote a planar straight-line graph G with n vertices, where r denotes
the number of reflex wavefront vertices in the initial wavefront W (G, 0). If M(G) is known
then our algorithms runs in O((n + k) log n) time and O(n) space, where k € O(nr) c
O(n2) denotes the number of switch events occurred.

16/18



5138 2.32. % G FRREA n NIRNFEEZE G, K r RRVILAIKAT W(G, 0) R 5
FRITRRAEE. REH MG) , NIEATNEIETE O((n + k) log n) BFEFN O(n) Z=[AINIZ
17, HA k € O(nr) € O(n2) FRIRR ARV SBHHEE.

As already mentioned in Section 2.3.3, the O(n2) bound for the number of switch events
is tight. However, we want to recall that it appears to be very unlikely that more than Q(n)
switch events actually occur for practical applications and hence an O(n log n) runtime
can be expected in real world. In Section 2.5.4 we present extensive experimental results
on 13 500 datasets of different characteristics that demonstrate an O(n log n) runtime on
virtually all of our datasets.

IFAN%E2.3.3 M ELREIN , FFREHMENOM2)RIREEM. A , FKAIAE[EPR—
T, TR AR, HILR T Q)N RE N T EEMEMTEER /)N, At sSctt R
R PATRAAO(N log n)iE1TEE], 7E562.5.4 T |, FRTB/R T X113 500 BB R FHFEN
PIREHI TR RENRNER | XELERFRIFJLFERKNTBREIEE LEABFO(n log n)i

B{THTE,

In order to compute the motorcycle graph M(G), we need an algorithm that supports the
dynamic insertion of motorcycles during the simulation. Hence, we cannot apply the
algorithm by Cheng and Vigneron, cf. Section 1.4.2.4, which needs to compute the 1/4r-
cutting a-priori. However, the algorithm by Eppstein and Erickson [EE99], cf. Section
1.4.2.3, employs dynamic data structures which are capable of adding new motorcycles
during the simulation. Hence, in theory, we can compute the motorcycle graph M(G) in
O(r17/11+€) time and space. In Section 3.3 we will discuss a practical algorithm that runs
in O(r log r) time on average, under the assumption that the motorcycles are distributed
uniformly enough.

ATVTEEREEMG) , TINNFTE—FEL , REIRSHFEEINE P e Sl BT E.
R, , FK(IIARBER FAChengfVigneronfE % , £ 0581.4.2.4% | ZEIEZFELAKHITE
1r-cutting, %ATM , EppsteinfErickson [EE99JE % , S W%E1.4.2.37 , XA TS
REEM) | BB AN RPN TR, AL, 33wk, FRATATIALEO(r17/11+€ )t [H]
MZTRPITEEEERIM(G), #£53.3TH , I —FNRNE L  EERES AR
BITRBIRT |, KB IATIITEO(r log r)EFEINIZST.

2.5.3 Details of the implementation Bone
2.5.3 HHESRIAIATY

We casted our algorithm into the implementation Bone. Bone is written in C++ and uses
ordinary double-precision floating-point arithmetic according to IEEE-754. For standard
data structures, such as stacks, queues, maps (red-black trees), etc., we use the
Standard Template Library. The motorcycle graph M(G) is computed by our motorcycle
graph code Moca, see Section 3.3. One central component of Bone is a kinetic straight-
line graph that assigns to each vertex a speed ray (the position at time zero and a
velocity). Furthermore, each non-isolated vertex has an index to an incident edge and
each edge has, for both endpoints, references to the next clockwise and counter-
clockwise edges. The kinetic graph models the extended wavefront and does not
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maintain planarity. It is in the responsibility of the event handling code to maintain the
proper topology of the kinetic graph. However, this graph structure allows us to easily
remove edges and reconnect vertices, which is frequently done in the event handling
procedures.

AV EIE R Bone SR, Bone 2 C++ WS , FFRYE IEEE-754 ArrE(E AL
BRSHEEFREAR, STHRERIESM |, tndk, BAY). MRS (LLRBH) %, FAMEMR
HEREAR ., BEFEEEE M(G) FREA T EETEEEIAS Moca itH , £ 058 3.3 17, Bone fK—
MzOAHR— I NFELE , EABINTIRAE—MREFE (TRZIE TR
B) . W, SANEMLIRREE — MEMASARES] , FESFANTHNEREE
TEM N —MIRES SR EHARNEI B, s NFENY RIERHE TEE | B RIS,
EHA ARG A TRAEI s N FEIREMIRTMNEM ., AT , XFPEIZEAEIRTREB RNt
FRAMEBINERTNR , XEFHLFIFEHEE HIT.

For the actual implementation it turned out that is advantageous to introduce a new type
of vertex, the so-called multi convex vertex. In a degenerate case, it could happen that a
convex wavefront vertex and a moving Steiner vertex move along the same trajectory. For
instance, consider a symmetric non-convex 4-gon as input, where the motorcycle within
the 4-gon crashes exactly into the opposite convex vertex. In this case it is important, for
practical reasons, to merge the convex vertex and the Steiner vertex into a multi convex
vertex.

FERRSIF | sSIA—FHETR , BIAMBRZOIIR , BB, FERABINT |, #lhe
SRAENKI T RS SRR A T RIER — LS shEE 0. 6130 , ZR— D XFRIAE
PR TR , P AR EERFHEAMX LT R. EXMELT , T
KIRRERA , BOTRRAAENIIREH A2 LIRIFEER.
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2.5 the general wavefront-type algorithm 73

n scholaread.cn/read/dQBRarYxE5DX

() (b)

Figure 39: An arbitrarily small perturbation of a vertex v significantly changes the straight
skeleton. Left: v is involved in a vertex event with the vertex u. Right: v has been slightly
dislocated to the interior of the left polygon. Since v is slightly faster than u, the vertex
event is avoided and the reflex arc incident to v is dramatically longer. The corresponding
offset polygons are depicted in gray. Note that the offset polygon in the right subfigure
contains a reflex vertex at the top.

& 39 : Thm v —MER/ NS BER X EL TR, £E : vE5T7T 5 ui—1
REH. AR v EFRMBREIANZNBKNE. BT v ik u MR—  RitE%
THREMS , A5 v AXNMIREEK. MVKESSAEUKEHESR. FEE , A
M EF RS Z A AT RS — M HIIR.

For real-world implementations of geometric algorithms, it is advisable to implement some
a posteriori checks that test whether the result fulfills some basic but necessary
properties in order to be correct. Bone follows that strategy and provides a posteriori
checks that test whether the boundary of the faces are connected.

T JUARIERSIR A, B —LRRAE , UNGERER#HE —LEAEBNE
fEtE , IR IERAME. Bone BIEZCGKRE , FHRMHERAE , INAEMORESCE
.

The fact that the straight skeleton S (G) does not continuously depend on the input graph
G — say, in terms of the Hausdorff distance — has important practical implications. First
of all, we cannot apply perturbation techniques in order to resolve special cases in
various algorithms, as already mentioned by Eppstein and Erickson [EE99]. Secondly, we
have to be cautious when we consider the limit of a sequence of straight skeletons. For
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instance, image we define the wavefront emanated by an isolated vertex by
approximating the vertex by small squares or small segments. (Recall the discussion on
the wavefront emanated from a isolated vertex in Section 1.2.2.) The limit of the straight
skeletons does not necessarily result in the desired structure and may depend on the
actual sequence of input graphs. Thirdly, the question arises how to determine whether
two motorcycles or two reflex vertices meet each other at exactly the same time.

HEBRS(G) N ELHK KT 4 N\ EINTOJGAIZE Sk—5I2n , MHausdorffE &M S —H
BFEZNKRIREN., B , FAOVFBEN RIS AKAR IR & FhE A ARATE D , B4
EppsteinAiErickson [EEQ9|2 A2 RIRIABKE, HIX , HIKNEBELEFLEFIIMARIRES |
FAVLIEE. B0, BIRIRITBE A/NEA TEEVNRBRIB T T R E ARG TR R &
AIEERT,  ([EIFREE1.2.27 R X T MIGLIR AR I RTINS, ) BB RIRIRA—E
KTEERNGEH |, FHEAREBUR TR ARKSKERFS. £= , BT — MR, B
Rt I EEFEZE S A U TR A R R TT 2 A [F A B E) ARE

* If we use ordinary double-precision floating-point arithmetic then we need to apply €-
based comparisons. That is, we define a small positive constant € and in order to test
whether the numbers a and b are equal we tests whether |a - b| < €.

c RBAVERAEBRIEEFREAR , WBABMNFRZNBET ¢ bLE. 0p&i , 3i]
EN—NNRIEEE €, ATMAKF a fl b 2EAF , HATWAK a - bl < e BB
3,

* In order to avoid well-known problems introduced by €-based comparisons, one could
apply so-called exact predicates. The decision whether two values a and b are equal is
based on the expression trees for the values a and b and the concept of so-called root-
bounds [Yap04]. That is, one can precisely decide whether |a — b| is zero, by evaluating
the term |a — b| with finite but arbitrary precision. The root bounds tell how precisely the
term needs to be evaluated.

« AT BRET ¢ PURFTSI AR TR , =T AN B ATERIREER. FIKEHME a
Mb BEMEFE , BETE a M b MFRATM UK FIERARFIR [Yap04] M. M2
W, ATAUEE LB FRBEZ AR EIFET |a - bl , SRASHBIFIET a - b| 2EAF. RFAR
WA T FEUS S8R LI,

Let us consider the application of roof construction, cf. Section 1.2.3. Assume that we
implement a roof-construction software based on straight skeletons, which reads the wall
footprint of a house from an input file. Since the straight skeleton is sensitive to small
errors on the input we would require that the input file is capable of carrying exact
coordinates. This basically means that we need to save expression trees of all
coordinates in the input files. However, this seems to be infeasible for real-world
applications:

WWHRNERETEENNHE , 2 05%1.2.37, BEKIKAT —METELSENETE
ERA RN A SRS BRI RS ES. BT EABREMATR/INREFRE
BUR , ENBERASABEBITRMHOLIR. XEA L BRERINFTEEMA4HR
FRTALIRFATR . AT, XTSRS , X EARAITH
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* The file size would skyrocket and, moreover, the expression trees tend to grow in size
as the input gets more and more complex, because the coordinates of new vertices tend
to depend on the positions of previous vertices.

c XHRNAZEBEM , ME , BEERAZTHBEREES , REXNH/MEEFLIEK , B
FIFTR R AR R EBUR T 2R TR R E .

» Standard file formats, like the DXF format, do not support the embedding of expression
trees for the coordinates in a standardized way.

* BANDXFAE I Z ZEIPRHESCHAE T, FEARRAR A T TSR AR AR FE T A B R

» We would require that common CAD software uses exact arithmetic kernels for their
own calculations (e. g., snapping to intersection points). In the end, we would require that
the entire work-flow uses exact arithmetic.

* TAMNEKE ANCADIRHERBHEARNZIITES TR (Fla0 , HiFZR) . &
2K, TMNESREBEAD TAERAZEME FIFTHE A

However, if we assume that the coordinates in the input files are imprecise due to the
limited precision or ordinary floating-point numbers, we are basically forced to resort to €-
based comparisons for real-world applications. Otherwise, it is virtually impossible to
construct non-trivial input data, for which we intend that a vertex event happens. Assume
we would like to construct a symmetric wall footprint as in Figure 39 (a), which would
produce a roof, where two valleys meet in a common endpoint. However, due to
numerical imprecisions, we instead obtain a roof that is based on Figure 39 (b).

SR, SNRBA MR AP LR TR EA RS & F R m Ak , AATIE
A ERGAKENT T e (L , UATRERNMA. BRI, JLFA T REAMZ IR FLAHIA
iR, MBENFBEMREMHRE, BREKNEREZ—NE 39 (a) FRRIXFRIE A
B, TR FE—AEIR, AFFAMAE— M HRERm S8, A, BT HRE LR
t, BIMFENETLEETE 39 (b) K.

Note that for Voronoi diagrams the problem of imprecise input is not as severe as for
straight skeletons, because the error introduced to the Voronoi diagrams is, roughly
speaking, of the same magnitude as the error embedded in the input values.

BIEE , X T VoronoilE , NAEHEH ARIRIEAMEX T HLB 2™ E |, ’A5IE
VoronoiEIFNRZE , B | SHERAEB N BEFHKRZEK/MER].

2.5.4 Experimental results and runtime statistics
2.5.4 TLERSIE1TIN ST

In this subsection we present experimental results for our implementation Bone and the
straight-skeleton implementation that is shipped with CGAL 3.8, see Section 1.4.3. As
already mentioned, Bone is able to process planar straight-line graphs as input, but the
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implementation in CGAL can only process polygons with holes. This is the reason why we
restrict the following runtime statistics to datasets that contain polygons with holes only.

EARNTF | BT RRIRTAIZIL Bone #1 CGAL 3.8 it i E £k B 32 SR A SRBG £
R, S0%E 1437, EMELIREIN , Bone BERAMEFEELEEA® A , {E CGAL A
ARSI R BB Z DT . XME AT ATKI TR LTS TR St EURR B A B &
LD FEREEERIREA.

Since Bone computes the straight skeleton inside and outside the input polygon we call
the straight-skeleton routines of CGAL outside the polygon, inside the polygon and also
inside the holes, if any exist.?

T Bone iHMAZ A ENEBMSMNBRELEEE , REKITAR CGAL HE L B 5241
2, DAHELNTANB. ZHTERIUARILNES (RFE) #HTITHHE. 2

We ran our runtime tests on a about 13 500 datasets, comprising realistic and contrived
data of different characteristics, including mechanical designs, printed circuit boards, font
outlines, random polygons generated by RPG [AH96], space filling curves, and fractal
datasets. The size of the datasets ranges from only a few dozen vertices up to several
millions.

BAKT KL 13 500 MEIEEIT TI(THINE , XEBIRE B S BB RERMERESRMA
FEAE  BFENAORT. ENRIFEIRAR. FIAREEE. RPG [AH96] £ IS A, =H)
HFHZM DB ES . BURENR ML TANTRRBILEANAE,

Our experiments were carried out on a Linux machine with a 64-bit kernel, running on an
Intel Core i7 processor clocked at 3.33 GHz. Note that this processor provides several
cores, but neither Bone nor the straight-skeleton implementation from CGAL is multi-
threaded. We avoided a falsified system behavior — e. g., caused by the invocation of the
out-ofmemory killer of Linux, freeing of all file system buffers, etc. — by restricting the
memory utilization of Bone resp. the CGAL code to 6 GiB, using the ulimit command.
Furthermore, we restricted the runtime for a single dataset to 10 minutes. The time
consumption in order to compute the straight skeleton was measured by considering the
user-space time consumption retrieved by the C-function getrusage.

HNKRE—E B 64 UPNZH Linux Ylas E3HT |, ZW2HE1T7EESCA 3.33 GHz i
Intel Core i7 43F25 £, EEE , 2 HEIFRHEZL 1A% , 12 Bone 1 CGAL R ELZE
SINEAN B 2 A2, BRIESRE) Bone WINTEEE , B4 T hENRSITH—
5040 , A Linux KRERSERXATFREFRER. I8 XERSEEFXPRBRRES fi—.
CGAL REE[RH)H 6 GiB , £ ulimit 54, 4 , FATE AN BIRERNZI TR RIFR H8
10 54, AT IHEBEL BN E)ERE |, FK{E BT C K¥k getrusage K REIKA
S EILNTEINEE =

Figure 40 shows four plots with identical axes and in each plot a blue dot represents the
runtime of a single dataset. Note that both axes use a logarithmic scale. The x-axis shows
the size n of the dataset and the y-axis illustrates the runtime for a dataset in seconds.
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For illustrative reasons we divided the runtime for each dataset of size n by the factor n
log n. Hence, a horizontal line in the plot corresponds to a runtime complexity of n log n
and a line with slope 1 corresponds to a runtime complexity of n2 log n.

K402 R T U BEMHRILIRHNE , R —NERAR— M EEEKIETTIE, &
R, WA LARHEMER T XM BZIE . X B REERER R/, vl REUE S AIE TR ]
(RAEA) . HTFRBIER , FTR R/ AN SN BREKIZ1 T AR AR Fn log
n. B, B —5ok AR TN log nfETIEERE | —54% A1 AT TFn2

log nfIZITHIE) B .

In subfigure (a) we plotted the runtime statistics for Bone. As predicted, Bone exhibits an
n log n runtime behavior on the vast majority of our datasets. All dots in the gray area
correspond to an actual runtime of 10 to 30 - n log n us, where n varies from 60 up to 2 -
108. The motorcycle graph M(G) is computed by Moca, see Section 3.3. This
implementation exhibits an O(n log n) runtime for well distributed input. We extensively
investigate the runtime of Moca in Section 3.3.3. Our theoretical runtime analysis in
Section 2.5.2 at first focuses on the assumption that the motorcycle graph is already
available. For this reason, we plotted the runtime consumption of Bone, without the time
consumed for the computation of the motorcycle graph M(G), in subfigure (b). We
observe that the few outliers in subfigure (a) were virtually all caused by the computation
of the motorcycle graph. Hence, an actual runtime of O(n log n) holds for basically all
datasets from our database.

EFE (a)F , FK{4HT Bone MIZITISSEITEHE. IEANTUNEGAREE , Bone 7EFKA 146X
ZHHIESE LRI n log n FIZITHATA. KREKIFHFHETE REXTAT 10 £ 30 - n log
n us BISKFRIZITRT , o n WASEIEEIM 60 1 2 - 108, EEFEZEE M(G) B Moca itE
ZW5 3.3, NTHMRIFHEA , BLSRIERIME O(n log n) ME TR, FKA14ESE 3.3.3
THIZHR T Moca FIETH . FKAFESE 2.5.2 RIS TN AT e M ET BT
FERIZET AR, EiL, BAIETFE (b) FH)T Bone HuzfTHEFE , FEFETHE
FEZER] M(G) FriBsEpntiE). FRATEREIFE (a) A8 S 5 E P82 B AR BT
HaliEm, Eit, O(nlog n) MSKIREITHITEA L@ AT HRITEBIREFT R ATA RS

In subfigure (c) we plotted the runtime of CGAL using an arithmetic kernel with exact
predicates but inexact constructions. By default, the CORE [Cor] library is employed as
the arithmetic backend. Using exact predicates should guarantee that the topology of the
straight skeleton is correct, even if the locations of the nodes are not necessarily exact.>
However, using exact constructions makes the runtime consumption to skyrocket. That is,
datasets with a few hundred vertices lead to runtimes in the range of minutes. We see
that the runtime consumption of CGAL is mostly in the gray area that represents runtimes
between 0.17 to 1.7 - n2 log n ps. In particular, CGAL exhibits at least a quadratic runtime
consumption in practice. We also observe that the runtimes of different datasets of the
same size vary within two decades. While many datasets with about a hundred vertices
need roughly 20 ms, many other datasets lead to runtimes of roughly 20 seconds.

FEFE (), BAAeHT CCAL Ka{THE , EERT — MRS IREIREHMAE
REARRNRZ, BOAMELT , CORE [Cor] FE# AR ARG, {EAKHIEIANRIEELEE
MFRTMEMRIEMRA , BMETRMCER—ERBHN, 3 4 , ERBHMIESEEIT
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[E7HFEREBEM, Wi  RE /LN TRIEESESSZEITIERER LA
Bl. F(1EZT) CGAL (uafTHTAHFERFERAKE, , AXIgRIR 0.17 £ 1.7 - n2log n
us Z[AIKNE1THIE), 4550 , CGAL 7SR E /DRI TR A RIS THIEEFE. FK{TiE
WMERZE , MR NKIAREIEERSTHEER N ERNEN. BATFLRERA—]F
MIREBIRERAFTR 20 2V , BF S HMBIRESSERL 20 Mz{THE,
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Figure 40: Every point shows the runtime for a single dataset. The x-axis denotes the
number n of vertices of the input, ranging from 60 to 2 - 108. For illustrative reasons we
divided the actual runtime in seconds by n log n. Hence, a horizontal line corresponds to
an n log n complexity. Points in the shaded areas correspond to runtimes as labeled.

& 40 : §) R RRNANEIREMIZITIE, x RN ARTLRE n , SEEM 60 %) 2 -
108, ATIETFRA , FKAVEbroziThE (AR A%AA) BB nlogn, ALY, 7k FL&SS
T nlogn MEZE., BARKES RSN N TFHRCHKETTE,

In subfigure (d) we plotted the runtime of CGAL using inexact arithmetics in order to (i)
gain a better insight on the runtime penalty due to the exact predicates kernel and (ii) to
obtain a better comparison to Bone. We first note that CGAL, with inexact arithmetics, still
exhibits at least a quadratic runtime complexity. The vast majority of datasets is
processed in 0.05 to 0.5 - n2 log n us. However, the big deviations for the runtimes
among datasets of the same size vanished. We also observe that using inexact
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arithmetics increases the performance by a factor of about 3 to 100. However, we want to
note that the straight-skeleton implementation of CGAL is not supposed to be used with
an inexact predicates kernel.#

TR (d) o, F{&HT CGAL  FARASMEARRNZITHE) , DAE (i) EiFh T AT HS
WBRINAZIE BRI TR IR , AR (i) $k455 Bone E4FMILLER. FKITELIEES , B
FEAIERHEAR , CGAL MARMEE DB TXANGITNBEERE. EXZHEIEE
4L FREE]7E 0.05 %1 0.5 - n2 log n s Z[H]. 4ATM , AREIA/NKIEHESE Z BhE1TERIKE
KIBEIHKT . FKADEMERE| , (ERIEAEHEARTURERER 5K 3 2] 100 %, BE ,
BAEFEEE , CGAL WE BRI AN Z SIS RN — @A, 4

memory usage Bone was able to handle input containing more than 108 vertices.
However, CGAL could only handle datasets with up to about 10 000 vertices within the
time and space constraints mentioned above. Interestingly, also CGAL with inexact
arithmetics was not able to compute datasets containing significantly more than about 10
000 vertices within the 6 GiB memory limit. We listed the memory footprint of Bone and
CGAL on random datasets that were generated by RPG in Table 3. The memory usage
was measured by the library libmemusage.so, which is shipped with glibc [GLI]. This
library hooks into the malloc calls of a process and accounts the memory usage. In Table
3, we print the peak heap size in megabytes and the relative change to the previous row.
Note that the actual memory footprint of a process is larger due to ordinary memory
fragmentation in the heap and, of course, the program code, libraries and the stack
require a few megabytes as well. For instance, the CGAL process required in total almost
20 GiB virtual memory in order to process the last dataset with 16 384 vertices.

NTFEE A7 , BoneREBB MRS BIT 10N TRAME AN . AT , CGALTE_LRA R F1ZS|A]
AR, REEAMERZ 410 000N TSRS . BiBME | BEERIEBMHE AN
CGAL , thJti%1E6 GIBIRZRFINITE B ST L T4910 000N TR a%IEEE . FRINER
37%14 T BoneFICGALTERPGA s KIFEAEE S EINTFES . NI ERBEE
libmemusage.soll£ , % FEffglibc [GLI—#2 &%, A FEFEEAEIHFERKmallocBFHtHEN
FERER. ER3F , FAWTENT RAIKTFTI A A AU B K/ N R AR ST F AT — 1 THIAR XS
k., BEE  ATHFE NRNRNGEES | URFEFA, EMfktFE LIk FT ,
R RSN TELS BEFE K. #ilin , CGALFFE R HEEIN20 GiBHRIEIANTEA BEL
IHAEF16 34 TR — MRS,
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Size n BoONE CGAL
MB  factor MB factor

256 | 1.44 377
512 | 2.65 1.8x 134  3.5x
1024 | 5.06 1.9x 51.1  3.8x
2048 | 9.86 1.9x 201 3.9
4096 | 19.5 2.0x 792 3.9x
8192 | 38.7  2.0x 3197 4.0x
16384 | 77.1  2.0x 12600 3.9%

Table 3: The memory usage of Bone and CGAL on random datasets generated by RPG.
Each row contains the peak heap size in megabytes and the factor by which the size
changed w. r. t. the previous row.

7 3 : Bone # CGAL 7£ RPG A siIFEN B LN ERIEN. BITREEIKTFET A
BT ARG EE RN , AR FRI— 1T RS EF.

We observe that Bone doubles its memory footprint if the input size of the dataset is
doubled. In contrast, CGAL quadruples its memory footprint if the input size is doubled,
which suggests a quadratic space complexity. As we learned in a personal mail
correspondence with F. Cacciola, the author of the straight-skeleton code in CGAL, the
algorithm computes potential split events for all pairs of reflex wavefront vertices and
wavefront edges and inserts them into a priority queue. This explains the O(n2) memory
footprint and the O(n2 log n) runtime.

AR, NRBUEERN B AR/ NS |, Bone KNFS BHAEIE. MLz , a5k
AK/NEIE , CGAL WNTFS SN PRE , KRR TERIREATIRFTERA.
IFANFKAIIMNS CGAL P ELBLALM{ESE F. Cacciola fFLAABEIB{E T 22 IRAREE |
ZHEIETENTA RETKETTRRMEATARN RIS ES REH |, FFRENHRAZIN RS
. X#RT O(n2) WANTES FIFN O(n2 log n) AIZATHY(A],

We tested the reliability of Bone on additional datasets, which do not necessarily form
polygons with holes. Bone is also able to sample circular arcs from input files by
straightline segments. This allows us to test Bone on basically the same datasets as we
did for Vroni [HHO09a]. Furthermore, Bone is able to compute offset-curves based on the
straight-skeleton, which turned out to be a versatile development tool in order to find
errors in the straight skeleton by visual inspections. Furthermore, Bone can export the
terrain T (G) into a standard file format that can be read by 3D modeling software, like
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Blender [Ble]. A wrong straight skeleton or significant numerical errors cause visible
artifacts like non-planar terrain faces or very odd-looking terrains. Bone also contains
many sanity checks for the validity of the wavefront during its propagation simulation and
Bone is able to perform simple a posteriori checks on the resulting straight skeleton as
mentioned in Section 2.5.3. It turns out that Bone performs well on our datasets in
general. However, in order to boost Bone to industrial-strength, we need to implement
some fine-tuning in the presence of wavefrontparts that simultaneously collapse in a self-
parallel manner. However, the concept of the extended wavefront allows us to handle this
issue on each convex faces of the extended wavefront separately, which appears to be a
significant advantage.

FATMET Bone EFSMIGEE ER TSN | XUIIBEEARA—CERHFLNZ AT, Bone
AT PUB TS B2 BN A SR SRR, X (FERIRAEAR_ER]AFES Vroni [HH09a] 48
ER%EESE LN Bone, t4h , Bone BEMSITEE T H B LMHISHIZL , XHEIHE—F
BAMFATE , TSI RERERANEBEFHENR, o, Bone ATRLEHTE T
(G) S ARAESCEFRER |, A& IR A 3D BAREAEREER |, 620 Blender [Ble], fRME
BEFEENBERES SO NANAR |, FlandEFEbEmESE RKIES TIRHHME.
Bone M EE WL EEMAE , A TIERATELEHFEIUIRRINE M , 3£H Bone &t
ST RN E S REPITHRR GRS |, 5 2.5.3 TR, FSAFH |, Bone IR 1H%UE
& FRERIRLF. 2AM , AT H Bone AT TMRE |, FIVEEEKAIEID AE AT
AR FERNE R T T —E008. 2AM , ¥ RIERTREES AR IRy RIBET
KEANYE AR, IR — 1B ERME.

26summary
2.6 545

At the beginning of this chapter, the most promising approach towards a straight-skeleton
implementation, in terms of implementability and real-world performance, appeared to be
the triangulation-based algorithm by Aichholzer and Aurenhammer [AA98]. However, from
a theoretical point of view, the best known worst-case time complexity is O(n3 log n) for
an n-vertex planar straight-line graph. In Section 2.2, we used this circumstance as an
entry point to our investigations. After presenting new aspects regarding the number of
flip events, we were able to show that Steiner triangulations can be used in order to
completely avoid flip events. This insight motivated a new approach to a straight-skeleton
algorithm for non-degenerate polygons which is based on motorcycle graphs in Section
2.3. However, in order to generalize this algorithm to arbitrary planar straight-line graphs
we had to carefully extend the motorcycle graph such that essential properties, which are
required for our algorithm, are preserved, see Section 2.4. This generalization of the
motorcycle graph allowed us to extend the approach from Section 2.3 to arbitrary planar
straight-line graphs in Section 2.5.

EARZRFFK , TSI RSCRRMEREM S |, B H BN EL BRI AELTE
AichholzerflAurenhammerig B IR T =B EI9 K EIL[AA8], A , NESHEEXRE ,
NF—PMEBE RN TFHELE , Bt MNsMEIRBEE Z2EE0(n3 log n), 7
2.2 , HATEXFMEREARNAREVIAR. FENAT X TEESHRENT AT
Ja , FAEEBIERAT] M A Steiner=AEIN kT2 B RS M. X— WARMEER111E2.3
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TR T —FETEAERNIFER U Z AR ELAETREIEANM AL, KM, ATRERZE
W EHEEFEELE , BT FEY RETER , MRIFREIEAMENESRMSE , I
247y, BEFEEEIAIXFMET FIRIEBR 2. 3T A A 212 5T AEE TR EL
&,

The resulting implementation Bone is able to handle planar straight-line graphs as input
and exhibits a runtime of O(n log n) in practice. Compared to the current state-of-the-art
straight-skeleton code, which is shipped with CGAL, this constitutes an improvement of a
linear factor in time and space resp. a speed-up of one to two orders of magnitude for
medium-sized datasets. Furthermore, CGAL is, in contrast to Bone, only able to handle
polygons with holes as input. Our experimental results in Section 2.5.4 also revealed that
Bone was able to process datasets containing more than a million vertices, while the
implementation in CGAL was not able to handle datasets with significantly more than 10
000 vertices within the limits of 6 GiB memory.

ALK Bone BEBAMIEFEBEZEI NG , FFEERBFRILE O(n log n) KNE1T
iflE]. 5 CGAL WL iR NN ELBERARML , XENRMZE LS AT —
NEMERFRBE, N THPERIMIBESE  RERST — RN HMER. I, 5
Bone 8Lt , CGAL REEAMIEHFLANZ hTEAEAMIA . FKRATFES 2.5.4 TTHRKBLEREK
B , Bone REBAMIEAE BT —AN M RRNEIES | T CGAL FHISIIE 6 GiB NFIR
HINTTIEALE B EBAE#IT 10 000 MR R HHIESE.

The theoretical worst-case runtime complexity of Bone is O(n2 log n), which is an
improvement of a linear factor compared to the algorithm of Aichholzer and Aurenhammer
[AA98]. However, the circumstances for which the wort-case occurs are easy to
investigate for the algorithm underneath Bone, see Section 2.5. In fact, it appears to be
very unlikely that the worst case actually happens for practical input, which has been
confirmed by our experimental results in Section 2.5.4. Bone computed the straight
skeleton for virtually all of our 13 500 datasets in 10 to 30 - n log n us for datasets
containing n vertices. This makes Bone the first straight-skeleton implementation that has
been shown to run in O(n log n) in practice and which accepts planar straight-line graphs
as input.

Bone FIRWS BRI NIz TIR ) E Z2E 5 O(n2 log n) , 5 Aichholzer 1 Aurenhammer
[AA98] WEZAALL , XE—MEMEFRIBudt. A , X Bone IRERIENR VL , &INE
MRERFHREZR , N 257, FXE , RIMEIKRIRARETE RIS K AT EE
MERVFIER /)N, XEBIIKAES 2.5.4 THRXKRERBIMER. TEE n MiRK
¥ifag , Bone 7£ 10 £ 30 - nlog n us NItHE T JLFFTE 13 500 MRS ELE L.
X{E13 Bone BUASE—MIERAFESRECF LA O(n log n) 1517 , I EEZFEHELEEA M
AREZE5EKI,

Motorcycle graphs are strongly related to straight skeletons for several reasons. First of
all, the motorcycle graph extracts the essential sub problem of computing straight
skeletons. Secondly, the motorcycle graph and the straight skeleton possess a strong
geometric relation, which is expressed by Theorem 2.11 and Theorem 2.26. Thirdly,
motorcycle graphs help us to devise algorithms and implementations for the computation
of straight skeletons. At the moment, the fastest algorithm for the straight skeleton of non-
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degenerate polygons due to Cheng and Vigneron [CV07], see Section 1.4.2.4, and the
fastest implementation, Bone, both employ the motorcycle graph. Hence, the
investigation of motorcycle graphs is vital in order to obtain fast straight-skeleton
algorithms and implementations and it is important to explore the motorcycle graph in
order to get a better understanding of straight skeletons.

BEFERISEAEREUMAX , RREUTILR. 8% EEEERR T ITEELERK
AEFEE,. X, BERERNELERAFRENIUTXRR , XBEEHE2.11HMEH2.26
figik. 8=, BERFEERFBHKITOTRATITEELBRNEIEMIIN. B, Chengl
Vigneron [CVO7HREATIHHIFR W2 MM ELBRNRREIE (S N551.4.2.47)
AR B 1IRASRIBone i A 7 BEFEEE]. AL , AT HRFRERNELEREIEMKIL , Xt
EEFERINMREXEER , FEAT BIPtERELER , REERFERFEREER,

In this chapter, we develop an implementation for the computation of the generalized
motorcycle graph that works fast in practice. We start with a stochastic consideration of
the trace lengths in a motorcycle graph in Section 3.2. It turns out that if n motorcycles
are distributed well in the unit square then the average trace length is about O(1/vn). This
insight motivates a motorcycle graph implementation that is based on geometric hashing
in Section 3.3. Runtime experiments show that our implementation Moca exhibits an O(n
log n) runtime for most of the 22 000 datasets tested. In Section 3.4, we further
investigate the geometric relation between the motorcycle graph and the straight
skeleton. The results obtained in this section finally lead to a proof for the P-completeness
of the straight skeleton of planar straight-line graphs and polygons with holes that is
based on the P-completeness of motorcycle graphs due to Eppstein and Erickson [EE99].
The P-completeness of straight skeletons has important practical implications concerning
the application of parallel algorithms. The investigations done in Section 3.2 and Section
3.3 are published in [HH11b]. A preliminary and short version was presented in [HHO9D].
The results in Section 3.4 have been submitted for publication [HH11a].

EAZEF | BT A—MATTET ERERKSH |, RS o] S REIET T,

HKATNEE 3.2 T B EEPTE K ERFEYE BTG, SRR, R n FERLEE
BN AR NHRIF , NFHBEK AR O(14Nn), X— AR EEAIET S 3.3 1
BTSSR SCEL A, E1TRTSKIRERER | XTIl 22 000 MAUIBEEFHRIAZ L ,
ARSI Moca FRILE O(n log n) KIZ1THS, 1£58 3.4 ih |, T H— S RETEE
EMELBEZ AR UTRER, A TPHREMNERRER T FEEZEMTFLEZ AR
HEBLEM P-7T2ME | ERAET Eppstein 1 Erickson [EE99] 1t I EFEF B P-5t 2
M, BEBEN P-EeMXTIHTEZNNAEEEEMNKREN., F32THME 33N
P REMREEE AR [HH11b] . ¥EHEERAD £ [HHO9b] i, 56 3.4 ThiLh
RERZ AR [HH11a),

* [HHO9b] S. Huber and M. Held. A Practice-Minded Approach to Computing Motorcycle
Graphs. In Proc. 25th Europ. Workshop Comput. Geom., pages 305-308, Brussels,
Belgium, Mar 2009

* [HHO9b] S. Huber #1 M. Held. 15 EEFE A I —FEE KRBT 7E. F25EEMITHE L
AHHTSBICE | 55305-3081 , LRI 7 & /R , 200943 A
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* [HH11b] S. Huber and M. Held. Motorcycle Graphs: Stochastic Properties Motivate an
Efficient Yet Simple Implementation. J. Exp. Algorithmics, 2011. (in press)

* [HH11b] S. Huber #1 M. Held. BEFE4E : FEALBMERA T —Fhs s B2 a93REL. J. Exp.
Algorithmics, 2011. (HhR=)

* [HH11a] S. Huber and M. Held. Approximating a Motorcycle Graph by a Straight
Skeleton. 2011. (submitted for publication)

[*] [HH11a] S. Huber #1 M. Held. 1813 B£& 4218 1K BEFEEE]. 2011, (ERFRIFAK)
3.1priorandrelatedwork

3.1 SERI R AR {E
3.1.1 Applications of motorcycle graphs and related problems

3.1.1 B RN A B AR K [R) Rt

The most prominent application of motorcycle graphs are straight skeletons. However,
motorcycle graphs are also related to other geometric problems. Obviously, there exists a
strong connection to ray-shooting problems. For instance, Ishaque et al. [IST09]
presented an O(n log2 n + m log m) algorithm for m repetitive ray shooting-and-insertion
operations in the plane among a set of polygonal obstacles of total size n. The
generalized motorcycle graph problem, for which motorcycles need not all start at the
same time, solves this problem in the following way: The polygonal obstacles are
replaced by according walls and each ray is replaced by a motorcycle. By choosing the
start time of the motorcycles such that no two motorcycles drive at the same time, one
can simulate repetitive ray-shootings.

ERFERRENNARELEEE. A , EREROSHM/UTREMEX, B4, 85
SEGTERIAFAEIRIBAIEX R, 5120 , IshaqueiE A[ISTO9JEH T —O(n log2 n + m log
my&i% , BTEFE LR NANNZ D EERS ) E S I TMRER S5 H AR AR
B, T ERREB (HH RN NEER—E8 E3h) @i AT =g R R -
ZINFEERYSE AN RIEERE |, SRHEEHETERE. B ERETEN SN
8] , [FRIX AN EITERETE , ATRUEINER RS T.

Eppstein and Erickson [EE99] mentioned that the art gallery algorithm by Czyzowicz et al.
[CRU89] uses a geometric structure that is related to the motorcycle graph. They consider
a set of straight-line segments, where each segment is growing in length and an endpoint
of a segment stops propagating when it reaches another segment. The resulting structure
can be interpreted as a motorcycle graph: The initial segments are considered as walls
and from each endpoint is a motorcycle launched.

Eppstein#Erickson [EE99] $2%!] , CzyzowiczZF A [CRU89] IERIEEIXMER T —F5EE
FEEEMXMILALEM, 15 E—HELE  HPELEABRNKEEMELK |, IFE 4
EGin mENA A— KRBT | in e fE I ER%, BT ARSI T AR N EEER 7))
IREE AL NIEEE | FE N NG R B A ST — R TR E.
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Eppstein et al. [EGKTO08] consider motorcycle graphs on quadrilateral meshes, which
model three-dimensional bodies. The idea is that motorcycles are driving on the edges of
the mesh in a discrete manner and a motorcycle stops when it reaches the trace of
another motorcycle. It is not exactly the same motorcycle graph problem as introduced by
[EE99], but very similar in nature.

Eppstein % A\ [EGKTO08] £/ 7 UAEME_ LR ELER , AEX =4kt T tE, H
BAER  BEAFEURBNAAEMERN 178 , YETFERA F— R EF NPT
EMaEll, X5 [EE99] et WEFFRIFEH A TeME , (BEARFTEIFE ML

3.1.2 Prior work

3.1.2 AL {E

At the moment, the most efficient motorcycle graph algorithm is due to Cheng and
Vigneron [CVO07], see Section 1.4.2.4. It computes the motorcycle graph of n motorcycles
in O(nVn log n) time. Let us recall the main idea of their algorithm: Among the O(n2)
intersections of the tracks of the motorcycles only O(n) of them correspond to an actual
crash event. Hence, the goal is to geometrically separate those motorcycles that do not
interact. Cheng and Vigneron achieved this goal via the employment of 1/vn-cuttings on
the supporting lines of the traces. However, in order to reach the O(nVn log n) runtime
complexity, the algorithm inherently relies on the fact that all motorcycles are known a
priori such that the 1/vn-cutting can be constructed prior to the simulation of the
motorcycles movement. As a consequence, this algorithm is not suitable for the
computation of the generalized motorcycle graph presented in Section 2.4.

HET , AR ELEREXBTT Cheng #1 Vigneron [CV07] , W% 1424, B
O(nVn log n) BFTEJPNITE n i EEFEZE AU BETEZE . LB B PR— b B AR EZEAE
EEEYIN O(n2) M RF , RE O(n) M RMETRFRAHESH. Eit , BArg
EJUT LS B HE/ERMEIEZE. Cheng F Vigneron B3 fEHUF M 14 XA
1n-cuttings SKEL 7 iX—B#7. A , K7 X% O(nvn log n) KIE{TE IR | R B IA
A ERRT TR BB R E MEX —F K, UER] AT IE 30 2 ATAIE
1An-cutting, Et , REEMEATITESE 2.4 THRNBNT LERFE.

In order to solve the generalized motorcycle graph problem, where motorcycles are
allowed to emerge after the simulation started, we are in need of an algorithm that allows
the dynamic insertion of motorcycles. Under this requirement, the fastest algorithm is due
to Eppstein and Erickson [EE99] and runs in O(n17/11+€) time and space, see Section
1.4.2.3. However, we want to emphasize that this algorithm is not suitable for an actual
implementation due to its algorithmic complexity.

AT RRRT N EEERIRS (AT REEIN) | RNFE—FAarnSia
NERERNEL. FEXFMEKRT , RIRME LR T EppsteinfiErickson [EE99] , HiE1T
AT EEREAOMNI7/11+e) , NEE1.4.2.37, BE , KNERANE , BTHBEIEM
S3M  ZEIERNEE KRS,
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Figure 41: All motorcycles crash into each other.

&l 41 : BT B TARREIE,

A straight-forward approach for the actual computation of the motorcycle graph of n
motorcycles is to simply simulate their movement in a brute-force manner. We can
compute one crash event after the other by pair-wise checks among the motorcycles. By
employing a priority queue Q for pending crash events, one obtains an implementation
that runs in O(n2 log n) time instead of O(n3). We refer to this algorithm as the standard
priority-queue based algorithm.

T E R EERNKINTE | — PN ERNAIEE MR W AR BN E(1HE
B, FNTTUEE B2 RIKAMKGE , B MTERHESG, BT AFLAIRRRHESE 4

KRRFERBSIQ |, TTRURIG—FEO(n2 log n)BFEIFNETTHISRIL , AR O(n3), F{iTH
BEIEFR AT IR R NS N E .

To sum up, two sub-quadratic algorithms for the computation of motorcycle graphs are
known, but only the algorithm by Eppstein and Erickson [EE99] can be used to compute
the generalized motorcycle graph problem. Furthermore, no algorithm is known that is
suitable for implementation, on one hand, and can be expected to exhibit a significantly
sub-quadratic runtime for real-world applications on the other hand.

Sz , BRSMPftEEEERRNT k4% , {8 R HEppsteinflErickson [EE99]
RENEIETRTTE YELEREAE, o, BadR B MEAEESI , B—
A, XEERIEBAESSRRNY AP RIE B E T —/kiz1ThTE),

3.1.3 Geometric properties of the motorcycle graph
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3.1.3 BRI JUTHE i

We interpret M(m1, . . ., mn) as a graph and we add the infinite endpoints of the traces of
escaped motorcycles to the graph as well. It follows that M(m1, . . ., mn) contains exactly
2n vertices: Each motorcycle contributes a start point and an end point. (If multiple
vertices coincide geometrically, we still count them as different vertices.) The number of
finite vertices ranges from n to at most 2n. The lower bound is attained if all motorcycles
escape. The upper bound is attained if all motorcycles crash into each other, as illustrated
in Figure 41.

BATEM(m1, ..., mn)fiRn— R, FER & BT IR TS T R AR I E i ]
B, AR, M(m1, .. S FEE2ANIR - AR D E /R —
Ro  (WRZAMTAREIVALES , BNPIAKENAARRNIRR. ) BRIREBE
SUEIMNZIR S 2n, WNRATEELEHRE , WX R, 0RTE ETFEAENEE |, N
BRI ER , NE4 PR,

Lemma 3.1. M(m1, . . ., mn) contains between n and 2n edges. The lower bound is
attained if all motorcycles escape. The upper bound is attained if all motorcycles crash.

Lemma 3.1. M(m1, ..., mnyB&nE2n&kih 2 8], NRTHE BEFEEERRL , NHEZEITH.
MR TR AR 8%, WhKE) ER,

Proof. The edge set of M(m1, . . ., mn) results from n motorcycle traces, which are
possibly split. Hence, the number of edges is at least n. In order to show the upper bound
of 2n, we denote by nc the number of crashed motorcycles and by e the number of
edges. M(m1, . . ., mn) contains n + (n — nc) vertices of degree 1 and nc vertices of
degree 3. (Note that we obtain n — nC infinite vertices.) We charge each edge by both of
its incident vertices. Considering the total number of charges results in2e =n + (n - nc) +
3nc = 2n + 2nc < 4n and hence e < 2n. The bound is tight if n = nc.

WEBR. M(m1, ..., mn)AA SRR BRI A | XEHER R A E. EI , %K
EZ/An. ATRARLR2n , IKATANCRRIESRNEITENHE |, AemiNiE.
M(m1, ..., mn)BEn + (n - ne)MEATKIRRMNcNEASKWIR. (EE , FKi11F2n
- nATRTAR. ) MBI HAD RSN S50 H#H TS, ZREWEHE , 154
2e=n+(n-nc)+3nc=2n+2nc<4n, Fitke <2n, 20FRn =nc, NZFRZEEK.

The following lemma is given by Eppstein and Erickson [EE99] without a proof. In the
following, a pseudo-forest is a graph whose components are pseudo-trees and a pseudo-
tree is a connected graph that contains at most one cycle.

AT s pa EHHEMR B gk [EEQ9] 44t , (BRIZMNERS. ET3F , WRMETEHIE
BAENMNE , TR EIERSBE— I HrEER.

Lemma 3.2 ([EE99]). M(m1, ..., mn) is a pseudo-forest.
Lemma 3.2 ([EE99]). M(m1, ..., mn) E—/MAZR#K.
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Proof. We denote the number of edges of M(m1, . . ., mn) by e. We may assume that the
motorcycle graph M(m1, . . ., mn) is connected; the general case is shown analogously. If
M(m1, ..., mn)is not a pseudo-tree we can remove at least two edges without hurting
connectedness. Since a connected graph with 2n vertices contains at least 2n — 1 edges,
it follows that e — 2 = 2n - 1. This is a contradiction to Lemma 3.1.

WA, BATAM(MY, ..., mn)EhEEoR e, BATATMBEREFLFEM(m1, . . ., mn)i&E
B ; —AE R AT AZBHIERA, anERM(m1, ..., mn)REAR , KT IBRE D4
WA EEERE., BT MR IREEEZEDEE2n - 1500, REAT U fGiHe
-22z2n-1., X553 148X E.

3.2stochasticconsiderationsofthemotorcyclegraph

3. 2 EEFEE I E R

3.2.1 Number of intersections of bounded rays

3.2.1 BRGANZTRIE

In order to devise a motorcycle graph algorithm that runs fast in practice, it appears
interesting to investigate the average trace length within the motorcycle graph M(m1, . . .,
mn) of n motorcycles. Let us recall that the tracks of the motorcycles lead to O(n2)
intersections, whereas the traces produce at most O(n) intersections, namely at precisely
those points where a motorcycle crashed into the trace of another.

AT R —MEREF B TRERNELERRE , TRnBETENETERM(m, . . .,
mn) FEFHEK EFRER. iLBNEM—T , BERFRRZELSEOM2)IM R ,
MERERZ =AM R, MG IFEETER H— M AT FERE LA R,

Let us assume for a moment that the motorcycles drive at unit speed, the start points v1, .
.., vn are distributed uniformly in the unit square [0, 1] and the ¢1, .. ., ¢n are
distributed uniformly on [0, 21T). Directly computing the expectation of the trace length of a
single motorcycle trace appears to be complicated due to the stochastic dependencies
among the motorcycle traces. However, it seems to be evident that the mean trace length
cannot get too large, because two traces are not allowed to intersect in the interior of
each other.

SRR AR A AR BT | AV, . .., EREFTIO, 1% | B
&1, ..., OntEl0, 2m) BT, EHATH A BRI K BT RS
%, RABEFEEHE S TRk, KT, THTEKEMTRTIEAA , FRH
SR VIR

Let us consider a regular Vn x n grid on the unit square. A single motorcycle mi starts at
one grid cell and, while it moves, crosses a specific number of other cells. Each cell
contains on average one start point of a motorcycle. The probability that mi crosses k
cells is falling at least exponentially with k if we would flip a coin to decide whether mi
passes the motorcycle that started in each cell entered by mi. This thought experiment
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would suggest that a motorcycle does not pass more than O(1) grid cells and, as a
consequence, that the average trace length is in O(1/\n). However, a simple coin flip
does not take into account the stochastic dependencies among the motorcycles.

WEEAE R A GIE AT A — N RLRIAIVN x N\nfA& . — 3B BEFEZEmi A— A% B TTAR IT
f, FFEAERN , SFIFERENHEMATE. SMRATEFAEES— PN ERENE
tam. ANRIBAIHERE TSKREmiE Bl Amit S B TTERF BN ERLSE |, Ii4ami
FIkANBTASAMERZE DRI BIE AT, XINEEXKRY , —HEEERSE
TRRITO() MG RIS , Bt , FIPURKEEO(1n)Hh, R, — METEAHsE M
IRIAE SR B Z R BEHL AR
In order to simplify the original question, we reformulate the problem. Instead of asking for
the mean trace length of the motorcycles, we ask for the number of intersection points of
bounded rays, where the length of the rays is chosen at random according to the
probability density function f . The idea is that if we gain some information on the number
of intersections than we also gain information on the mean length of the bounded rays as
well.

AT ERIARIE |, AT T ERRR . RNAEREEENTONEKE , ™
EERERASFENZRBE | AP HANKEERIEMRE EeR I MElEEM. FKi1wAR
EE MRFANVRIG T RTRXREEN—LER , BAKINMBSREGRITHRGFLNTE
KERNEE.

Theorem 3.3 ([HH11b]). Let v1, . . ., vn denote n points that are uniformly i.i.d.! on the

unit square [0, 1]2. Further, by ¢1, ..., dn we denote n angles i.i.d. on D := {31, . . ., &d},
with d € N, such that

T 3.3 (HHMD])INT1]., 4 v1, ..., vn RRFEBRMIEF T [0, 1]° LI EI S 45 n
ARl s, o1, .. dnRIRFED = {51, .. ., 8d) EIRSLESAM n AN, Hep d
EN, {#13
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3.2 stochastic considerations of the motorcycle graph
83

n scholaread.cn/read/ORb7364MkbeD

oi € [0, 21) occurs with probability pi, where i pi = 1. Next, let L1, . . ., Ln be i.i.d. on [0,
0.2] according to a probability density function f .

5i € [0, 2m) AR pi &4 , HA Yipi=1. Tk, &L, ..., Ln 27 [0, 0.2] L1RIE
RS AR aL S Gl S LA D i

Foreachi€ {1,2,..., n} consider a bounded ray Ti € R2 which starts at vi, has
direction angle ¢i and length Li. We denote by | = Yin=2 1T1NTiJ=L the number of
intersections of T1 with T2, . . ., Tn, where 1P denotes the indicator function of the
predicate P. Then

MTgrie{l2,.. ., n}, BE—NERHFL TicR2 , BT vi, BEHAA ¢i Ml
KE Li, &I 1=3in=21TINTiIn=0 ®RT157T2,.. ., Tn B Mm%, HF 1P RRIB
] P ffEReRER. ABA

A
25
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m > N = — = IA

DANI_I_\I_I_'

—

(3.1)
holds, where A := Yid,j=1 pi pj| sin(di — §j)|. Furthermore, for A > 0 we obtain

AAL , HA A = 3id,j=1 pi pj| sin(3i - &j)|. BESh, XTF A>0, FKfiFE
E

[
I
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0N = s

(3.2)
(Distributing L1, . . ., Ln on the interval [0, 0.2] is just a technicality that simplifies the

following proof of the theorem.)

(FZEXB[NT1][[/INT1]0 , 0.2[NT5]J/[NT5]E440L1, . . ., LnRE— ARG , ERLT
PUF EIEAIERA. )

Proof. We assume that pi > 0 for all 1 <i < n. Hence, A is zero if and only if 8i — §j € Z
for all 1 <i, j <d. The latter condition means that the supporting lines of the bounded rays
are parallel. Hence, two rays intersect with probability zero and the claim of the theorem
is trivial. So let us assume A > 0. The law of total expectation yields

WER. FVMBEXS TR 1<isn, pi>0, A, ANFLEMNEXTHAE 1<ij<d, di
-8 € MZ, A—MNRHERER RSLHSTHELRFTHN. Bt , FIRFZMZHBERA
T, FFEXEHENECEMARER. FRUEIIMRR A >0, 2RERF

E
[
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(3.3)

Consider the ray T1 fixed. In order to have a ray Tk intersect T1 the start point vk of Tk
needs to start in a certain area, whose shape depends on the direction ¢k of Tk. For
some arbitrary direction ¢ we denote this area by a parallelogram S¢ that is hinged at v1,
see Figure 42:

ERFATIEE. ATESETKETIMEAL , TkWiRIERvKEENENMXKISTF15 | A X%
TEREURT Tk AR Ok, STEMEEAM , HITRAXIFERRA— AV B4R
TP TESS , S HE42 :

S
¢
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1

)

models the translation of v1 to the origin and subsequent clockwise rotation by the angle
¢ 1. Hence, F(T1) starts at the origin and points rightwards, see Figure 42.

BRINT VIR R RS AR BB SR e S e/ o 10 72, Rt , F(TYMIRRIF6IFHE
mAaR , 2 LEINT342],

For a ray Tk to intersect T1, it is necessary that the start point vk lies is in S¢k . (Keep in
mind that the lengths are restricted to [0, 0.2] and Tk has the direction angle ¢k.) We
denote by (xi', yi') := vi' := Fvi the translated start points vi, with 1 <i < n. Note that Tk
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intersects T1 if and only if F(Tk) intersects F(T1). However, F(Tk) intersects F(T1) if and
only if v' k € F(S¢k ) and Lk| sin(bk — ¢1)| = |y’ k|. (The latter condition basically states
that Tk is long enough in order to intersect T1.)

XHTSATRE TR , RRAvkeRcTSOkN.  (BIcE , KEHRHIZEDO , 0.2]7 , 3FE
TR A A AdK.), ) KA, yi') = vi':= FvioR F aravi, HP1<isn, &
2, TKRETIHEZ Y BMNSFTKSF(TMERZ. A, FTSFTHMEZEENSY kK E
F(Sok )ELk| sin(dk — 1) = |y' k|, (A—MHKAEER LRATKEBKABEST1.)M

3. )

We note that S¢ < [0, 1]2 holds for all 1 € D and ¢ € [0, 21) only if v1 € [0.4, 0.6]2.

Hence, for any &i € D it follows that
FAVEER) , BHNHV1 €[04, 0.6120f , ST A1 € DM € [0, 2m) , S < [0, 1]2
AL, AL, SITFAEMDSI € D, AT

(0,1) (1,1)

F(Ti) F(Sy,)

(T))
F(vr) AP?EJ (1,0)

- ‘= P — P1

Figure 42: The big 5 x 5 grid illustrates [0, 1]? with the origin at the left bottom point. We
see that A(S¢k ) =L1-0.2 - | sin(pk — ¢1)|, where A denotes the Lebesgue measure.

B 42 : KK 5 x5 MI&EBRT [0, 117, R TA TR, FHKITEEINSok)=L1-0.2-|
sin(ok — ¢1)] , He A FKIRENUEIME .,
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On the other hand, by the law of total expectation we obtain

F—Hm , RIELPEEE , F15E

=

(
\Y
1
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where Ai denotes the event that ¢1 = di and v1 € [0.4, 0.6]2. Summing up over all i
according to Equation (3.3) gives

HPAIRREMHG1 = 5iflvl € [0.4, 0.6]2. BIBAR (3.3) XFAHIKAEH

1
25
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(3.4)

In the next step, we analyze E[I|Ai]. Let |j denote the number of intersections caused by
rays having a direction angle &j. Hence ) dj=1 lj = I. We further denote by Bi,j,m < Ai
those events of Ai, where exactly m rays point to direction &j. Note that each ray causes
intersections independently to each other. Therefore, we can separate the cases
according to the distribution of the direction angles ¢2, . . ., ¢n, which is multinomial:

HET—5F , BAODMENA], SRR A MOV TE IR =%, HL , Ydji=1 ]
=1, FAH—LHBI,j,m € AiIFRTRAIF LS IFBEmMENLIER AR ONEH., EEE , &
ENEBHI AT B, FH , BT DARIEAmA G2, . . ., dnfID RN EIER ,

RPN EZANT

E
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(3.5)

Next, we analyze E[lj|Bi,j,m]. We observe that E[lj|Ai] is zero for i = j. Hence, we may
assume i [1=j in the sequel. Recall that we are asking for the expected number of
intersections of T1 with m rays that point in direction &j and which are distributed
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independently. Hence, we may assume that the rays T2, . . ., Tm+1 are driving in
direction 9j. Recall that Tk intersects T1 only if vk € Sdj . Denoting by A the Lebesgue
measure, we obtain

R, FAAAENBIm], FAMMEKEE , & i=]8, ENATAT, Et, FFXF , &
AT RABGET (=], EAE—TF , FAIIEEMIRT1Sm& I8 8j77 M BRI 73 AR e T
TR, B, FATATRUBREIEET2, . . ., Tm+1/E5j A m{EH#. EIAE—T , TkiXZvk €
SO A ST1AAL. AANRENDUEINE |, 11152

E
[

| S|

— ™M 3 1

] o
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where Ai,j,| € Bi,j,m denotes the event that exactly | of the rays of Bi,j,m start within Sgj .
Hep Aijl € Bij,m RRE4 : Bijm RSLTRITFEH | KictaT Soj .

We now resolve E[lj|Ai,j,l]. W.l.o.g. assume that T2, . . ., TI+1 start in S§j . Recall the
notation (xk', y' k) := v' k := F(vk) and recall that we may assume i [ 1= j, since E[lj|Ai] is
zero for i = j. Since every ray causes intersections independently, we get

AN VRAFENIAL. ANR—RME , BIRT2, ..., THEIET S, BIFCS(xK', y'k) =
V' k= F(vk) , FFEIPRIRATRI ARG D=, BoAXS T =], E[JJATAE, BTE5EHEMIL
sl R, BAFE

E
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Next, we substitute y2' by z := y2' /| sin(dj — &i)| and get

BTk, BBz = y2' /| sin(dj - 5i)|&E#ey2’ , 15F

E
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(3.6)
Since Y n k=0 (nk)pk(1 — p)n—k equals 1, we can plug the last result into the expression
for E[lj|Bi,j,m] and get

BT $n k=0 (nk)pk(1 - pin—k %F 1 , BATATLK-BRROLERAN ELIBL.m] 535
i, 135

E
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In the final step, we plug this result into Equation (3.5) and obtain

fEfxa—% , TANTPBIERANLT (3.5) FH15E!

E

Rl

™M Q
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Next we use

T RBANER
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j
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and therefore see that
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Finally, by E[L1] = R00.2 L1 d f (L1), it follows that

&Ja , HRIEE[L1] = R00.2 L1 d f (L1) , ATRAISH,

E

[
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(3.8)
Using this result in Equation (3.4) finally proves the assertions of the theorem.

WUERN AT ATE (3.4) AR T CIEMKTS .

Choosing the lengths L1, . . ., Ln on the interval [0, 0.2] was a technical twist. It allowed
us to assume that if a bounded ray T1 starts in [0.4, 0.6]% and is intersected by another
bounded ray T2 then T2 started definitely in [0, 1]%, because the start points of T1 and T2
have a distance of at most 0.4. Therefore, it holds that

FZEXENT][0, 0.2] E3EHEFKELL, . . ., LnE—/MIAREMETT, XESFKITTRMERE , 20
R—FZBHRFLTULIATI0.4, 0617 , FEBF— KA RFLT283 , PAT2—ERIET
[0, 117, RATIFIT2MIE G R Z AIKIE B R % X104, Rt , FRAIL

1

I\
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where A denotes the event that T1 started in [0.4, 0.6]%. Note that the left inequality
follows by the law of total expectation. In order to prove Theorem 3.3 it remained to show
that E[I|A] = A - E[L1]2(n — 1). However, if we distribute L1, . . ., Ln on an interval [0, €],
with any positive € < 0.25, the argument from above easily extends to

Heh ARIR T1 72 (0.4, 0.6]° FHIAMZEM, EiEE , ZUASXHLMEEEBE. AT
UFRAREIE 3.3 , (MATEIUEM E[IIA] = A - E[L1]2(n - 1), &AM, RRFKAPE L1, ..., Ln 5
X[ [0, €] £, HA{EfiE% € < 0.25 , M LA IERE ST RE|

(

1

N~ M N

m
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where A denotes the event that v1 € [2€, 1 — 2€]2. Note that the remainder of the proof

of Theorem 3.3 is not affected by the above generalization. As a consequence, Theorem
3.3 can actually be generalized to

HAPARREMVI € [2€, 1 - 2€]2, FEE , TH3 3MFIRIEAART LR ET WA,
B, EIE3.35RMR_ERTAHES F

(

1
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(3.9)

3.2.2 Implications to the motorcycle graph
3.2.2 S B EEEIR

Consider n random motorcycles m1, . . ., mn that drive at unit speed and where the start
points v1, . . ., vn are chosen uniformly from the unit square [0, 1]? and the direction
angles ¢1, ..., ¢n are chosen from a set D := {81, . . ., &d}, where &i € [0, 21T) occurs
with probability pi, as in Theorem 3.3. After generating n random motorcycles as
described above, we compute the motorcycle graph M(m1, . . ., mn) and record all the
trace lengths. We can repeat this experiment a number of times and keep on recording
the trace lengths. The samples recorded can be used to obtain an approximation f* of the
density of the trace lengths of a motorcycle graph with n motorcycles. Using the
approximate density f~ in Theorem 3.3 establishes the relation (3.9) between the expected
number of intersections E[l] and the mean trace length E[L1] according to the
approximate density function f*. Unfortunately, both E[I] and E[L1] are unknown.

ZE n WMEEALELE m1, ..., mn, BB GERETS , #a v, ..., vn NERIERE
[0, 1% 38943568 , Amf ¢1,...,éon NES D= {51, ..., &d} FiEF , HF &i € [0,

2m) DR pi B, 2056 3.3 AvR. fEAERIN_ERTAM) n WRENEFLE R |, FRANTHEE
FEEE M(m1, ..., mn) FERAARSKE. BRNTUEEXIKNEL K, FHFIFEICRN
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BKE, ICRIFEARTTRTRIGAS n BEATENERFRNITKERERLMME
FEEHE 3.3 PERILMERE f 2L T WAL 2K Ell] AFAHIEKE E[L1] Z EHRIEUL L
TR " KR (3.9). AEMZ , E[I] # E[L1] #ERIM.

However, for increasingly larger values of n the vast majority of motorcycles does not
reach the boundary of [0, 1], but crashes against other traces. Hence, as the number n
of motorcycles increases, the trace lengths shrink in the average case?, and for
sufficiently large n the vast majority of motorcycles can be expected to have a trace
length less than some constant € smaller than 0.25. Since there are at most n crashes, a
motorcycle trace may be assumed to intersect two other traces on average: the
motorcycle itself crashes into another trace and a second motorcycle crashes into the
considered trace. This suggests E[l] = 2, which can also be verified experimentally.
(Actually, E[l] € O(1) would suffice for our subsequent runtime analysis of our algorithm
in Section 3.3.)

SR, STTF SR AMINME |, BARZMELETTEZNA0 , 1PHMR |, MESHMHIE A4
WAHE, R, EEREHENIEN , UK EAEFER Ta%E5E? , A TREB K
BIn , ATATRHRLE K 2 BB E A K B/ NT AN INTF0.2500F $he . BT &Z A NIXAL
# , AT MBI B E NS S EMR KT : BEEEASERS—&0E , M
BB IER TR IRE. XFRAA E[l] = 2, XMWATRUAT SEE.,  (SRFRE
E[I] € O(1) XFHKANES 3.3 THMEIENELEEITIANRGMEBT . )

Plugging E[l] = 2 and a small € in the inequality (3.9) suggests the following
approximation for the mean trace length:

# Ell] = 2 F1—4I0 € RAARFR (3.9) 1, ATRMSEIRUT LK AT IME

E

mllI—IAI_H

S A~ N
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3.10
g)f couzse, the assumption that L1, . . ., Ln are independently distributed is not justified
for the actual motorcycle graph problem. However, in Section 3.3.3, we are able to
substantiate this approximative formula for the mean trace length of motorcycle graphs by
providing sound experimental evidence.

L8, ST EIFRIEE , L1, . . Ln@INI R AR EN SR, M , 7£58
3.3.3T , BB IR AT SR SR UE RSO SRR A I K R ML AR,

3.3asimpleandpractice-mindedimplementation
3.3 —/ A HIFE KB MISRIL

In order to compute the straight skeleton S (G) of a planar straight-line graph G by using
Bone, it is vital that we can compute the motorcycle graph M(G) fast in practice. The
algorithm by Eppstein and Erickson [EE99] would allow us to compute M(G), but the
algorithm is too complicated to be implemented. The algorithm by Cheng and Vigneron
[CVOT7] is easier, but still complicated to implement — e. g., we would need to implement
an algorithm for the 1/n-cutting — and it needs to know all motorcycles a priori. The
standard priority-queue based algorithm is trivial to implement, but exhibits an O(n2 log n)
runtime in practice. For our purposes, we seek a motorcycle graph implementation that is
simple enough to be implemented, runs fast in practice, and which supports the dynamic
insertion of new motorcycles.

AT {EMH Bone itHFHEEZE G MEZEBHE S (G) , EXEEMNEKITREBIEREPIR

EITE LR M(G). Eppstein 1 Erickson [EE99] (IE A AFFKATITE M(G) , BiXE
FITERMITIAKIL. Cheng # Vigneron [CV07] MEIEAE A Z1EHE , B3N RAIA
REZ—FIan , TMNFESIM— AT 1/ n-cutting REA—3F AT BEELMERT

BREE. ETHRENSTRASINE LS KRE S | (BFEREFRIE O(n2 log n)
FNZTEEL. FIRMNWBENMS |, FNFRK—FEEEERSSI , ERBRAS TR, £
KEFIEITRER |, FEXIFNESmNNRETE.

Our approach is to take the algorithm of Cheng and Vigneron [CV07], drop the
arrangements on each cutting cell and to replace the 1/\n-cutting by a regular Yn x Vn
grid. In other words, we apply geometric hashing to the standard priority-queue based
algorithm. The motivation for our approach is a simple trade-off: we lose the deterministic
O(nVn log n) time complexity, but instead gain an algorithm that (i) is easy to implement
and (ii) runs in O(n log n) time if the motorcycles are sufficiently uniformly distributed.

HAI7T7AR X Cheng 1 Vigneron [CVO7] T , KisMIERIBITT EXHIBY , I
HLEG Vn x \n BAEHE 1n-cutting. HANER, , ROV UTIE A A TR T AR MR 5K
BAFIE BT, FROVR X TR IERIEMILE — M REAMAUE  FRIK KT MEMER O(nvn log
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n) REERE , BRMARZMERS T —FEX , ZEX () ZHTRM , FFA (i) aREFE
T RBHEHS A, WL O(n log n) BYENZ1T,
3.3.1 Details of the algorithm

3.3.1 iR

The input to our algorithm consists of a set M = {m1, . . ., mn} of motorcycles and a set W
={w1, ..., wu} of rigid walls. The motorcycles need not all be known a-priori. A wall is
modeled as a straight-line segment and a motorcycle mi is given by a start point vi, a
speed vector si and a start time tix € [0, «). Due to practical numerical advantages, we
scale the input such that the bounding box of the start points is a proper subset of the unit
square [0, 1]°.

HENFEFERMABE - EEFEEAGM = m1, ..., mnifI—PREEEEW = (w1, .. .,
wu}, FFEERTEMERFEFERFAME. BN —RELE , MERFEmiB— MG
mvi, — DR EmEsiM— P iRialfEtix € [0, <)4at. BTRREE RS , Fi1XH
N #ﬁéﬁ'ﬁ& F13 kLA MmN FAER SAIE TR0, 1PHEFE.

For the matter of simplicity, we first restrict our computation of the motorcycle graph to the
unit square [0, 1]2. However, this restriction can be waived easily, see Section 3.3.4. (The
restriction of the computation to [0, 1] can be enforced within our framework by adding
four dummy walls that form the boundary of [0, 1]2.)

AT RER,  FROTE R R E R AT B IRBIZE R IEFA TR0, 12, AT, XANRHIA]
DIRA Stufigls , £0583.3.475,  (EIHRMINIEALIO, 1]2.)h RS | 7] ATEFKAT]
RITEZSPORRBRT B BRBIZE[0, 11779, )

Our algorithm maintains two geometric hashes, HM and HW, which form regular v¥n x n
grids on [0, 1]%. While HM keeps track of the motorcycles, HW contains the walls of W.
We use HW in order to determine whether a motorcycle crashed against a wall. However,
since we consider walls to be rigid, we could have employed more efficient ray-shooting
algorithms in terms of worst-case complexity. For the matter of simplicity, we choose the
geometric hash for our implementation.

KNP EEEF TN T ZE , HM A HW |, B14E [0, 117 LT AFLAE Vn x Vn [,
AR HM IREREITE |, 1B HW @éa* W HIEEE, FRAER HW DIAAE BRI R BHEE
B KM, BT ERAITASEEZNIER , REENTTME BE BB EISTEL | M
WENEZREMS. A7 RSN , ATER IS H R TIERIEL.

The basic algorithm is a discrete event simulation of the movement of the motorcycles
with two types of events: crash events and switch events. A crash event indicates that a
motorcycle crashes against another motorcycle or a wall, and a switch event occurs when
a motorcycle leaves one grid cell and enters a neighboring one. All events pending are
kept in a priority queue Q. Furthermore, for every motorcycle mi, we maintain a balanced
binary search tree C[mi] that contains potential future crash events of the motorcycle mi.
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EARERN BN EHE RN, BEPFEINEY | HESAMYIREMS,
WHEE M RR— BT g B— W ESIRE |, MYMEGREEETTEETF—1W
M EATTIFS NARGP AT, AT A FLIR NS HEBMRFEMERINSI Q. o , STEH
BEFEEE mi, EAVAEP— A FHE RN Clmi] , HPEE EEE mi KIEEARRNHEE
.

The algorithm starts with filling HW with all walls of W and then invokes insertMc(m) for
each m € M, which inserts a new motorcycle m to our data structures. The main loop of
the algorithm extracts one event e from Q after the other and processes them by calling
handle(e), depending on the actual type of the event e. If a newly emerging motorcycle m
should be inserted at any time of computation then insertMc(m) is called. The procedures
insertMc and handle are described in the sequel:

HiXESAWHRFTARESAZTHW |, AEXE 1 m € MiAinsertMc(m) , XK HTHKEFE
EmBAZIENNBUELSE M . BIERNEEFRANQHEKIKIEIR—1Fre , FBTFEH
handle(e)sR4MEE1] , BEEURTEHeISiirIER, NREITEREAEHERRAZIENF
IR EFEZEmM , WA AinsertMc(m), EFZinsertMcFlhandle$ 1 F3H R -

* insertMc(motorcycle m): We first create an empty binary search tree C[m] and then
insert a switch event for m into Q. The occurrence time of the switch event is set to the
start time of m.

« insertMc(BEFE % m) : FNTE LR —ANTHR_XIREN CIm] , RJ5K m KW—MHrE
THEAZ] Q . AYHRBHHRERNBEHIRE R m KITEEE.

* handle(switch event e of the motorcycle m): We register m at the cell that m entered and
add the subsequent switch event of m to Q, if one exists. Then we check for a potential
crash against a wall in the current cell and add the earliest one, if existing, as a crash
event to Q. We clear C[m] and for every other motorcycle m' registered in the current cell,
we check for an intersection of the tracks of m and m'. For each such intersection, we add
a corresponding crash event into C[m] if m’ reaches the intersection before m, and into
C[m’] for the dual case. Note that if we add an event into C[m'] that ends up being the
earliest in C[m’] then we have to update Q accordingly. Finally, we add the earliest crash
event of C[m] into Q.

* handle(BEHEE m VI EH e): FAITE m AT EMR m |, 3 m R8RS
HRIE Q (MREHE) . RE , KIKREY TR TTEF B EFEESIBESENRIE | 7
B mRRRMHESM (ANRGFE) EAMHESERMNE] Q. FKITER Clm] , FXTHaTHT
A EMRESHEMETE m', KIIRE m M m' KEEEERE. STTEAXEERAS
M, AR m' E m ZHIEER &, BTSN ARHESEARINE] Clm] /P ; ST FIHEEN |
WFRNE) CIm'l F., WEEE , NRKITE—DZHRME] CmH |, MASBHRA A
CIm'l + BB , IPAKNTVAMNER Q. &5 , HITH Clm] P RFEHRIESH
ARINE Q .

 handle(crash event e of the motorcycle m): First, we mark the motorcycle m as crashed
and clear C[m]. Note that the trace of m ends at the corresponding crash point. Secondly,
we remove the remaining switch event of m from Q. (Alternatively, we could leave the
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event in Q, but check at each switch event whether the current event is still valid.) Then
we clean up interactions with other motorcycles m'in the current grid cell: We remove
from Q all crash events, where m is involved and which got invalid, because it turned out
that m will not reach the location of the potential crash event. Likewise, if C[m'] contains
such an invalid crash event then it is removed as well.

o QIR (B m RRHESE e): B5C , AT EEE m NS ACAEE |, 35k Clm], &
R, m PR AN MRHE R AR, HOR , KO Q PHBER m RIRMVIEM. (5K
., BRI AEHEE QT , EESMREATRELIFHESNAER. ) A
Ja , FABR S LRI AT HMETEE m' WRZE : KM Q FREBRITERESM
HepiE m, FFEXEEMHHRT m AEXEEMESARGE AR, R, R
CIm'1 BENETHNMESH , NHLSREBER,

3.3.2 Runtime analysis
3.3.2 IBATHI 34T

In the subsequent analysis, we ignore the influence of the wall handling and concentrate
on the computation of the motorcycle graph only. The procedure insertMc is called exactly
n times, which takes O(n log n) time in total. A single crash event or switch event of a
motorcycle is handled in O(k log n) time, where k € O(n) denotes the number of
motorcycles in the cell affected. Note that we can remove an element of Q in O(log n)
time if we have a pointer to the element and if we use, for instance, a maximizing heap to
implement Q.

FERE RN , Tl 120 T EEMBERR S |, (N ETEAFRNTE. dizinsertMc
HRERPEIE AN , B3EH3F0(n log n)ifE], — AT BRIRAHER AT EHEO(K
log n)EfEJR4LIE | Hepk € O(n)FRmZIm TP TR HE. HEE , MRFKIE
—/NEMQITHEMTEST | FFRMRIAVEABIMNRAUIHERSSIQ , FATRTIAFEO(log n)if
[EARIERQI—NIT %

In total we have O(n) crash events and at most O(nVn) switch events. Hence, in the worst
case, our algorithm runs in O(n2vn log n) time. However, it seems very unlikely that the
worst case actually happens: it would require that Q(n) motorcycles drive across Q(Vn)
common grid cells. Hence, those Q(n) motorcycles drive virtually parallel along a long
strip that is only O(1/4n) units thick and, moreover, no other motorcycle is allowed to
cross this strip, until the motorcycles crossed a constant fraction of the whole grid.

BREBOMKRRHESH , URREOMn)RYIREMH. B, ERINBERT | RIWE
TRIZATEEIAO(N2Vn log n), AT , BIRKIEMFAKTRERZE | EREQN)HELE
BFQENANAEME T, Bt , XEQ B EEERIR ERIFE— KRB O(1n) &l
BEERAKAJIFFATHA TS , H , XS B F I AW REE LB Z 8T , N AF
HAEEEFIT X&KL,

As we learned in Section 3.2, a motorcycle is visiting O(1) grid cells on average, if the
motorcycles are distributed uniformly enough. Consequently, a single grid cell is occupied
by O(1) motorcycles on average. Again, the initialization consumes O(n log n) time in
total. However, now a single crash event or switch event is handled in O(log n) time in the
average case. Still, we have O(n) crash events but in the mean observe only O(1) switch
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events per motorcycle. Summarizing, we may expect a runtime of O(n log n) for
sufficiently uniformly distributed input, as motivated by Section 3.2. We provide sound
experimental evidence in Section 3.3.3 that underpins our arguments for an O(n log n)
runtime for uniformly distributed start points, but also demonstrates an O(n log n) runtime
for most of the real-world input, where start points are not necessarily distributed
uniformly.

IENFRAIAESE 3.2 AT TR , MREFTEN ISR BINS , WAFHAMS | —HWET
KA O(1) MMIA&EATT, B, SFHAME , BANMIEATH O(1) WETLELIE. F
B, At EILIEFE O(n log n) B[E), 4RI , BAEEFIEAT , B RHESEHERYIHRE
#H1E O(log n) BEJNALIE. RELLL , Ff1H O(n) MIES M , EEFIBRT , SHE
FEFEIERE O(1) MIEH, EMEZ , IE% 3.2 THHRIER , ST RN NN
BN, BATATAFIE TR R O(n log n)., FK(I1ESE 3.3.3 TR M4 T AT FEMISCRIESE |
SHRENA TSN HHRIARETHEA O(n log n) Kt R, FEFHIERT X F AL

ISt RGN |, iZ1THEA O(n log n) , HFiis A —E M0 M.

3.3.3 Experimental results and runtime statistics
3.3.3 KKERTIETIGEIT

Our motorcycle code is called Moca3. It is implemented in C++ and uses the STL for
common data structures like queues, red-black trees and priority queues. All geometric
computations are based on ordinary IEEE 745 double-precision floating-point arithmetic.
Moca provides runtime options for a posteriori tests to check necessary conditions for the
correctness of the resulting motorcycle graph. In particular, we check (i) for motorcycle
traces with a free end* and (ii) for motorcycle traces intersecting in the relative interiors of
each other. To the best of our knowledge, this is the first competitive motorcycle graph
implementation. For this reason, we do not compare our code with other implementations,
but content ourselves with a discussion on the performance of Moca.

HA MBI BL4 SMoca®, B AC+HKIL , FHEASTLRSINE WASURLAM , 206k
51, LBWMASEEAS. MLt EEE T EIBKIEEE 745348 EF R HAR. Mocafd
T EITRER , BTSRRI , PSS EFEIEMMER GRS, F0E , i)
KE (i) A6ERGREREIEM (i) 7EBULAAEXT PR MBI IUE. R3]
B, XRFE—NRBEFNNERERSI., Fit , NN S H st
TR, EiHE TiTitMocarItERE.

3.3.3.1 Verification of the stochastic analysis
3.3.3.1 [EAL A AT UE

We used Moca to collect statistical properties of several datasets, in order to underpin the
theoretical results obtained in Section 3.2. We set up three experiments that investigate
the dependence of the mean trace length on (i) the number of motorcycles n and (ii) the
direction angles di in Equation (3.10).
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FAEA Moca WEE T LN EEREMSETBM: | UMESHFFSE 3.2 i REHIEIRER. K
IMRET =MK% , RIS EXT A TR ZRRREE : () BEEERHE n M (i) 7
#2 (3.10) R FE i O,

For the first two experiments, we created datasets with n random motorcycles by
choosing the start points uniformly in [0, 1]% and the direction angle uniformly from the set
{0, &}. Equation (3.10) asserts that the mean trace length L is given by

STTFRHARE , HIEET BE n BEETENEIRSE  FIARTE [0, 1) P4k
R, FINES {0, ) FHTEEAMA. 7HE (3.10) 5 FHHEKE L EHTRA

E

S5 —~ T N

sin

(3.11)
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In Experiment 1, we created a datasetforeachn € {i-5000:1<i<60}and 6 € {it/12:
1 <i <6} and used Moca to determine the mean trace length among each dataset. In the
left subfigure of Figure 43, each dot depicts the mean trace length of a dataset, where the
resulting values were normalized for illustrative reasons, by dividing them by the factor 2/
\Vn-1. As predicted by Equation 3.11, the plot shows six® horizontal lines, where each line
corresponds to a particular value of 6. In Experiment 2, we created datasets for n = 10
000 and & € {itr/40 : 1 <i < 40}. The reciprocal values of the normalized mean trace
lengths are shown in the right subfigure of Figure 43. The normalized mean trace lengths
are aligned on the reference curve p| sin 8|, which matches the estimation provided by
Equation (3.11).

EIE1H | BR(TABAN E{i-5000:1<i<60MId € {im/12:1<i<6MIET —A IR
%, FHMFEAMocalfiE T BN IEE T TFHINEKE. ER4SMANFEF , B RFRR
— M URERFIIEKE , HPEREATHABRHTT B—ha8 , FIEERE]
BRRARF2n-1, EMNAR3 M FHINREMRE  REB/RT ROFKTFL , AP R8N
TORHFEE. FESR24 , FK{12An = 10 00005 € {im/40 : 1 <i<40MIE T HIEE. B
— K E R EE B REE43N A M FEF . B—H Pk ES52%E |
sin 3IXFFF , XA (3.11) REAEITARTT.
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Figure 43: Two experiments illustrating the mean trace length of n motorcycles. A dataset
contains motorcycles with uniformly distributed start points and uniformly distributed
directions on the set {0, 8}. Left, Experiment 1: every dot depicts the mean trace length
for different n and &. The resulting values are divided by 2/vn-1. Right, Experiment 2:
every dot depicts the reciprocal of the mean trace length for a fixed n. The x-axis
illustrates 6. The reference curve p| sin 8| is shown in blue.

& 43 : IPSKKRERT n MERFERNFOREKE. —MUERAEARHINHNER
MESLS {0, 0} BN ARNELE, £/, X% 1 : O RFRAE n M 5 KF

WK, GERMERI 2n-1, AE , X 2 : §NRFREE n MFHHEK EE
W, x HFRIR 0, ZEHIZ p| sin 6| AR BN
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Figure 44: The runtime of Moca and the mean trace length of random dataset containing
n motorcycles. The start points are uniformly distributed on [0, 1]° and the directions are
uniformly distributed on [0, 21T). Each blue dot depicts the mean trace length and each
black dot the runtime on a single dataset. For illustrative reasons we divided the runtime
by n log n and the mean trace length by q n—-111 .

&l 44 : Moca KNZ1TESAIFEE n WEEEHMBHIEIEENTFHANTKE. ER8890%6
£ [0, 17 £, AEHEHHIE [0, 2m) £, BIERFRTINEKE , S/ BRRRED
¥iE& R TIE, BT REBARM , EATKZITRIEIEREA nlog n , R3S EER A
g n-11,

In the third experiment, we considered the mean trace length of datasets where the
direction angles are distributed uniformly on [0, 21T). This can be achieved by uniformly
distributing the direction angles on {01, . . ., &d}, with &i =i 2d1 , and subsequently
considering d — «. According to Equation (3.10) we obtain:

FE=AKITF |, HKVERT ARMBE [0, 2m) BTN BHRBIRERFHIPEKE. X7]
PUBETE {61, . . ., dd} EMS R mAmARKI , HF si=i2dm , EERd— ~, R
AR (3.10) FA45E -

E
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(3.12)

We again generated random datasets, where n ranges from 5 000 to 300 000 in steps of
5 000. Figure 44 shows the runtimes and the mean trace lengths on these datasets. The
runtime has been divided by n log n and the mean trace lengths have been normalized by
the factor \Vmr/n—1. As predicted, the graph shows two horizontal lines. That is, the runtime
of Moca is in O(n log n) and the mean trace length is approximately vm/n-1.

FATBRER T FENEEESE , EPniSEE M5 00021300 000 , K45 000, E44BIRT
1EXEF RS _FREITIRBIAMTEIPEKE. E1TIEERRN log n , K ED A
TEFNT/N-13HTIH—., EMTOMERIEE | ZEBRT Bk FL. iRt , Mocaf]
B1TEEIAO(N log n) , FIHTK EL ANT/N-1,

3.3.3.2 Runtime statistics on real world data
3.3.3.2 Attt R¥IRHIE1 TR SEit

We performed the following runtime tests on a Linux machine with a 32-bit Kernel. We
used an Intel E6700 Core 2 Duo processor, clocked at 2.66 GHz, using 4 GiB of memory.
Note that the 32-bit architecture limits the memory footprint of Moca to roughly 3 GiB in
user space. For time measurement, we used the C library function getrusage.

HINE—BEREA 32 (UM Linux Hl25 b7 7 ATzThHN, FAMERT Intel
E6700 Core 2 Duo 4ME2E | 47k 2.66 GHz , {8 4 GiB [N1E. WS , 32 {(u22#p%
Moca £ FPZRIMINTES ARSIZEL) 3 GiB, XTEENE , RIMEAT C R

getrusage,

Since the development of Moca is motivated by our straight-skeleton implementation
Bone, we consider planar straight-line graphs G as input and test Moca by computing the
motorcycle graph M(G) induced by G. We ran Moca on more than 22 000 datasets,
consisting of synthetic and real-world data. Our real-world datasets include polygonal
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crosssections of human organs, GIS maps of roads and river networks, polygonal
outlines of fonts, and boundaries of work-pieces for CNC machining or stereo-lithography.
The synthetic test data was generated by means of RPG [AH96] and an enhanced
version of RPG due to Held. The synthetic data also contains contrived data, like
extremely fine approximations of smooth curves, where the vertices are distributed highly
irregularly.

T MocaflIFF & 2T E LB 32k Boneft#Ezh , IKAE K- FERELEIGIEARA |
FHRDTEBRGCESHNELERMG)KMEMoca, Fi1#E#R1322000M iR &E _Eiz1TT
Moca , XL¥ R & RBUEM A SR RBHRAMR. KNWEAXERBUIEEBFEANKSE
RZ A TEAEE . EREFMRMEHKGISHE ., FERMLNFRE , IR ATCNCINIE
MAAKZIM T LR, &Rl EE BT RPG [AHI61MHeldBUEH RPGIRA A MK, &
BEHREBE NRITHEEE | Flanxs Rt SRR EAIE L, , HP TR meEA
M,

Figure 45 (a) illustrates the runtime of Moca on each dataset. The runtimes are given in
seconds and were divided by n log n for illustrative reasons. To avoid unreliable timings
and other idiosyncrasies of small datasets, we only plot the results of datasets with at
least 100 motorcycles. We observe that Moca exhibits a runtime of 2 to 10 - n log n ps for
the vast majority of our datasets. About 100 outliers that did not fit into this plot, took up to
2 - nlog n ms. A typical dataset of this kind is a sampled ellipse: all motorcycles escape
and visit a large number of cells.

& 45 (a) 7R T Moca 7E8/MiESE _EHIZ1THE], E1TRIRIARD N AE | FATE
Tt , BRELT nlog n, AT B GATSEHITEF NGRS EMAFM | TRNRLHTE
DAE 100 METENBIRENER., KRINMER| , X TFLLEASHEIESE , Moca RIETT
BfE)k 2 ) 10 - nlog n us, KZ4H 100 NMFEHERSEE , FE1X 2 nlogn
ms, XFRERAHMTIEIRSE B — DGR  ATE B EES k&I ARIAEMR AT
.

The plot in Figure 45 (b) shows the mean trace length, which has been multiplied by Vn
for a better illustration. We can see that for most datasets in the entire database, the
mean

] 45 (b) AN E BR T FIHPUEKE | AT EAPERET K ED R Vn. FITATIL
B2, NTHENMIREETRRSBEES | FHOE
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3.3 a simple and practice-minded implementation 93

@) scholaread.cniread/AZbY4JZvXBV8

(a) runtime of MOCA, w/o0 walls (b) mean trace length, w/o walls
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Figure 45: A dot depicts the runtime of Moca resp. the mean trace length of a dataset.
The x-axis show the size n of the datasets. (a) Runtime of Moca in seconds, divided by n
log n. (b) Mean trace length, multiplied with Vn. (c, d) Show the plots analogous to (a, b),
but with walls inserted.

& 45 : =/ m3R7N Moca HIETTHS |, BB — MR ENTEMIEKE. x MERBUEERN
A/l n, (a) Moca Fiz1THT , Bk , BRA nlog n, (b) FHHIEKE |, L Vn, (c, d)
BIR5 (a, b) ZHME , BIEN T 3.

For the test runs of subfigure (a) and (b), we did not insert the edges of the input graphs
G as walls. However, additional tests demonstrate that inserting the walls has only a
negligible impact on the runtime of Moca resp. the mean trace length of the resulting
motorcycle graphs. We illustrated the corresponding runtimes and mean trace lengths in
subfigure (c) and (d).

3T & (a) 7 (b) KINEIETT , FAVEBERMAE G FIAERIEEEAN. M , BN
MAAZREA |, @ ALREEXT Moca iz TSR IMERY. FTf J’*T%El@ﬂ‘]?i’ﬁhﬂﬁf Bl
FEF & (c) A (d) P RIR T MR TI B KE.
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We further investigated the runtime of Moca on random datasets with non-uniformly
distributed start points. For this reason, we generated datasets where the start points
resp. the x-coordinates of the start points are distributed Gaussian resp. multi-modal
Gaussian. By varying the standard deviations, we are able to successively concentrate
the start points at specific regions of the unit square. In Figure 46, we plotted the runtime
of Moca and the mean trace lengths on datasets, where (a) the start points are distributed
Gaussian at the center of the unit square and (b) only the x-coordinates are distributed
Gaussian with mean 0.5. As expected, for a decreasing standard deviation the runtime of
Moca increases accordingly. Note that the mean trace length decreases as well, but the
impact on the runtime due to the condensed start points dominates the result.

BANA—BHR T MocafE AR N it s mREAL SRS _ERIsfTRSE., St , 2]
ERTHES  HPiliamadl. BIRRrxXARE SN M. ZESHAm. BB
HE , TNEBELR iR ETERMIEREIEFEXISR, ERI46F , FK{i14H) T Moca
HzfTifEMBESE LK E , HF (a) BaRERMEAFENFT OESHS
i, (b) RBExAREMEN0SKSHANT. EMTHIKAEE , ST BIRKIRAEE |
Mocaffiz{THIRIAERAEM, EIEE , FHNBKERRE BN | ERRRIEIE R IE T
[E KRN TR Sl

3.3.4 Extending the computation beyond the unit square
3.3.4 BitHEY REIRMIEAEZ 45

The computation of the motorcycle graph outside the unit square can be done very
efficiently in terms of worst-case complexities. At first, we compute the motorcycle graph
inside the unit square. When a motorcycle reaches the boundary of the unit square it is
temporarily stopped. After all motorcycles crashed or have been stopped at the boundary
of the unit square, we compute the motorcycle graph outside the unit square. This,
however, can be done very efficiently: We interpret the boundary of the growing unit
square as a sweep-line. Each motorcycle sits on this growing square and whenever two
motorcycles m1, m2 would exchange their positions — i. e., the square reached an
intersection point of the tracks of m1 and m2 — then either m1 crashed into m2 or vice
versa. The crashed motorcycles are removed from the sweep line and the algorithm
continues. The algorithm is correct because the motorcycles are, roughly speaking,
moving in the same direction as the wavefront and never against it. Using a balanced
binary tree structure on the sweep line allows us to compute the motorcycle graph outside
the unit square in O(n log n) time.

ERIEARANITEERER , simxiMEREREMS , THIEE S38uhTmk. 8%k,
HKNPTEAIEATENTNETERE., YERFEIIXAMIEAERARE  E2ERE
IE, EFAEEEMEREARMIEAEATRFILG , HINTERAIEATEINTRETE
&, M, XATAEE APt - BT K AN BIE A KD R BB AL, 55
B T X MEKNEAE L , FEHESYHBELEMT, m2 , m2[/NTOJRZ#H e 11
B —FR |, IEAFERRET m1Am2BIE R m— AP AE2Am1EE| Tm2 , BEARZIR
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SR, MHEAEEFEE NI TBIR , BiAdkE. ZEIEEEMK , RABEEXRR LitE
SEHMERKA®BEE) , MARNEEEH%3)., ERM& EEFERTE - XARLEMERIIRES
1£O(n log n)B[RINITE B IE F FESNI R EETE B

This strategy is motivated by the sweep-line algorithm due Eppstein and Erickson [EE99].
Their algorithm computes the motorcycle graph of motorcycles, where the velocities have
positive x-coordinates, in O(n log n) time. Note that our approach also works if we use the
convex hull of the start points instead of the boundary of the unit square as initial sweep
line. In other words, the motorcycle graph outside the convex hull of the start points can
be computed in O(n log n) time. However, the computation of the motorcycle graph within
the convex hull remains complicated.

ILIRRE B BILIE T EppsteinFEricksonig i AT BIA[EE9], i 1B AT H BT

B, AP EEERREREFIEX-245 , FEEZE RO log n), WHIEE , ARFKITE-LIA
RN EREYIIEEME , MARRMEAERDR |, NN AEDERH. g, 2
1A AN BEFE R E T ATEO(N log n)ERINITE L K. AT , ECNBRITE B ER
PRI T 2.

Note that the approach presented above assumes that no motorcycle emerges during the
propagation of the sweep line. However, under specific circumstances we can still allow
the launch of new motorcycles: (i) the start point needs to coincide with the current
position of the wavefront and (ii) the motorcycle needs to drive to the one side of the
wavefront that has not yet been swept. Both conditions are fulfilled by our generalization
of the motorcycle graph.

WIS, DARKEREOME RN BRI, B8  AREIAT , BRI
KA BDFHERE : () RABBSUMOLNLESS 38 () BAERR
e 4 KBTI — . BB HE B TP R

Moca pursues a simple approach to continue the computation of the motorcycle graph
outside the unit square, by extending the 2(¥n + 1) grid lines to infinity. We consider the
resulting infinite grid cells as part of the hash and continue the simulation of the moving
motorcycles on this grid cells. In order to restrict our computations to the unit square, we
add four dummy walls that cover the boundary of the unit square. The impact on the
performance of Moca, when the boundary walls are removed, directly depends on the
number of motorcycles that do not crash within the unit square, which includes the
motorcycles that escape.

Moca K —Fh{E] B IASKRAR ST B B E A FE 2 SMIBEFEZEEE |, RIS 2(Vn + 1) ISk
SEARETTE. Tl PR TR AR SR IT A H I —aRS , FFREHEIUS B BT
XM BRI ERES. AT RBBAMITERGIFZERMIERER , FATRMT 94
5, Ba T BMIEATEMNR. BERAREEX Moca MaERIFIN , EHRBUR TR
ERFRNEEMIBERETENE , HPEERENETE.
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(b) x-coordinates Gaussian
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Figure 46: The runtime of Moca and the mean trace length on random datasets, where
the direction angles are distributed uniformly on [0, 21T). (a) 2 000 motorcycles, where the
start points are distributed Gaussian with mean (0.5, 0.5). (b) 10 000 motorcycles, where
the x-coordinates of the start points are distributed Gaussian with mean 0.5 and the y-
coordinates are distributed uniformly on [0, 1]. In both subfigures, the x-axis shows the
corresponding standard deviation.

& 46 : Moca fEfEH HHESE LFNZETI RIFFHEKE , HPAmALE [0, 2m) L9545
7. (a) 2 000 WEFEE , kER==iia#m , ¥4 (0.5, 0.5). (b) 10 000 FHEFEE |, 2R
M) x BARESHAT , 19EA 0.5, y B454E [0, 1] LT H . FEXHANFEF , x#HE
IR T FN IR AEZ,

(a) runtime of MOCA (b) mean trace length
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Figure 47: Statistics obtained from Moca when the computation is continued beyond the
unit square. The x-axis depicts the number n of motorcycles in the dataset. (a) Runtime,
divided by n log n. (b) Mean trace length of the crashed motorcycles, multiplied with \n.
(c) Number of escaped motorcycles, divided by Vn. (d) Number of motorcycles crashed

outside the unit square, divided by V4 n.

& 47 : YiItEBE BAIEATER , A Moca IRIFMIZITEIE. x MR IREUEEST BEEEN
W= n. (a) =788, BREA nlog n, (b) RbEEEFEERATINPUEKE | Fell Vn. (c) ik
BEFEERIE |, IR n, (d) FERAGIIE A FTESMUTER B R ME |, IR V4 n,

Figure 47 (a) and (b) show the runtime of Moca and the mean trace length, where the
computation is continued beyond the unit square. We observe that there is only a little
impact on the runtime of Moca and the same holds for the mean trace length. In subfigure
(c) we plotted the number of motorcycles that escaped and subfigure (d) shows the
number of motorcycles that crashed outside of the unit square. Note that the remaining
motorcycles crashed within the unit square. We observe that the number of motorcycles
that escaped is roughly ©(n) and the number of motorcycles that crashed outside [0, 1]?
is approximately ©(N4 n). Hence, the vast majority of motorcycles remained within the
unit square for most of the datasets in our database. This is the reason why Moca
performs well, even though we continue the computation of the motorcycle graph outside
the unit square.

&47 (a) # (b) B/RT Moca FEfTHAIFAFHNEKE | HPITEESRBIEATELZ
Ah, FRATMERE] , X+ Moca HLZ{TRTEJFNEAR/)N , T3 K E R, £ FE (c)
b, IRMN4AH TRERNEEERE , 7B (d) B/ T EANIEAEZ SNSRI BEFE N
2. BAE , IANEREERMEATERNRE., KITWERE , & ERERERECh
O(n) , 7 [0, 117 ZHPBASRI BEFEZE S E 2400 O(V4 n), It , ST FERATBIREF AL ¥
WIRE | B RS PEEEMRBERMIEATEN. XHE Moca RIMRIFHIRE , BMEE
IR AE R IE A TEZ AMTE B LA,

34extractingthemotorcyclegraphfromthestraightskeleton

3.4 NEZA B EFEEE

In the introduction of this chapter, we mentioned the close relation between straight
skeletons and motorcycle graphs. From a geometric point of view, this relation becomes
visible by Theorem 2.26, which states that the motorcycle graph covers the reflex arcs of
the straight skeleton. In general, it can be observed that the gap between the reflex arcs
and the motorcycle traces decreases as the motorcycles resp. the reflex wavefront
vertices move faster. From this observation, the question arises whether we can always
approximate the motorcycle graph using the straight skeleton. In other words, can we
compute the motorcycle graph using a straight-skeleton algorithm?

EAERSIET , KRS T EABRMETERZ ERNEYIRR. NUTRBERE
XK RIS 2. 26458 | AR BT RER T ELERNIRIIM. —HK
Ui, TRANERR , BEEETE (SRHIEATR) BasER , REFIMMETLENL (A
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RZEESB/N. WXAMMRGERKE BT —DRE - KNESEETUEAELEE
ST NEFEZER], #avEu , RS MEFREASREIE T EETER ? Ak
W, KNESTUNERELERB IR EETER ?

We think that this question is interesting due to following reasons. Firstly, since
motorcycle graphs play an important role in the computation of straight skeletons, it
appears to be important to deepen the insight into the geometric relation between
motorcycle graphs and straight skeletons. Secondly, if we manage to efficiently reduce
the construction problem of motorcycle graphs to straight skeletons then we are able to
describe the complexity of one problem in terms of the other problem. In fact, in Section
3.4.3, we present a proof for the P-completeness of straight skeletons that is based on
the results of the subsequent sections and the P-completeness of motorcycle graphs due
to Eppstein and Erickson [EE99].

BATAANXANRERER , KRN, &%, BTEAFREELBERMTRETREEER
TER , RCINRS EF R EMEL B R B WX AKIERESIFEER. KX, R
TREB A B B EINME R B R A B LB RNMERD , BLATKITMBEB A S —
MR E R ERE R — MBI RRE. FRE, EH34.3TF , KVGH TELEE
AIP-ST2ERIERR |, ZOEBIE T /R &E T LR IAK EppsteinlErickson [EEQ9E i (K EE
FEERIMP-T 2,

3.4.1 Approximating the motorcycle graph by the straight skeleton
3.4.1 HEABRIETETFRE

We assume that n motorcycles m1, . .., mn are given, where each motorcycle mi has a
start point pi and a speed vector vi. All motorcycles start at the same time. In particular,
no motorcycles emerge later on. Can we find an appropriate planar straight-line graph G
such that the straight skeleton S (G), resp. a proper subset of S (G), approximates M(m1,
..., mn) up to a given tolerance?

FAMRRGE T i EEZEMT, . .., mn , AP SR EEZEmi#E —i R pifl—N& E[e)
Bvi, fTAEERNED). A, IKEEREEZ /AR, FKIBESKE—1EENF
HEZEG , F1ELAERS(G) , ZHEYFE  EAENAELERNEEIM(M1, . . .,
mn) ?

It follows from Theorem 2.26 that if we construct G such that at each pi a reflex wavefront
vertex starts moving along the track of mi with velocity vi then the reflex arcs of S (G) that
belong to these wavefront vertices approximate the traces of M(m1, . . ., mn) up to some
gap. The simplest way in order to obtain such reflex wavefront vertices is to place
isosceles triangles Ai at each pi such that the trace of mi is bisecting the exterior angle of
Ai. By setting the angle of Ai at pi accordingly, we can adapt the speed of the
corresponding wavefront vertex.

FEH 2.26 A[40 , ARIKNIMIE G, FIRES pi &, — N REIKBTTRRITIEIEE mi K]
HTURE vi %3, BARTXLIKATIRRK S (G) RHICKIEIL M(m1, ..., mn) i
W, EEENAR, TEXFRIFKITIRIRERTERES) p AMEFR=HF
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Ai, {515 mi LTS Al BSME . BTN HIRE Al 7E pi LLMAE  FROTATROAZEAEN
IR TR R R X

Figure 48: The isosceles triangle Ai is placed on the vertex pi. The interior angle of Ai at pi
is 2ai and Avi| = 1/sin ai.

& 48 : EE=MTE A JELETNS pi E. Al 1E pi &MIRFAA 2ai , B Avi| = 1/sin ai,

As already mentioned, we observe that the faster m moves the better is its trace
approximated by the reflex straight-skeleton arc that is covered by m. But since the speed
of m1, ..., mnis part of the input to our problem setting, we cannot change the speeds
of the motorcycles. Moreover, a wavefront vertex has always a speed of at least 1. If a
motorcycle has a speed less than 1 then we cannot construct an according Ai, as
mentioned above. However, it easy to see that if we multiply each speed vector vi by the
same constant A > 0 then the motorcycle graph remains the same. Hence, the idea is to
place at each pi an isosceles triangle Ai, where the interior angle at pi equals 2ai and ai is
given by

ENEAREIN , FKMNWERIMBaGER , KSR EEN RS ELERINE
L. (EZETm1, ..., mnEEEEKA ARSI E RMAR—ERS , KON REBUE EFEEH
RE, WA, AT R FIRAZE /DA, MREFRERRE/NT , BTN TIEME
MNMAL, 2 EATIR, KM, REZEL , MRIKNTEENREm EviSRARRIKE A >
0, AABEEERIRIFAZ., HIt , HIWBIEREE N Pt HE— M FE=/HTFA , H+F
PN A ET 2ai , I Hail %

a

ar
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csin

(3.13)
The constant A is chosen large enough such that A|vi| > 1 for all 1 <i < n, see Figure 48.

The size of Ai will be specified later. We denote by ui the reflex wavefront vertex
emanated at pi. Note that ui has A-times the speed of mi. Furthermore, note that each
triangle Ai is emanating two additional motorcycles at the other two corners. This leads us
to a refined version of our initial question: Can we find A large enough such that the reflex
arcs of S (G) that are emanated from pi, approximate M(m1, . . ., mn) up to a given
tolerance?

WHERBRNELA , FETHAE 1<isn, HAVi|>1, ZHE 48, A X/INEIEFH

JETERE. FKATM ui =RM pi KB RSERTRR. 8, ui BREREE mi i A 5, s,
BEE , 81N =AF A BESINN A LEE RN SSMIETLE. X5 ST RYIMIA
BUHATHE - FKNBESTRENR BRI A, (F15M pi KEH S (G) KRFI , EEERNDE
SOEINEL M(m1, ..., mn)?

We denote the trace of each motorcycle mi by si. Recall that Dy denotes the disk with
radius g and the center at the origin. Since all traces are closed sets, there exists y >0
such that the Minkowski sums si + Dy and sj + Dp are disjoint for all 1 < i, j < n, where si
and sj are disjoint. For example, let y be a third of the pairwise infimum distance among
all disjoint traces. Note that two traces si, sj are intersecting if and only if mi crashed into
mj or vice versa. Further, we choose p small enough such that pi + Dy is disjoint with sj +
Du for all 1 <i, j < n, where pi is disjoint to sj. We denote by G the planar straight-line
graph that consists of the triangles Ai, as described above, where the lengths of the arms
that are incident to pi are set to p/2.

BAVRsIFRRERELEmIRIE. BIAE—T , DuRRRRAFO, KRR, B
THENEEEAS  RtFEY >0, 5 THA1<i,j<n, Minkowskifllsi + Dp#ls]
+ DA , K siflsi@ R 3K, 6120 , BuE A R (B ST N e
BR=0x—. HEE , WEHLs), siffazy B XY mitERImjak R 2 IRA. Bish , Bk
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BRSO, EEXMTHAT1<i,j<n, pi+ DuSsj + DURAHMIH , HFpiSsi@ A48
M., EMNAGRRFEHELE , R LEFTRN=ATEAE , AP SpitdEriniKE
WEAN/2,

Lemma 3.4. The wavefronts of Ai stay within si + Du until time p/4 if A = |v2i] .

SIHE 3.4 30R A =2 |v2i| , W) Al RKATERIFAE si + Dp N, EEIRG(A) p/4,

Proof. From A = 2/|vi| follows that 2ai is at most 60° . Hence, the other two angles of Ai are
at least 60° and the two additional motorcycles at Ai have a speed of at most 2. Since the
start points of those motorcycles have a distance of y/2 from pi and since they drive at
most a distance of p/2 in time p/4, they stay within pi + Dy.

UEBA. WA 2 2/|Vi[AT %0, 20iix % 560°. I , A ABSNIAN A ZED X600, FHEALK H5
MREENRERS N2, AT XYEEERE R SpirkEE A2 , FFEBETE(EN
[Eu/ANERZ TS W/2MEEE |, FILENE&Epi + DA,

We denote by ——si the ray that starts at pi in direction vi and define

BATR-—siRRMpitE & , IBViFTm KL , FFENX
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pi + Dy Si + Dy
pi + Dy/s within
; feasible areas
Si :
_________________________________________________________________ ) I
pi + D 7 s;+D H
within
feasible areas
S

Figure 49: The wavefronts of Ai are bounded to si + Dy until time p/4. Top: the motorcycle
mi did not crash until time p/4. Bottom: the motorcycle mi did crash until time p/4.

& 49 : Al K BIHPRSBIAE si + Du N, HEIAGE] p/4, LB BEFEZE mi 7018 p/4 ZH0R
BREMIE, TE : BETE mi £\ p/4 ZBRAE T RHE.

Next, we consider a wavefront edge e that is emanated from Ai and propagating to the
exterior of Ai. Let us recall the slabs of the lower envelope from Section 2.4.3. We call the
slab that belongs to e and which is vertically projected onto the plane the feasible area of
e. The face f (e) is contained in the feasible area of e. We have to proof that e(t) stays
within si + Dy until time p/4. First, we restrict the feasible area of e to those points that
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have an orthogonal distance of at most p/4 to e(0), see Figure 49. We distinguish two
cases: the motorcycle mi did crash or did not crash until time p/4. In both cases the
corner points of the restricted feasible areas are contained within si + Dy, the restricted
feasible areas are convex and si + Dy is convex. Hence, the wavefronts of Ai until time
p/4 are contained within si + Dp.

TR, FNFBEB—A AR L FERASMNBERERIE R Z%e., 1LERIEIPR—T52.4.37
TELENR. FTE BT eHEERZETH _EARFR e ITITX%, HEf (e)BATEeH]
AT, A1 UEBRe (W) ER Blp/4 2 BT{RIFTESi + DU, Bt , FKITEeMmT{TIXI,
R&AZIe(O)RIERIEERL AWARIR , £ NE49, IKNXAPFMEN : BEFEEmifER (A
WAZ BIEAERMHESCR A ARNE, FEXFMENT |, ZRATITXISM A AR S #Esi + Dy
N, ZRATITEISZE N , FBsi + DUErid. Bt , AIERE /42 BIIERT B & fEsi +
DU,

L

max

IA

— Q_ IA
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/)]

(3.14)

Note that we may only consider indices i, j for which ——si N ——sj is not empty. If no such
indices i, j exist then we set L to zero. Further, let us denote by ¢i,j € [0, 1] the non-
oriented angle spanned by vi and vj, with ¢i,j = ¢j,i. Next we define

AR, RITJRERZRER-—si N ——sfHETMRS, j. RAFEXHMNRS, |, B
AHAPELEAT, Bit—H , HiTAIj € [0, mMF/REVIFIVIFTSRARAEER A , HF o]
= dji, FETFREAEXL

5

Figure 50: The wavefronts of Ai do not cause a crash of the reflex wavefront vertex from
Jp
&l 50 : Al FIKBIASSERE pj WRSHKETIRR AR
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(3.15)
If the corresponding set it is empty — i.e. if all motorcycles drive on parallel tracks — then
we set © := 11/2.

MRS NEE B TH—FBN R TE B ESETATIHE LT —PLI(NTRED =
2,

Lemma 3.5. Let mi denote a motorcycle that crashes into the motorcycle mj. The
wavefronts of Ai do not cause a split event for the reflex wavefront vertex uj until time /4
if A = 2/mink |vk| sin ®.

513 3.5, & mi FREM BEFEE mj EFEE. 215 A 2 2/mink |vk| sin @, ] Ai fIEEITTE
I E) p/4 Z B SEURSTIEITR uj KRAEDREH.

Proof. Since A = |vk| sin2 @ holds for any 1 <k < n, it follows that
MEBH, BRFXFAIMMA<ksn, A2 |vk|sin2 ® BAL , EBLATHE
118

a

IN &

=

>

IA

N —

sin
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®

IA

sin
O
2

)
because sin is concave on [0, 11]. By further noting that sin is monotone on [0, 11/2] we
see that

RIAIEZRELFELO, T LR Mok, BT t—HIEERIEZeREAE0, /2] B2 HFK) , Al
A%

~ N = DN {} AN & =

IA

-}

The motorcycle mj does not also crash into mi, since two motorcycles do not crash
simultaneously into each other by assumption. If si and sj are collinear then the assertion
is either trivial or excluded by assumption. Without loss of generality, we may assume that
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si is right of ——sj , see Figure 50. We denote by q the endpoint of the reflex straight-
skeleton arc that is incident to pi. Let us consider the left (resp. right) bisector between
the left (resp. right) arm of mi and the right arm of mj, starting from q.

BEFFEmitL A SERImi , FARIEERER , RBEEARINEARE. NRsiflsiths
NZW S BEARMARER , BEARBREHNR, AR—MRME , IKOTTRURRSHZ T -—sji
A, £0ES50, KMAeRRSpIHXK RS ELERIMAIER. 1EHKITEBMNFFIAR
miKZ (F) BEMmMREEZRRNZE (f) FRLk.

By Lemma 3.4 it suffices to show that the two arms of mi do not lead to a split event with
uj until time u/4: The two additional motorcycles from Ai stay within pi + Du. Hence, we
only have to consider the arms of mi.

RYESIHE 3.4 , AFUEHA mi PN STIERTA) w/4: ZETASSES v RS kB8
Ai OFTARERSNEFEZASBE7E pi + DU N, AL , BAIRFTEEE mi KN,

We conclude the proof by showing that none of both bisectors intersects ——s;j . Let us
consider the right bisector. Recall that ai, aj < ®/2 and that 1 - ¢i,j = ®. In the extremal
case, where equality is attained for all three inequalities, the right bisector is just parallel
to sj, but strictly right of ——si . In all other cases the bisector rotates clockwise at q such
that our assertion is true in general. Analogous arguments hold for the left bisector.
Summarizing, the reflex wavefront vertex uj does not lead to a split event with the
wavefronts of Ai until time p/4.

BAVELIERAR N A F N BN T ——sj HIREERER. ILEANZREEFNL. [T
ai, aj S @2 H - ¢ijz &, FERIRIFAT , UM AFABREFSH , EEFNL
WBIFFATT s, (BT ——si AN, ERERMERT , A FNEAE q LIRETETE
¥, RBANMBSE—BIEN AL XUIEERTAENAFIL. B2, K
SHRRITRR uj 72038 p/4 Z AR SHE Al WK RE D HEM.
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Figure 51: The point q is reached earlier by the left arm of mi than by the right arm of mj.
& 51 : mi MABTL m HAEEERERES q.

Lemma 3.6. Let mi denote a motorcycle crashing into the motorcycle mj. For any € > 0
and

S 3.6, ® mi ROREFFELEAE mj, XTEMe>0H
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€
J

)
the trace si is covered up to a gap size € by the reflex arc traced out by ui.

HFsittuii R SHIER  EERRK/NEEe.
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Proof. We will prove the following: any point q on si, whose distance to the endpoint of si
is at least €, is reached by ui no later than at time p/4, see Figure 51. We first show that
until time p/4 the reflex wavefront vertex ui may only cause a split event with the
wavefronts of Aj. By Lemma 3.4, we know that until time /4, the wavefronts of a triangle
Ak could only cause a split event with ui if sk and si intersect. Hence, mk crashed against
si. However, by Lemma 3.5 it follows that ui does not lead to a split event with the
wavefronts from Ak.

WEH. EATRAEATAR © sibiEMRq , HEsinQriEEZEDARe , SEEFIKT

WARES R U | DLEIST, BATESSEN , ENEWAZHT , REFIKETTRRURBER &5
ANRVKETRAE D HEM. RIES1HE3.4 , FNFEERRIWAZHET , =ABEAKKIKATRABIE

skHsiFRAZHT , A A RESuiRENREM, L, mkiEL Tsi. A , #RHES13E3.5 , ATA
BHUIR S SR SRBAKMIERTREN HEH.

W.l.o.g., we may assume that si lies on the right of ——s;j . In order to show that ui reaches
q until time p/4, it suffices to prove that q has a smaller orthogonal distance to the left
arm of mi than to the right arm of mj and that the orthogonal distance of q to the left arm
of mi is at most p/4.

Ree—tE | BT MB R s F-—sifAaM. 8 T IEBRuiER B4 §iZhkq , REE
BoEImiZ B IEACIE B/ N T EImiAEWIERES |, I HaRImZEHIERIES RS A/,

The orthogonal distance of g to the left arm of mi is at most L - sin ai. The orthogonal
distance of q to the right arm of mj is at least the orthogonal distance of q to sj. However,
this distance is at least € - sin ¢i,j. Summarizing, our assertion holds if

EREE q R mi MZBZEZ AL sinai, IEREEH q 2 mj WEFEDA q 5 sj HIER
PR, MM, XMEBZEDAN € - sin ¢ij, BMSZ , MRATHRAMIL , FlTHMTS Bk

A

L

sin
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and thus

FS)lad

< — - v >

min
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}

Our choice for A fulfills this condition. The case where sj and si are collinear such that mi
crashes at pj is similar. The wavefront of Aj reaches q no later than at time €/2 and vi
reaches q in at most A|Lvi| time.

IRANNEERRINFE R XK. Ysiflsiths , FEmitEpidt AR AME DRI, AR RTE!
RqiESE]RERTe/2 , FFEViZhAqrif(E]ER Z AALVi|

Let us denote by SA*k(m1, ..., mn) € S (G) the union of the reflex straight-skeleton arcs
that are traced out by u1, . . ., un, where G is given as described above. Then we get the
following corollary of Lemma 3.6:

4 SA*%(m1,...,mn)c S (G) TR u1, ..., un HLHMN RS ELBMMKIEE , He
G N LRI, ARAZK1SEI51IE 3.6 LTS -

Corollary 3.7.
Hag 3.7.

lim

A

*
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This corollary also includes that a point g on a motorcycle trace si of a motorcycle mi that
never crashed, is covered by an arc of SAx(m1, . . ., mn) for large enough A. However,
this is easy to see by applying Lemma 3.4 and Lemma 3.5, and by finally finding A large
enough such that the point q is reached by ui until time p/4.
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XAMHEREEIE |, KA BT R mifk B R Sulsi L R , ST 2B RN, #
SAx(m1,..., mn)KIlZER=. AM , BIENASIE3.4F0353H3.5 , HRAKFIRBRHN ,
F15 Ra ERElu/AZ BI#UiZX , XIRBEZEFE.

3.4.2 Computing the motorcycle graph

3.4.2 TTE B ERE

In order to reduce the construction problem of motorcycle graphs to straight skeletons, we
have to cope with the remaining gaps between the motorcycle traces si and the reflex
arcs traced out by ui, which exist for arbitrary large A. Hence, the question remains
whether mi actually crashed into mj (or vice versa), even if the gap between two reflex
arcs that are traced out by ui and uj, is very small.

AT R ETFERNME R RN ELRER | BAI IR ERF L siSHuiffR R
SPIZ [BIFRIR AR | LRI THEE RN FFE. AL , [FEUNATFAE : miZ BREK
ERTm) (BERZ) |, BMEBUifuiiZd PRSI BRERIEE /N,

In order to decide whether the motorcycle mi escapes or whether it crashes into a trace
sj, we determine A large enough such that the following conditions are fulfilled:

AT HRE B miE R R IER L], FIE R B RMA , PUSEAT 54

« If mi crashes into a trace sj then the reflex wavefront vertex ui leads to a split event until
the time p/4 and the reflex arc that is traced out by ui has an endpoint in a
straightskeleton face of an edge of Aj. (The vertex ui causes a split event with the right
arm of mj if si is right of ——sj and the left arm if si is left of ——sj .)

 IRMIEL L] , W R FIKATIRRUISSENREM , HEIKEWA | FFEA%
KRFMEAANELFTRA LA — MR,  (MRSIE-—siWAN , WiRuieIHS
MNEERNREM ; MRsiFE-—siWEM , WEEESH. )

* If mi escapes then the reflex wavefront vertex ui did not lead to a split event until the
time p/4.

« ANRmidkR , W R ST ATIR R UIFER Blu/4 2 BTIXE S B HEH.
The following lemma states that such A exists and provides a sufficient bound.

AT SR RAAFIEXAEMIA | FHRET — A HIRIR.

Lemma 3.8. Consider S (G) with

5|3 3.8. ZEEEBLUTFMRM S (G) :

A

>
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-_ < — x

sin
(0]

Then mi crashes into sj if and only if ui leads to a split event with the wavefront emanated
by Aj until time p/4. In particular, mi escapes if and only if ui does not lead to a split event
until time p/4.

M4, mitgEdsj BXGUSB— M0 REN , ZFHEARARERIERT , BEXIEE
W4, Fralh , midkie 2 B HuifER U4 2 BIRE S BN REH,

Proof. We distinguish two cases. First, suppose that the motorcycle mi crashed into the
trace sj, see Figure 52. We may assume without loss of generality that si is right of ——s;j .
First we note that by our choice of A we may apply Lemma 3.4. We denote by p the
intersection si N sj. Further, we set € := p/8, which allows us to apply Lemma 3.6,
because

R, ENXAPAMER. &% , BREEE mi 82| 7THE sj , WK 52, FATATAARK

—RHEBIR si £ ——sj (AN, &5t , BAVEER , RIEILAIIS A A0SR , BT AR
MBI 3.4, BAH p "R si Nsj, WA, FANEE € = p/8 , XEIK(TREB N H5IIE
3.6, @A
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Figure 52: The reflex wavefront vertex ui causes a split event until time p/4.

& 52 : RETIKAITRR ui SBOREMH , EENE p/4,

max
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[]

Thus, the endpoint q of the reflex arc that is traced out by ui, has a distance of at most /8
to p. On the other hand, uj reaches p at time L/A|vj| at the latest. We conclude that the
right arm of mj reaches q at time L/A|vj| + p/8 at the latest, which is bounded from above
by

Rt , FHuiist R ST RoZpRIEEE R £ A8, H—7H , uikiRZERSEL/AlV)|E]
Ep, EAFHEEE , mAERBEREL/AV)| + welixqg , H_ERA

L
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by our choice of A. Summarizing, the point g is swept by the wavefront of the right arm of
mj and is reached by ui until y/4 time. Hence, ui must have caused a split event until the
requested time by crashing into the wavefront of the right arm of m;.

AL, BE—T , RomiAEMIKETEE , 3 EAEu/4rf R BTHKuizlE,
B, s EERTESKINI R Z /T , B BT miAERIRATm ST — R REMt.

For the second case assume that mi escapes. Lemma 3.4 and Lemma 3.5 imply that ui
does not lead to a split event until time p/4.

TS ZAMED, , R mi k. 513H 3.4 F513H 3.5 R, ui &EN[E) p/4 ZBIARLSES
HEM,
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The previous lemma enables us to compute the motorcycle graph by employing a straight
skeleton algorithm. However, in order to apply the lemma, we need to compute
appropriate values for L, ®, y in order to determine a sufficiently large A. While L and ®
are already given independent of M(m1, . . ., mn), the following lemma gives a formula
for y, for which the actual motorcycle graph is not needed to be known. (In the following
lemma we take d(-—si, @) to be infinity.)

SERTHSIEEENRE B BT (EMELBRFRRT R EAER. Am , AT MAxsIE ,
BMNFBTE L. O, pHELE , UERE—TEBRNA. RALMOELLH , 5
M(m1, ..., mn) gtk , (BRATFSEELEHT p AR, MICHFMEKIREITEE. (£
FaEF, HAR d(-—si, 0) ATHK. )

Lemma 3.9. For any two disjoint motorcycle traces si and sj the Minkowski sums si + Dy
and sj + Dy are disjoint for

3|18 3.9. M T{EEM AN MAT K EFEZESI si F1 sj , Minkowski #1 si + Dy # sj + Du 2
R, B

N = EE; (:JC) N e T
EE;..

IA
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Proof. In order to guarantee that the Minkowski sums are disjunct it suffices to show that
M is a lower bound of a third of the minimum of all pairwise infimum distances of disjunct

traces si and s;j.

WEBA. AT 4RUE Minkowski FIZ2ANAAZH) , RFEUERR u 2 RHEAZHUEE si F0 sj BKFTA Xt
THHRESRR/IMER =02 —H TR
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Constructing the straight skeleton is P-complete

a scholaread.cn/read/jyWKm9zdwBNe

3.4.3 Constructing the straight skeleton is P-complete
3.4.3 MEHELBEREP-TLM

The concept of P-completeness is similar to the concept of NP-completeness. A problem
A from P is said to be P-complete under NC-reductions if any problem in P can be
reduced to Ain NC time. The complexity class NC comprises all problems that can be
efficiently solved in parallel. That is, they can be solved in poly-logarithmic time
complexity using a polynomial number of processors. Hence, all P-complete problems
cannot be efficiently solved using parallel computers, unless NC = P. In other words, P-
complete problems are inherently sequential, provided that NC (= P. If the latter condition
would be wrong then every problem solvable in polynomial time could also be solved
efficiently in parallel. To show this it would suffice to find a single P-complete problem
that can be solved in NC time. However, is is commonly assumed that NC (1= P.

P-Se &ML AT NP-SE & RIS . aNRPP ERYE [R)EHR AT IAFENCH[A) PN IH 249 %Y
A, MFRPFIRBAENCIHA T ZP-T&H K. ERERNCEE A UFHITHRAERK
[EE. WEE , BT AMEL SRR RENE R 2 A E A IR 2SRRI,
B, BRIENC = P, BRIFTEP-T& RIS TTIAERFIATITEANBEMIR. RGN , 2R
NC (=P , MIP-E&[AIEAFT_ERIAFHN., RE—NRERFRN , BASNITUES
T (R AR R AN R L AT T A RO R . A TIUEX—m), $REI— A AZENCE[A]
Wi RKIP-SE&EBME B T . SR , BERIKNC =P,

In order to show that a specific problem A is P-complete it suffices to reduce any
Pcomplete problem to A in NC time. Alternatively, one could also seek for an according
LOGSPACE reduction, because LOGSPACE < NC. For further details on P-
completeness we refer to the book by Greenlaw, Hoover and Ruzzo [GHR95].

ATUEA—MFERREARPTREM , R FREMAIPTT L RIEFENCE BN IFLEIARD AT,
2E , A AFHAME N HILOGSPACEIR%] , AALOGSPACE € NC, X TPREL2MHEZ
Yy |, S %Greenlaw, HooverfRuzzofZEE[GHR95].

Atallah et al. [ACG93] described a framework for geometric reductions of the P-complete
Planar Circuit Value problem and used it to prove the P-completeness of several
geometric problems. For their framework, they consider specific binary circuits which are
organized in layers: an input layer at the top and alternating routing layers and logic
layers from top to bottom. The routing layers and logic layers consist of rows of
components occupying nonoverlapping rectangles. A logic layer consists of a row of v-
gates and a row of 7-gates and a routing layer comprises rows of routing components,
namely left shifts, right shifts, fan-out gates and vertical wires. The binary circuit has a
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single output gate and the Circuit Value problem asks for the output value of this gate
when a specific input vector is presented to the input gates. Atallah et al. proved that the
Circuit Value problem for circuits of such a specific layout is still P-complete.

Atallah%s A[ACGO3Ji#R 7 —/> AT FE IR S JUARLAMESR |, FFAERIERAT L
AN UERRKIPTE e, STHAIKAESR |, ({18 T LUZHLRARFE T - TRERR
AN LRI TR BNERBREMNZIEER. HEMEEERSIFEIFESRENAGTAH
. —MZBEE—HVIIM—H-IAR , — N IREERKRAMTAR , L%, A
%, BUEMEEL,. KA —MRE—NmE] , BRIRER B[R S — M ERHA
A EHSMABAIIN , XIS E. AtallahZ NIER T 3T REXFMEE /A RNE
B, FIREREIARP-TL2H,

Investigating the P-completeness of geometric problems often requires the availability of
exact geometric computations, which are not in NC. For instance, they mention the
problem of determining whether four points lie on a circle, which is an essential predicate
when computing Voronoi diagrams. In order to investigate the P-completeness of
geometric problems, Attalah et al. [ACG93] propose that the answers to basic geometric
queries are provided by an oracle.

WP TR 2B % BT UTITE | it BHRBTNC, B , 4]
S5 T HE PO R BEMIE | SXAEVE Voronoi Bl 2 —MATRIER. X T B
IREMP-ELHE | Attalah® A[ACGI3] 12t 2 LA IS KA AR,

A basic building block for showing that the straight skeleton is P-complete is the
construction of the triangles Ai. Assume pi, ai, vi, 4, and A are given. We further assume
that an oracle determines the intersection points of two circles with given centers and
radii. Then, we can construct Ai as follows. We first compute the point gi = pi + Avi, which
is the position of mi at time one, see Figure 48. Then we construct the circle C1 with [pi,
qi] as diameter and the circle C2 centered at pi with radius 1. The two circles C1, C2
intersect at two points, say ai, bi. The triangle Aix with vertices ai, bi, gi is an isosceles
triangle with angle 2ai at gi and therefore similar to Ai. (Note that pi, ai, qi form a right-
angled triangle within Thales’ circle C1.) The length of the arms of Ai%k at qgi are at most
Alvi|. By scaling the triangle by the factor u/2A|vi| and by translating it accordingly, we get
a triangle with the desired geometry. (Strictly speaking, the arms of the constructed
triangle are a bit shorter than p/2, but this is only to our advantage.)

ERHEZAB R P-R2 RSN — M EFMERZ=HE A ME. BRI pi, o, vi, u 50 A
2. EMNIE—DBRE—INENME TEELET OMFRNIIRNIZR. AF, 3K
TIATRN T MIE Al, BATERITE R qi = pi + Avi, X2 mi 7\ 1 ) E , SUE 48,
SRIRTATHIERL [pi, qi] AEAZAIE C1 FIRA pi A0, F4258 1 1R C2, BME C1, C2
MAZTFTHR , bban ai, bi, TRmCA ai, bi, gl I=FAFE Aix B—MFE=FAF , £ q L8
M 20i , WBLS AFEBL.  (FEE , pi, ai, qi TEE3RATE C1.) RER—TMEAR=/AE. )
Aix £ qi SERBKERZ A Avil. B = EIRET p/2A|vi| GEF TR
%, HIMSEI— T EAEMEILAERN=/AF. (THKR  MERN=RERETL u2 7
5, EXRASXENBF. )
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Eppstein and Erickson [EE99] proved that the computation of the motorcycle graph is P-
complete by presenting a LOGSPACE-reduction of the Circuit Value problem to the
computation of the motorcycle graph. Eppstein and Erickson demonstrated how to
translate the Circuit Value problem to the motorcycle graph construction problem by
simulating each gadget of the binary circuit using motorcycles. The values 1 and 0 on a
wire are represented by the presence or absence of a motorcycle on a track. The original
question for the output value of a particular gate of the circuit can be translated to the
question whether a specific motorcycle crashes until some distance from its start point. In
other words, Eppstein and Erickson proved that the decision problem whether a specific
motorcycle crashes until some distance from its start point is P-complete.

EppsteinflErickson [EE99] MFER T EEFEEEIHITE BP-T2/ |, i1l KR iEER)#
LOGSPACEIR#AE| B E Rt Bk TTAUERR. EppsteinFErickson&/R T 214 &@ 3 {$
FE R SRR EAN NI R | RER{E R B EEME RS, S LK
E1F0N FIEHE _EE AFAEEEERFTON. R THRBEEE T AR E AR AT AL
PARTFHEEER OB HR R —ElE B 2 iAERMERRE, #ATENR , Eppstein
FNEricksonuFBA T 455 BEFEAE B B IERE B H I R — E BE B 2 BIA A R R R [a)dU2 P-5T
SN

Lemma 3.10. The construction of the straight skeleton of a planar straight-line graph is P-
complete under LOGSPACE-reductions.

313 3.10. FHEZENEZL B EEMMESE LOGSPACE HA T 2 P-T2H.

Proof. Eppstein and Erickson reduced the Circuit Value problem to a specific motorcycle
graph problem. The next step is to reduce the motorcycle graph problem to the
straightskeleton problem: we construct a suitable input graph G that allows us to apply
Lemma 3.8 in order to decide whether a specific motorcycle crashes until some distance
from its start point.

UER, EppsteinMErickson kA AL & thoA—MF E R ERF RIS, FT—2EKERT
RSN ELTRE# : KM E—NEERARG , 3B H5/E3.8 ,
DAHE — s E BT E B RSNE , ERERHR R —EES.

According to [EE99] all O(1) different types of motorcycle gadgets are arranged in an n x
n grid. Each gadget takes constant space and consists of O(1) motorcycles. To determine
a sufficiently large A, we need bounds on L, ® and p. An upper bound on L is the length
of the diagonal of the n x n grid. Further, sin ® = 1/2 since the direction angles of the
motorcycles are all multiples of /4. A lower bound on p can be obtained by applying
Lemma 3.9 on each gadget independently and taking the minimum among them. Finally,
we build G by modeling each motorcycle (independently from each other) as an isosceles
triangle, as described in Section 3.4.1.

IRYE[EEQQ] , FTAO(1)F AR EHEEL K L E R BEHSIE—n x nlig+ . SNKES
FMEREZ(E] , FERO()MELFAM. ATHE—TEBRHNA , FKIFEL. OMuKHR
fR. LALFEn x nRi&HSIALKE. Wb , BT ERERTE A EE /AR S ,
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frsin @ 2 1/2, BEXNGANKEMZVASIE3.9 , FEENZEER/IME , ATRURIGUH
TR, &5, KETEESHETLE (TUHAL) BEA—NFR=AERMEGC , %
3419 ATIR,

We can easily extend the construction of G to form a polygon with holes, by adding a
sufficiently large bounding box to G. As remarked in [EE99], only one motorcycle m may
leave the bounding box B of the n x n grid. The motorcycle m encodes the output of the
binary circuit by leaving B if the circuit evaluates to 1 and by crashing within B if the circuit
evaluates to 0.

B GIRIN—AN R B KHIAFRIE , FTTURAE S Y RCGHME , UES—1NTFLNE
M. EM[EENQF TR , RE—EFEEmMRPAEFn x nfA&HIAF4EB, BEFEEmET
BIFBkLRES R (ARERKITELERK 1) |, FEITEBNAR KWL
HEHIREANEE (ANREBEATELERA0)

v |
; i - m3
__________ . ' =
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Figure 53: These motorcycle traces cannot be approximated easily by a straight skeleton
of a simple polygon.

& 53 : REERFREARSMAMALNBNELE LKL,

By Lemma 3.8 the reflex wavefront vertex v, which corresponds to m, encodes the output
of the binary circuit by leading to a split event until time p/4 if and only if the circuit
evaluates to 0. Lemma 3.4 implies that the wavefront vertices stay within B + Dy, except
possibly v. Hence, we could enlarge B by 2u at each side and add it to G such that the
wavefronts of B do not interfere with the wavefronts of the triangles until time u/4, except
for v. Still, we can determine the output of the binary circuit by checking whether the reflex
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straight-skeleton arc that corresponds to v, ends within B + Dy until time p/4. (Recall that
the end of a reflex straight-skeleton arc marks the place where the reflex wavefront vertex
led to a split event.)

IRHESI3E3.8 , MV T M RETIERTTRY , B SR EHRmID _TRE RS |
LB NHEEANTRLER AN |, AN HEMH KA AY/AZHT, 51383.45Rk087 , IHATTR
{RIF1EB + DR , vAJBERRSL, Y , FKATATRALKBIE—MIY K20 , FHERMEIGH ,
F1FBRIKRTER Blu/4 2 RIS TIN=AEMIEAT , VBRI, AT, FKAMIATANBEKE
TV R ST EAERIVERENBW/AZ BIZERTB + DU , SKAfE ZJTHLE ML

(EIE—T , RETBELBRIINKKInEERINENTIRSBAREGCRENVE. )
Corollary 3.11. The construction of the straight skeleton of a polygon with holes is P-
complete under LOGSPACE-reductions.

HE® 3.11. 7£ LOGSPACE BAT , WL Z M EREBEMEE P-T2/H.

Unfortunately, our P-completeness proof cannot be applied easily to simple polygons.
Consider the five motorcycles depicted in Figure 53. A simple polygon, whose straight
skeleton would approximate the motorcycle traces, would need to connect the start points
of mand m1, ..., m4. But in order to decide where the red square, formed by the traces
of m1, ..., m4, can be penetrated by the polygon, while avoiding to stop a motorcycle
too early, it would be necessary to know that a specific motorcycle mi crashes into a
specific motorcycle mj. However, deciding whether a specific motorcycle crashes does
not seem much easier than computing the whole motorcycle graph. Hence, it remains
open whether the computation of straight skeletons of polygons is P-complete.

AR | IR P-ER MBI RER St T B L. %I8E 53 PR HN TR
B, —MARMZDE , HEASEHIEMUTEEENIE , FEEEm A m1, ..,
m4 fiSias. B2 , ATHER M1, ..., md KHNERRNAeEAEAT A ZhESE
BRE , FERERT BE I —REESE , A REMERTERNEEE mi 2 5EmSER
BEFEEE mj, AT, ME — IS E N EEE R SRR LTE RN B ERER
5. Al , LUEELERMTERESE P-R&HNNAR—DRMRMIELER,

The investigations done in this thesis are driven by the lack of an efficient implementation
of straight skeletons for real-world purposes that stands opposite to the large number of
different industrial and academical applications. At the moment, the state-of-the-art
straightskeleton implementation is shipped with the CGAL library. However, our
experiments illustrate that the CGAL implementation is only applicable to real-world
problems in a limited manner: Both, the runtime and the memory footprint of the CGAL
implementation increase at least quadratically with the input size. While time is more or
less an infinite resource, the opposite is true for space. The quadratic memory
consumption is an issue that basically renders the implementation in CGAL inapplicable
to datasets containing more than ten thousand vertices.

RPN REZBRZ EAT KRN ANEL B RN SHRIMAERENN , XSRERF
MR ARN AR T S, BAT , REHMEZ BRI CCAL FE—iRA%H, 4
M, IR , CGAL RSTHESIR R RIERAM AR : CGAL SKELHIz 1T [A]
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MNFS BEDRUISA RN TR AEK, BAKREES 502 —FIRATIR , B=(E
B R . ZRNFERE— M@ , EEAR LF1E CCAL FRKIAER S BT —
AT R EESE ETTEN .

We started our investigations towards an efficient straight-skeleton algorithm with an
analysis of the triangulation-based approach by Aichholzer and Aurenhammer [AA98] in
Section 2.2. The gap between Q(n2) and O(n3) for the worst-case number of flip events
leads to an open question regarding the time complexity of the algorithm. We present
different results regarding this gap and finally prove the existence of Steiner
triangulations that are free of flip-events. This result is primarily of theoretical interest,
since we use the straight skeleton for the placement of the Steiner points. However, the
fact that flip-event-free Steiner triangulations exist led to a novel wavefront-type straight-
skeleton algorithm for simple nondegenerate polygons which is based on the motorcycle
graph in Section 2.3.

KA1 Aichholzer 1 Aurenhammer 25 2.2 T2 HRET=AZIN M iE [AA9S]
FAT e EEHREEANR. RINMEN TR SEHHRER Q(n2) 1 O(n3) Z [AIKZERE
Sl T KT ZEIEANBEE RERRERBM ., KIVBRT KTXNEERAELESR , K
WERR Y LA ST = A RN HNEE. XMERFIEAFHEREN , KA MER
HEBRRENEM S, R, TR S ARETRN = fF 9 REES BT —FRETRIEET
AEEHREL , ZERGHTHRAOERMZ O | AEIEE TS 2.3 THHRETLER.

In order to make this algorithm applicable to real-world input we needed to remove the
non-degeneracy assumption on the input. In Section 2.4, we carefully generalized the
motorcycle graph in order to reflect so-called vertex events for straight skeletons. That is,
the simultaneous crash of two or more motorcycles into each other may require to start
an additional motorcycle. We demand two essential geometric properties for the
generalized motorcycle graph: (i) M(G) needs to cover the reflex arcs of S (G), also in the
presence of vertex events, and (ii) G + M(G) needs to induce a convex tessellation of the
plane. These two properties allowed us to extend our algorithm to arbitrary planar
straight-line graphs G in Section 2.5. Furthermore, the generalization of the motorcycle
graph leads to an alternative characterization of the straight skeleton of arbitrary planar
straight-line graphs by extending the characterization of Cheng and Vigneron and it
motivated a straight-skeleton algorithm that is based on 3D graphics hardware.

ATEZEEERATESERNEA , KNFEBHRIIMARIER R, EF2.4TH ,
BAVFEMET 7 SR , URMRELBRNMEINREMG, WHE , R WE
TR EN A ENE R RE R R B SN EEE ., BTN WEEFERIRE TR EZRM L
fMERESK (i) BMEEFERREMAIENT , MO FEEZRS( GRS , IE
(i) G+ MO)FEFFFHMNEER. X MERERITREBERE2.5T R IKITHE
Y REMEETFEELEIG, A, BEEERIHE @Y RCheng#lVigneronfRAE , S
BT MEEFAELRNELE RN F—MRIE , FEEMA T —FET3DRIEEHHNE
SERAIE.
The wavefront-type straight-skeleton algorithm presented in Section 2.5 is easy to
implement, has a worst-case runtime of O(n2 log n) and operates in O(n) space. The
resulting implementation Bone uses ordinary double-precision floating-point arithmetic
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and accepts planar straight-line graphs as input. Our experiments showed an O(n log n)
runtime on 13 500 datasets of different types. This constitutes an improvement of a linear
factor in time and space compared to the implementation in CGAL, which only accepts
polygons with holes as input. On datasets with several thousand vertices, our
implementation is up to two orders of magnitude faster and we need less than 100
megabytes of memory instead of several gigabytes. Moreover, due to our low memory
requirements, we are able to compute the straight skeleton of datasets with a million
vertices. These circumstances make Bone the fastest straight-skeleton implementation at
the moment and the first extensively tested implementation that is capable to process
planar straight-line graphs originating from realworld applications.

FE2 5NN ABRIKATNEAEREZS TR , &IMEI FHIEITHEAO0(N2 log n) , 3f
FEO(N)ZEFIETT, HIFERKIBoneff EBRINNEEIFRIZHE , X FHELE
ERIN. FKAMXTRE | 7213 500 A RIZEE K EHESE L | 1E1T7HEAO0(n log n), 5
CGALHFSINARLL | IXFERSRIA == (6] _L#RBudt 7 — MM RS , CGALIUIRZ LN
ERBIN. EEABMTATNRREIEE L, FATHORILRERS T ER , IFEIKA]
BENNGFLTI00KFT , MARILTIRFN. st , BTIRIXFNEFHNERRR , Bt
ENEBITEREA — B AN NRNBIEENELEEE. XEFF1SBone sk B IR K]
HEEEXI , W — 12 2K, segiiEka Bkttt AN BREFRTFEmES
RSN

In order to push Bone to industrial strength, we plan to enhance the numerical stability in
the presence of parallel wavefronts that collapse simultaneously. Detecting the
simultaneous collapse of larger parts of the wavefront is simplified by exploiting the
convex tessellation induced by the motorcycle graph. From an abstract point of view we
gain from the fact that the motorcycle graph already provides a sufficient amount of
information on the topology of the straight skeleton. Bone is currently extended to use
different numerical backends by colleagues, including the arbitrary precision library
MPFR [MPF] and the exact geometric computation library CORE [Cor]. The necessary
work for MPFR is almost finished and preliminary runtime tests with a floating-point
precisions of 212 and 1000 bits show a drop in performance by a factor of approximately
10-20, which is still reasonable for real-world applications.

KT ¥ Bonedm TMVERE |, AN TRBERIEFATIR IR N FHSNEBERNFRENE. FBET
FRFTE SRR BT SHERTR AR E R FHRREIN . WlRefmERE | &%
WTERERCARM T X TELSRAIMOEB{5E. BoneBRIIEEHRESY & , PAE
RAARNEE R , BIFEEREEMPFR [MPFIAEH LT H FECORE [Cor]. MPFR
RHETEILTFEAETM , {#F212F1100044F R BRIV Sz TRINKERER | MAE T
T RA10-206% , XFFSCFRNV ARG , X{AR SIEH.

Even though Bone exhibits an O(n log n) runtime in practice, the gap between the lower
bound of Q(n log n) and the theoretically fastest algorithm by Eppstein and Erickson
[EE99], with a theoretical worst-case time complexity of O(n17/11+€), remains open. If
the motorcycle graph M(G) is known, the algorithm behind Bone has an O((n + k) log n)
time complexity, where k € O(nr) denotes the number of switch events and r € O(n)
denotes the number of reflex wavefront vertices. In order to obtain a worst-case runtime
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of O(n log n) it would be necessary to bound the number k of switch events to O(n). One
approach towards this goal could be the introduction of additional motorcycles that are
launched from convex wavefront vertices of W (G, 0) such that the number of interactions
between moving Steiner vertices and convex wavefront vertices is reduced to O(n).
However, in order to extend the basic algorithm behind Bone accordingly, we would
require that any extension of the motorcycle graph M(G) by additional motorcycles needs
to maintain the validity of Lemma 2.25 and Theorem 2.26: G + M(G) needs to induce a
convex tessellation and the motorcycle traces need to cover the reflex straight-skeleton
arcs.

R%& Bone fE3REKAHFRILE O(n log n) Bz1TH[E] , B Q(n log n) B~ &5 Eppstein F
Erickson [EE99] HEF W _ERRBEIAZ RIKZEENAFLE , ZBIEAAIEICRINE IR %
&/ O(n17/11+€), ANREFEER M(G) 22518 , U Bone BRMEIEZRAR O((n + k) log
n) KIS ZRE , H k € O(nr) RNV EBAHHEE |, r € O(n) FRIRR FIEBITR R A%
£. AT#H1F O(n log n) KEIMELIZ1THIE] , B LERYIHREHHEE Kk [REI0 O(n).
SCHLL B AR — P TA T RER 5| ABOMWEETES: | IXEEFEEN W (G, 0) IS AT A A
5, \iK#%3h Steiner Iﬁ,\\ﬁﬂlﬂl/&wﬂﬁ,mzlﬁjﬂ‘] BREOEADE] O(n), 4R, AT ML
¥ & Bone HRHRIEARE XL , K1H L%Mhﬂﬂﬁ*%ixfﬁﬁilg M(G) FIEfY fREB
FEE{RIFS|IH 2.25 FNEIE 2.26 AWM : G + M(G) FES MR , HHETEYSSE
EERRFELERI.
We also look forward to generalize the algorithms behind Bone in order to compute
weighted straight skeletons. In principal, wavefront-type algorithms tend to have a
straightforward generalization from the unweighted straight skeleton to the weighted
counterpart. However, in order to generalize Bone to weighted straight skeletons, it is
necessary to adapt the definition of the motorcycle graph such that Lemma 2.25 and
Theorem 2.26 still hold in the weighted case. First of all, the speed and direction of each
motorcycle is given by Lemma 1.11 in order to match the speeds of the corresponding
reflex wavefront vertices. Assume for a moment that we simply transfer the rules for
launching new motorcycles from Section 2.4.1. If we do so, Lemma 2.25 remains true for
the Case (d) in Figure 31, but not for Case (c). Note that if a vertex event happens then
the reflex straight-skeleton arcs do not need to tessellate a local disk into convex slices.
That is, the lower chains of the faces do not need to be convex. In fact, the faces do not
even need to be monotone. In order to fix Lemma 2.25, we could launch a second
motorcycle that continues the movement of the right ancestor, as in Case (d). However,
the question remains whether the number of motorcycles is still in O(n) after this
adaption. In the next step, we need to guarantee that Theorem 2.26 remains true for this
generalized motorcycle graph. Note that again the tilted motorcycle tracesm™ 1, ..., m"k
with the same right arm e lie on the supporting plane of the tilted face f'(e) and at least
the Step (i) in the proof of Theorem 2.26 remains true. We also want to note that a
generalization of Theorem 2.26 could also provide a lower envelope characterization of
the weighted straight skeleton, which does not exist so far. Recall that Eppstein and
Erickson [EE99] showed that the trivial generalization does not work, see Figure 16.
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FATEHEEHT Bone BaE L , UEITEMNELEEL. RNU_E , KarBEEAmE T
MR EL BRI EL B RHATERMET . A , AT H Bone # RIMNELS
3 BEVBERRETEERIMNEN , F155138 2.25 FIEH 2.26 FEMABUER AR, &
%, BWERFNREMAMAESEE 1.1 5, ESHEMMET R AR EARLE, &
WA TS B R Bt AL 58 2.4.1 T BV R RO, anSRIKATXFEML , 513H 2.25 X
TH 31 AL (d) PARKAL , BN THED () AL, EEE  MRRAETAREH , N
MELERIAFTERFBREAS ALY . HHER BN TEAFEENAN., FX
L, XEEEEATEZRAN, ATHEIESIE 2.25 , IATTRAUSIEZWMETE |, 44X
GHENED) , BN (d) FiR. A, EERE , @I XMREE  EIEFERBER
BWARTE O(n) SEEIAN. EF—5F , BAIRFREMRILEE 2.26 X TXFH XELEEA
AL, EEE , MPNERERLE m™ 1, ..., m kK BRXABHRENEE e , Tstm
f'(e) WEFE L , FEZE/DFEIR 2.26 WEBAFMIEIR () AL, FKITEETEE | €8
2.26 FHET AT DUR AN E 4B 28 ALK RAE , X BRIEAFE. BE—T,
Eppstein 1 Erickson [EE99] 3kBR , RIS BITAIEK , W& 16,

In Chapter 3 we took a closer look at the motorcycle graph. In order to compute straight
skeletons fast in practice by means of Bone, we require an implementation for the
generalized motorcycle graph that performs well on real-world data. We started with a
stochastic analysis of the average trace length in a motorcycle graph in Section 3.2. It
turned out that if the motorcycles are distributed uniformly within the unit square then we
can expect an average trace length of ©(1/Vn). In other words, if we impose a regular Vn
x \n grid on the unit square then we expect that a motorcycle crosses O(1) grid cells on
average. This fact motivated a simple pragmatic approach: we enhanced the straight-
forward approach based on a priority-queue with geometric hashing in Section 3.3. This
measurement reduces the runtime from O(n2 log n) to O(n log n) for input data where the
motorcycles are distributed uniformly enough. We performed extensive runtime tests with
our implementation Moca. For the vast majority of our datasets Moca runs in O(n log n)
time, which is one of the key reasons for the good overall performance of our straight-
skeleton code Bone. Finally, we also used Moca in order to substantiate the theoretical
predictions provided by the stochastic analysis.

FEHIEF , BAVEFMEHR T BEFEERE. AT @I BonefERETREITHELES ,
BMNFE—AT NEAFERRNSI G ERXRERNIE LRIRIF. BAINE3.2T
BRSPS KBRS G, ERER , REFRFEERMIER RS
N, BABATI UFHIEAHEK EAO(1N), #ARER , IRBAERMIEATE i
M—AFRIEEIVN x i, BBATRITTT — BB FHZFE O WS AT, X—FK
REFNKAT —MRBRSKATIE « FANFEB3 I THRETMAERNS WL , BT ILA
AT T IR, ST ERFEAHEBINSNMALE | XFUERE1THEMO(n2 log
n)i&/bE|O(n log n). FRAME AT IMMocadt T 7 I iZ KIS TENINR, STTFERAILEK
Z¥EESE , MocafEO(n log n)Bf[E]IETT , XEBAINEL BT A RBone R 7 B MEAE
RXERAZ—, &fa , FIEERAMocaskiE KA TR LA EES T,

We plan to further boost the performance of Moca by implementing the O(n log n)
algorithm to compute the motorcycle graph outside the convex hull of the start points, see
Section 3.3.4. Furthermore, in order to make the runtime performance of Moca more
robust against clustered start points, one may also replace the ordinary rectangular grid
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by quad trees, which allows a non-uniform tessellation of the plane. Additionally, quad
trees would enable us to dynamically increase the tessellation depth at regions where
motorcycles accumulate during the propagation process.

BANTRIEI K O(n log n) HixitHiL s R BISMNBR ETEER] , Wimgt—48 T+
Moca fMRE , £ W56 3.3.4 15, ISk, AT 1F Moca Iz THTMBERT SR &M 1A R B NFE
& , R DUR X AR EE BN |, XA FERIESS%R, o, IXARRE
A VREB BN S HIE N B A A LR I AR AR R ISR IR

Ouir final contribution concerns the geometric relation of motorcycle graphs and straight
skeletons. By Theorem 2.26 we know that the reflex straight-skeleton arcs of S (G)
approximate the motorcycle traces of M(G) up to a specific extent. Furthermore, one
observers that in general the gap between the reflex arcs and the motorcycle traces
decreases if the speed of the motorcycle increases. In Section 3.4, we first show that we
can construct a planar straight-line graph G whose straight skeleton approximates the
motorcycle graph. Based on this result, we present a simple algorithm that computes the
motorcycle graph using the straight skeleton. Finally, we show that the resulting algorithm
admits a LOGSPACEreduction of the motorcycle graph problem to the straight-skeleton
problem. Consequently, the P-completeness of the motorcycle graph by Eppstein and
Erickson [EE99] implies the P-completeness of the straight-skeleton problem for planar
straight-line graphs and for polygons with holes. We want to note that Eppstein and
Erickson [EE99] were the first to mention that straight skeleton is P-complete, but no
proof was given. The P-completeness of straight skeletons has important practical
implications: no efficient parallel algorithms exist to compute straight skeletons of planar
straight-line graphs and polygons with holes, provided that P (1= NC. We also note that it
is desirable to find an efficient sequential reduction of motorcycle graphs to straight
skeletons in order to transfer lower bounds from motorcycle graphs to straight skeletons
in the sequential manner.

KNBENREIS R EEEEMELERMNATRR. RIEEI$E2.26 , IFKIT4ES (G)HIKR
SEHABEME—EAE DEMTMG)RERENLE. ot WRZEEBEILT , RE
FEEMREIEM , REFMMEBEEENE 2 BREESB/N, EHE3.4T0% | FRITETIERK
I E— N FEELEG , HELERTMTERER. ETIXANMER , HiNe T
—NMERRRE  ZEIAFERAELBITEERER. &5  RINERTZEERFEE
FEFEIRIBILOGSPACEIBA R HE B A2RE. AL , EppsteinflErickson [EE99JE H F1 &
FEERP- &M EIRE TR ELEMHILL NERNEL B RREMP-TeM., K118
tHfKIZ , EppsteinHErickson [EE992 E—MREIHL BT EP-TLM , BIRBHELIE
B, BEEERNP-T2MAREENIREN  AMEEERRFFHTEILEOTETFRELE
MHFLZATEREL TR | BIREP 1= NC, BEIIEEEER], AT URFAZEETER
K TREBIELEEE , FEHRE— M EEERE ST AR EL TN AIE.

pqg, e, f'(e) The supporting line of the points p, q resp. the edge e and the supporting
plane of the lifted face f*(e).

A+ B The Minkowski sumA+B ={x+y:x €A,y € B} for two point sets A and B.

A+BRA[XHEMA+B={x+y:xEA yEB}, TR R&E AMB,
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[pq] The straight-line segment between two points p and q.

a’, s’, m", f'(e) The lifted counterpart of the arc a, motorcycle trace s, motorcycle m,
straight-skeleton face f (e) in the terrain model.

d(p, q) The Euclidean distance between two points p and q.

d(p, q) mpFlgz KKK JLESFEE.

d(A, B) The infimum distance infx€A,yEB d(x, y) for two point sets A and B. Dr A disk
with radius r and the origin as center.

d(A, B) I S EAFMBHR FHARIEEINfXEA,YEB d(X, y). Dr —PRAURSATL |, H423Hr
KR,

e(t) The union of the straight-line segments occupied by the wavefront edge e at time t,
see Definition 2.2.

e(t) BSZI t BYRATING e AT IR ELEMNHHE , $HEN 2.2,

e(t) The supporting line of e(t). If e is emanated by a terminal vertex or an isolated vertex
v of G then we define e(0) := limt\O0 e(t), see Definition 2.2.

e(t) : e(t) X4, MR e BAHEKIHINRE G WIALIIR v ZHH , ABATKITE X e(0)
=limtx0e(t) , SHEN 2.2,

f (e) The straight-skeleton face of the wavefront edge e, see Definition 1.1. G A planar
straight-line graph (with no isolated vertices).

f(e) IKAINS e WHLAERE , 2RNEX 1.1, G FEELE (ZBMMLIIR) .

M(m1, ..., mn) The motorcycle graph of the motorcycles m1, . . ., mn, see Definition
1.8.

M(m1, ..., mn) BfEZEm1, ..., mnREEER , EN1.8,
M(P) The motorcycle graph induced by the simple polygon P, see Definition 1.9.
M(P) AR Z W TEP S EEEER] , 2 HEN1.9,

M(G) The motorcycle graph induced by a planar straight-line graph G, see Definition 2.23.

M(G) B FEEZE G SFHREEER , £HEN 2.23,
P A simple polygon in the plane (with holes if mentioned explicitly).
FEHEN—MRBRZAE (WRFHRE , WHEETL) . P

S (P) The straight skeleton of a simple polygon P, only considered within the polygon P,
see Definition 1.1.

11/12



S(P) MBAZLAEPRIERLE , (MELAEPRERR , ZREN11,

S (G) The straight skeleton of a planar straight-line graph G, see Section 1.2.2.

S(G) FEHELEIGRERBLR , £N581.2.277,

T (G) The terrain model corresponding to S (G), see Definition 1.5.
T (G) XT S (G) HKIMtEHER , ZHEN 1.5,

W (G, t) The wavefront of G at time t = 0, see Definition 1.4.

W (G, t) 7EBY[E) t 2 0 B G AigEAT , ZEN 1.4,
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Figure 56: The straight skeleton and offset curves of the outline of Austria.
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Figure 57: The straight skeleton of a random polygon generated by RPG.
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Figure 58: The straight skeleton of a polygon with holes.
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Figure 59: Offset curves based on the straight skeleton of a planar straight-line graph.
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Figure 61: Offset curves of a font outline.
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